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Preface 


In the age of scientific and technical progress mathe- 
matics penetrates many fields of economy. This book 
is intended for all those who wish to enter technical col- 
leges and its aim is to help students to revise the material 
they studied at school and consolidate their skills at 
solving the problems and questions which they will en- 
counter during the entrance examinations to the tech- 
nical colleges. 

We hope that the book will also be useful to high-school 
teachers who will thereby become acquainted with the 
requirements of the entrance examinations of technical 
colleges. 

All the theoretical questions are followed with brief 
answers and the problems are given with detailed solu- 
tions and hints. 

But we advise the reader only to turn to the answers 
and solutions after a long and fruitless consideration of 
the problem. 

In this book we use the terminology usually accepted 
in textbooks. 

In selecting the questions we used our long experience 
of teaching at technical colleges and at school and have 
included sample examination papers which contain almost 
all the questions and problems usually encountered at 
the entrance examinations. 

We wish to express our gratitude to N. N. Khlebnikova 
and to our reviewers N. K. Bedenko and V. T. Lisichkin 
for their inestimable help. 

We would be grateful if future readers would send us 
any advice or comment. 
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Notation 


M = {a,b,c} The set © consists of the elements a, 4, c. 
z €A zis anelement of the set A, or z belongs to the set. A 
N The set of all natural numbers 
Z, The set of all nonnegative integers 
Z The set of all integers 
Q The set of all rational numbers 
R The set of all real numbers (a number line) 
@ An empty set 


A cB The set A is contained in the set B, or A is a subset 
of the set B 
A 2>B8B The set A contains a set B 
A .\B An intersection of the sets A and B 
A UB A union of the sets A and B 
n €N The number n belongs to the set of natural numbers 
[z] The integral part of a number 
{x} A fractional part of a number 
a >b A number a is greater than or equal to a number 0, 
or the number a is not smaller than a number b 
a < b The number a is smaller than or equal to a number b, 
or the number a is not larger than a number 5 
a > 0 The number a is nonnegative 
a <0 The number a is nonpositive 
[a, 6] A number interval from a to b, or the set of solu- 


tions of the inequality axzxz<b 
a, b) A number interval from a to b, the numbers a and 
b exclusive, or the set of solutions of the inequa- 
litya<2z<b 
(2, b}] A number interval from a to b, the number a ex- 
clusive, or the set of solutions of the inequality 
a<xz<b 
(—oo, a] A number interval from minus infinity to a, or the 
set of solutions of the inequality x<a 
[a, -+-co) A number interval from a to plus infinity, or the 
set of solutions of the inequality z >a 
(— oo, -++oo) The set of all numbers (a number line) 
| x | The absolute value of the number z 
f A symbol for a function 
f (xz) The value of a function at a point z 
X The domain of definition of a function 
Y The range of a function 
(a,) A number sequence 
log a Common or decimal logarithm of a number a 
[AB] A line segment with the endpoints A and B 
(AB) A straight line passing through the points A and B 
[AB) A ray AB with its origin at a point A 
X € [AB] A point X lies on the interval AB 
X ¢ (AB) A point X does not lie on the straight line AB, 
or the straight line AB does not pass through the 
point X 


ZABC An angle ABC 


\ 
Ane The value of the angle ABC 
— AC An arc AC 


AC The degree measure of the arc AC 
Cir (O, r) A circle with centre O and radius r 


—_—>- 
a, AB A vector 

— 
0, 4A A zero or null vector 


_— > 
| AB | The length of the vector AB 
F, = F, The figures F, and F, coincide 
_F, = F. The figures F, and F, are congruent 
A, = S, (A) A point A, is symmetric with respect to a point 
A about the l-axis 
Z, Central symmetry with centre at O 
T (X) = X, Under parallel displacement a point X passes into 
a point X, 
R% Rotation of a plane (a ray, a vector) through an 
angle « about a point O. If O is the origin, we write R® 


R6° Rg A successive performance of rotation of a plane 


(a ray, a vector) about the same centre first through 
an angle a and then through an angle 6B (o is the 
sign of composition) 


F, ~ F, A figure F, is similar to a figure F,, the ratio of 
similitude is k; it is sometimes written as Fy ~ Fy 
HR A homothetic transformation with centre at O and 


the ratio of similitude k; it is sometimes written 
as Hk 


CHAPTER 1 


Elements of Arithmetic and Algebra 


1.4. SETS 


A set is one of the fundamental mathematicl concepts. It is a 
primary concept and, like the concepts of a point, a straight line, 
a number, cannet be reduced to simpler concepts. 

In everyday life, instead of saying a “set” we usually say a col- 
lection, a gathering, a team, a herd, etc. Sets are denoted by Latin 
capital letters; the elements of sets are written in braces. The order 
in which the elements are written is immaterial. Two identical 
elements are considered to be one element. 

We say a “subset” rather than a “part of the set”; more precisely: 
a set B is a subset of a set A if every element of the set B is an element 
of the set A. This is written as B < A, or A > B. Read: B is con- 
tained in A or A contains B. An empty set is a subset of any set, 
i.e. @ CA. Every set is a subset of itself, or A CA. 

Examples: {a, b, c} < {a, b, c}, {4, 2, 3} c fA, 2, 3, 4}. The 
set of all squares is a subset of all rectangles. The set N of all na- 
tural numbers is a subset of the set Z of all integers N < Z. A seg- 
ment AB is a subset of a straight line AB, or [AB] < (AB). 


1. What is (a) the intersection of sets A and B, the 
intersection of two figures; (b) the union of sets A and B, 
the union of two figures? 

2. Assume that £ is a set of divisors of the number 12 
and F is a set of divisors of the number 18. Use braces to 
write EF; E UF. 

3. Find the union of the set A, which is the set of all 
integral-valued solutions of the inequality —1 <2 < 4, 
and the set B, which is the set of all integral solutions 
of the inequality —2<2£< 3. 

4. (a) Draw two triangles so that their intersection is 
a point; a line segment; a triangle; a quadrilateral; a tra- 
pezoid. 

(b) Draw two triangles so that their union is a paralle- 
logram; a trapezoid; a triangle. 
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1.2. INTEGERS 


Integral numbers, or integers, are numbers which belong to a 
union of sets: the sets of natural numbers, of numbers opposite to 
natural numbers, and of a set consisting of one number zero. We 
aaron the set of integers by a letter Z, Z= {..., —2, —1, 

oe : 


Operation Involving a Zero 


The following equalities hold true for any a: 
at0O=a; O+a=a; a—O=a; 0—a= —@; 
a—a=0; O0O-a=0; a-O=0; O:a=0. 


You cannot divide by a zero. 


5. What numbers are known as natural numbers? 

6. What do we call numbers which are added together, 
subtracted from one another, multiplied by one another, 
divided by one another, and how do we call the results 
of these operations? 

7. How can we find (a) an unknown term, (b) an un- 
known minuend, (c) an unknown subtrahend, (d) an 
unknown factor, (e) an unknown dividend, (f) an unknown 
divisor? 

8. Using the properties of arithmetic operations, cal- 
culate zx: (a) (( 2x2 — 18) 15 + 120) +45 = —4., 

(b) —208 ~ (112 — (96 — 3x) 4) = 2. 

9. Perform the indicated operations: (a) 123-26 + 
(—12924) — 36 — (—34248) — 24, (b) (21344 + 16 — 
(978 — 1540) — (—32) 74) +52, (c) (125972 — 409 x 
308) + (—92), (d) 25 + (2035 +5 — 11-37) + 21. 


Operations on numbers obey the following laws. 


Laws of Addition 


Commutativity: a@ change in the order of the addends does not 
affect the value of the sum, i.e. a+ b=b-+ a. 

Associativity: to add a third number to a sum of two numbers, 
we can add the sum of the second and the third number to the first num- 


ber, i.e. (a + 6) +c =—a+(b+c). 


Laws of Multiplication 


Commutativity: a change in the order of the factors does not affect 
the value of the product, i.e. a-b = b-a. 

Associativity: to multiply a product of two numbers by a third 
number, we may multiply the first number by the product of the second 
and the third number, i.e. (a-b)-c = a-(b-c). 
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Distributivity: to multiply a sum by a@ numter, we may multiply 
each addend by that number and add the resulting products, i.e. (a + 
b)-c = ac + be. 


10. Using the laws of addition and multiplication, 
calculate: 

(a) 1282 + 247 + 1318 + 353 + 800, (b) 25-52-8-125, 
(c) 75-25-16, (d) 164-27 + 139-27. 

11. Calculate orally: 

(a) 248-5, (b) 244-25, (c) 72-250, (d) 35-9, (e) 34-414, 
(f) 17-104. 


Divisors and Multiples 


A divisor of a number a is a quantity by which a can be divided 
without a remainder. Thus the numbers 14, 2, 3, 6, 9, 18 are divi- 
sors of the number 148. 

Remark. The word “divisor” has another meaning, a compo- 
nent of the operation of division. 

A multiple of a is a number which can be divided by a without 
a remainder. A set of numbers, which are multiples of, say, 12 is 
infinite: A = {0, 12, 24, ...}. 


12. What is a prime number; a composite number? 

13. What are coprime numbers? 

14. Which of the numbers 678, 1980, 65 425, 719 820 
can be divided by 2; by 3; by 5; by 9? 

15. What is the Jeast common multiple of two or 
several natural numbers? 

16. What is the least common divisor of several natural 
numbers equal to? Does the greatest common multiple 
of several natural numbers exist? 


1.3. FRACTIONS 


Common Fractions 


Numbers of the form = (or a/b), where a and b are integers and 


b + 0, are known as common (or simple) fractions. 
Here are formulas which define operations on fractions: 


a c ate a c ad+tbe 


ee 8 Babs pe ge pg 
@_¢ __a—e @ cc _ ad—be 
b a en, d-  __— bd @ 
a c ac a aon an 

a eee pe 
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ae a d ad a _ a n a a 
oo ab 6 be eT me eS ne ee 
n a _ bn 


Remark. When a mixed number is multiplied or divided by 
a mixed number, the numbers must be first turned into improper 
fractions. The same must be done when an integer is divided by 
a mixed number. 


17. In what case do the fractions a/b and c/d are con- 
sidered to be equal? 

18. When is the fraction a/b called proper? 

19. What is a mixed number? 

20. What is the principal property of a fraction? What 
transformations of fractions are based on this property? 

21. What two numbers are said to be reciprocal? 

22. Formulate the addition laws for fractions with the 
same denominators, with different denominators. Give 
numerical examples. — 

23. How can we find a product of two or several frac- 
tions? 

24. How can a fraction be divided by a fraction? 


25. Perform the following operations: (a) 5-—+ 


(144-115) +115, (b) (254-135 + 13 +)+ oe 


40 is) <6 3 2 . 4 
(c) 7 444? (4) (25543745 —- 
8—1 oy (aes) 


Decimal Fractions 


A decimal fraction is a fraction whose denominator 10, 100, 
1000, ... is a natural power of the number 10. 


26. Formulate the laws of addition (subtraction) for 
decimal fractions. Give examples. 

27. Formulate the multiplication law for decimal 
fractions. Give examples. 

28. How can a decimal fraction be multiplied by 10, 
100, 1000, ..., 10”? 
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29. How can a decimal fraction be divided by a natu- 
ral number? 
30. How can a decimal fraction be divided by 10, 100, 
1000, ..., 10”? 
31. Formulate the law of division of a number by a 
decimal fraction. 
32. Turn the following common fractions into decimal 
fractions: 
29 2G i eh, ee 
4° 8’ 25° 125 ° 
33. Indicate, without calculating, which of the follow- 
ing fractions can be changed to terminating decimal frac- 
tions and which can be changed to nonterminating frac- 
tions: 
9 12 5) 
18° 15° 48 


3457 


oe ee 16° 


Numerical Expressions 


34. Find the values of the following expressions: 


{ 
— 
7a 
0} 
4 : ea 
(CQ) ga AC) 4 
(-— 0.15) 4 0.25 
eg ee (45-1-5—6 75} _ 
f 20 3 3 
( ) = 1 ? (g) 2 1 2 9 
(75-3 ).0.6 (4 +3 -0.3) +24 
| 5.3 + 24 54 18-14 ! > 
(h) V4is—0.102 13 * 0.45+0.918—-0.51  ’ 
0.8— 1.265 20.48—51.2- = 
(i) ———__-+—__~ 
10—5.4-— 12—6.3-— 
(j) (3.2—1.7) = 0.003 


(1-632). 


d (= + 0.125 — 0.8-3.425) 
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The Integral and Fractional Parts of a Number 


An integral part of a number a is the greatest integer, which 
does not exceed a; it is designated as [a], e.g. [6.8] = 6. 

A fractional part of a number a is the difference between the 
number a and its integral part; it is designated as {a}. By defini- 
tion, {a} = a — [a], e.g. {6.2} = 6.2 — [6.0] = 0.2. 

35. Find the integral and fractional parts of the number 
(a) 25.3, (b) 0.25, (c) —6.3, (d) —10.5, (e) —5/6. 

36. Calculate y = [z] — {x} if «= —0.1, —1.1, 
—2.4. 


1.4. PER CENT 


A per cent of a number is a hundredth part of it. Per cents are 
used in economic, financial and other computations to ebtain a 
numerical characteristic of the events and phenomena being studied 
and to compare them. 


Numbers are as often written as per cents in the form of deci- 
mals or common fractions. For example, 


1 3 
37. A half is what percentage of a whole, and what 
percentage of a quarter? 
38. 14. What fractions of a number are 10%, 75%, 


0.1%,0.5%, 33 2 % , 16 = %, p%? 2. How do you express 


a percentage as a fraction? 
39. What is the simplest way to find (a) 1%, (b) 50%, 


(c) 25%, (d) 12.5%, (e) 75%, (E) 33 = % of a number? 


40. Prove that (a) to increase a number a by 40%, 
it is sufficient to multiply it by 1.4, (b) to decrease 


a given number a by 10 per cent, it is sufficient to mul- 
tiply it by 0.9. 


Problems in Per Cent 


Problems can be encountered in which it is required to find (4) 
a percentage of a given number, (2) an unknown number z, if we 
know what a certain percentage of z is equal to, (3) what percentage 
of a number is another number. It is convenient to solve problems 
of the second and the third type by setting up an equation or a 


proportion. 

41. In 1983 a factory produced articles worth 90 mil- 
lion roubles, and in 1985 its production increased by 
28 per cent. What was its production worth in 1985? 

42. Find the number 42% of which is 12.6. 
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43. A lathe operator turned 159 parts having overful- 
filled his daily quota by 6%. How many parts per day 
must the operator turn? 

44, Find the number 10% of which is 40% of 33. 

45. Solve the problem orally. What percentage is: 
(a) 1 cm of 1 m, (b) 1 centner of 1 ton, (c) 10 of 5, (d) 37 
roubles of 50 roubles? 

46. Forty-two workers out of sixty in a shop are mem- 
bers of the Young Communist League. What percentage 
are they of all the workers in the shop? 

47. An automatic machine-tool manufactured 240 parts 
per hour. It was reconditioned and then began to manu- 
facture 288 parts of the same kind per hour. What was 
the per cent increase in the productivity of the tool? 

48. What are (a) 10% of 50%, (b) 25% of 25% equal to? 

49. In the second year of a Five-Year Plan a factory 
increased its production by 6% with respect to the first 
year and in the third year it increased its production by 
10% with respect to the second year. What is the pro- 
ductivity increase in the third year in per cent with re- 
spect to the first year? 

50. After 38 litres of petrol were poured into a tank, 
it was still 5% empty. How much petrol must be poured 
into the tank in order to fill it to the brim? 

51. Five litres of water were added to ten litres of the 
30% solution of sulphuric acid. Find the per cent concen- 
tration of the resulting solution. 

52. 1. A number is 50% of another number. By how 
many per centis the second number greater than the first? 

2. The price of vegetables was decreased by 10% and 
then again by 10%. Would the price of the vegetables 
become lower if it had been reduced once by 20% rather 
than twice by 10%? 


1.5. RATIOS AND PROPORTIONS 


A ratio of two numbers is the quotient resulting from the divi- 
sion of the first number by the second. Thus the ratio of 2 to 5 is 
2/5, the ratio of —0.6 to 0.2 is —3. 

An equality between two ratios is known as a proportion. We 
can use detisrs to write a proportion as follows: 


a c 
a:b=e:d, or 7 ae or a/b=c/d. 


Here a and d are extreme terms and b and c are middle term: 
of the proportion. 
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Basie Property of a Proportion 


The product of the extremes of any proportion is equal to that of its 
means, 1,.€. if a:b = c:d, then ad = be. 


od. 1. Prove the principal property of a proportion. 


2. What can you infer from the proportion - = < 


3. Use two proportions = = “ and = = to form 
a new proportion. 
04. Form proportions from two equal products: 


(a) 25-3 = 15-5, (b) 2a = 30, (c) ab = mn, (d) a? = ab. 
59. Find zx from the following proportions: (a) 13: 


2=19:9.5, (b) 7.5:208=38:2, () thea 


=P, (d) (234123): (147-44) = 2: (3.2 + 


0.8 (5.5—3.25)). 


1.6. RATIONAL NUMBERS 


Rational numbers are all integral and fractional numbers, both 
positive and negative, and the number zero. 

Any rational number can be represented in the form p/g, where 
q = 0 and the integers p and q are coprime. Thus the numbers 3 = 


3 o=0,—7 Bo eos Gp ee. ee O88 OS 


4.” 40" 3 
are rational. 


96. 14. What is a coordinate axis? 
2. What is the coordinate of a point on a straight 
line? 
3. Where, on a coordinate axis, do negative num- 
bers lie and where do positive numbers lie? 
4. What two numbers are said to be opposite? 
57. What decimal fraction is known as periodic? 


Absolute Value of a Number 


An absolute value (or modulus) of a number z is a nonnegative 
number which satisfies the condition 


|zrl=2 if z > 0, 
jz|=-—2z if z< 0, 
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In terms of geometry, the absolute value of a number expresses 


the distance from the representation of the number on the coordinate 
axis to the origin of the axis. For instance, the number 2 is five 
units distant from the origin O and, therefore, | > | = 5. The num- 
ber —9 is at the ae distance from the point ‘0 along the axis and, 


therefore, | —5 | = 


o8. What is the absolute value of a positive number 
equal to; that of a negative number, of a zero? 

09. Solve the following equations: (a) |z |= 6, 
») ly | = 8.9, (c) J (d) |m | = —2, (e) |x — 

= 2, (ff) |e+3| = 2. 

60. Write the set of integral-valued solutions of the 
following inequalities: (a) | z |< 2.5, (b) |a| <3. 

61. Given m = —23, n = 23.5, find the values of the 
following expressions: (a) |m|— |n|, (b) |m—n ], 


(c)|m|[+ |n]|, d) |m+n]. 


1.7. APPROXIMATE VALUES OF QUANTITIES 


An approzimate value of a number a is the value which differs 
from its exact (true) value z by some number. 

If the approximate value of a is greater than xz, then we say 
that we make an approximation by excess, and if a is smaller than z, 
then we say that we make an approximation by defect. 


62. Formulate the rules of rounding off decimal frac- 
tions. Give examples. 

63. 1. What is an error of approximation? 

2. What is an absolute error of approximation? 
3. What is a relative error of approximation? 

64. Round off the following numbers to the nearest 
tenths and find the absolute and relative errors of approx- 
imation: (a) 4.36, (b) 0.820. 

65. Find the bounds of the number z if (a) z = 16.8 + 

(b) c = 0.4 + 0.10. 

66. Assume that z is an exact value of a quantity, and 
a is its approximate value. When is the number a called 
an approximate value of the number z with an accuracy 
to within h? 

67. Prove that (a) the number 0.27 is an approximate 
value of the fraction 3/11 with an accuracy to within 
0.01, (b) the number 0.6 is an approximate value of the 
fraction 2/3 to within 0.1. 

68. What is the notation for approximate values of 


numbers? 
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69. All the digits in the notation of an approximate 
lumber are correct. Indicate the bound of the absolute 
error of that approximation if (a) z ~ 1.65, (b) y = 2.864, 
(c) 2 = 8.4, (d) m & 3.20, (e) n & 160. 

70. What is the difference between the results of the 
following three measurements: 24 mm, 21.0 mm, 
21.00 mm? 

71. Find the approximate values of the perimeter and 
the area of a rectangle which is z cm long and y cm wide 
ifz=—64+01 and y = 24+ 0.14. 

72. How many decimal places and significant digits 
are there in the numbers 2.6, 26, 0.26, 0.206, 2.060, 
0.0026? 

73. Using the rules for approximation by excess, cal- 
culate: (a) x + y+ 2, where xz & 1.3, y & 12.341, z= 
0.4764, (b) ab ifaw 12.26, bx 0.64, (c) a/b if a & 
3.6, bw 1.386. 


1.8. EXPRESSIONS WITH VARIABLES 


An expression with variable quantities consists of numbers, let- 
ters, and signs which indicate what operations and in what order 
must be carried out on those numbers and letters. A single letter 
(number) is considered to be an expression. Examples: 9a? — 8 is 


bus : 9a : oe 
an expression in one variable a, 5 5 is an expression in the 


variables a and b. 
74. 1. What is the domain of definition of an expres- 
sion in one variable? 


2. Find the domains of definition of the following 
ex pressions: 


2a—4 20 
(a) 3: (b) ares OS asa 


A Power with a Natural Exponent 


An expression a” for natural n > 1 is a product of n factors each 
of which equals a, i.e. 


a" = aa... a (n factors). 


For n = 1 this definition is meaningless since there are no products 
consisting of one factor; in this case the definition must be formu- 
lated as a! = a. 

In the notation a the number a is the base of the power, the num- 
ber nz is an ezponent, and the number a” is a power. 
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75. 1. What does the expression a® mean if a 0? 
2. What does an expression a~" with an integral 
negative exponent mean? 


The principal property of a power. A product of two powers with 
the same bases is equal to a power with the same base and an exponent 
equal to the sum of the exponents of those powers, i.e. 


a™ .gh—gm+n 


where a0, m€ Z and rn €Z, 


76. 1. Prove the principal property of a power for the 
exponents m = 3 and n= 2, 

2. Formulate the rules of transformation of powers 
which can be expressed by the formulas (a) a”-a" = 
qm tn, (b a™: a =a Li (c) (a™)" = qm”. 
(d) (ab)” = a"b", (e) (a/b)" = n/pm, 

77. Calculate the values of the following expressions: 
(a) 4a — b8c?, = (b) (4a — b%c)?, (c) {4a — Bb’) c’, 
(d) 4(a — bi c*, (e) 4 (a — b8c?), (f) 4 (a — bec)’, 
(g) 4 (a — b’)c? for a= 3, b= —1 and c= 2. 

78. Find the RenPHE values of the following 

5a? 0a)? 
expressions: (a) ae eA as ee bp 


mn? (mn)?-+ m?2n 


(b) (m/2— 2n)? ~ (m-- 4n?) 


for a= 4, = —1, 


for m=2, n= —0.25, 


3 (cz —y)? +3 (z — y?”) _ Sete 
(c) “Fy? (ay)? for t= — 0.5, y= 3? 


(d) |jc—2.5|+ |3.5—z|—|r4 2| for x= —3, (e) 10a? — 
5ja|+41 for a= —0.4. 


Standard Form of a Number 


Any positive number can be represented in the form of a product 
a-10" (this is a standard form of the number), where 1< a < 10 
and n € Z. The exponent n is the order of the number. 
79. 1. Represent the following numbers in standard 
1 
form: (a) 0.00764, (b) 0.02, (c) 17 000, (d) = -10-%. 


2. Represent the following sic in standard 
form: (a) (4.8-107*)- (1.5- 108), (b) (2.4+10°)- (12.5-10-*). 
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The Concept of an Identity 


Two expressions are said to be identically equal on a given set 
if they have sense on that set and all their respective values are 
equal. Equations whose left-hand and right-hand sides are iden- 


tically equal expressions are called identities. 
For example, the identity 2 (a + 3) = 2a + 6 is valid on the 


set of all real numbers, and the identity Vz?—-2 is valid onthe 
set of all nonnegative numbers. 
Valid numerical equalities are also called identities. 
80. Are the following expressions identically equal 
, Sa a 5 Oz 2 (x?— y?) 
on their domains: (a) — and —;, (b) ey and 
2(x—y)? 
81. Prove that the following expressions are not 
identities on the set of all numbers: (a) 2? + 2 = 2%, 


(b) (a + 5)? = a? + 25, (c) |—zx > = —2%. 
1.9. MONOMIALS AND POLYNOMIALS 


Monomials are expressions which are Rar son of ae 
variables, powers of variables, such as 0.523, 6z3y?, —7c?. 
Separate numbers, variables, powers of variables are also mo- 


nomials, for example, —7, a, 2°. 
Polynomials are sums of several monomials, for example, 5z4 + 


325 — 0.127 + 82 + 1 


82. 1. What is the power of a monomial; polynomial? 
2. What form of a monomial is known as standard; 
what polynomial is known as a polynomial of standard 


form? 
83. Reduce the following polynomials to standard 


form: (a) — (2a? — 3b)-+ (4b-+ 6a2—1), (b) — (~o- 
1 3 4 3) 
2px) +(ger—zett)—(4—se’). 
84. Find the values of the following expressions: 
(a) (6.327y —2.42y+-2y3) —(--3.72?y + 6.62y + 2y3) for 
z=1, y=95, (b) 5a* — (3ab — a’) + (5ab — 6a?) 


for a=0.4, b= —0.5, (c) 923 — (823 — (1 — 2z3)) 


for «= —0.05. 
85. Carry out the indicated operations: (a) 5**2.5*7! + 


2-1 (b) 2-3%-3. 4-1 — 40.3*-5.47-2, (c) 12.58 + 0.1.54 
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Multiplying a Monomial by a Polynomial. 
Multiplying Polynomials 

To multiply a monomial by a polynomial, it is sufficient to mul- 
tiply the monomial by each term entering into the polynomial and 
add the resulting proauc together (retaining their signs). 

Example: —0.4ry (—2z2? -- 4zy + Sy?) = 0.823y + 1.62?y? — 
ary’. 

To multiply a polynomial by a polynomial, it is sufficient to mul- 
tiply each term entering into one polynomial by each term of the other 


and add the resulting products together. 
Example: (a — b) (ce + d) = ac — be + ad — bd. 


86. Find the values of the following expressions: 
(a) Sx (x — 4y) — 10y-(y — 2x) for x= —0.2, y= 
—0.5, (b) a(a—b+2)—b(b—a+1) for a= 
—1/3, b = —2/3, (c) te — 2n)- (2m + n) — m (2m — 4n) 
for m= 0.4, n = — 

87. Prove that for a values of a and b the expression 
(2a — 3b) (4a + 0.5b) — a (8a — 11b) assumes nonpo- 
sitive values. 


1.10. ABRIDGED MULTIPLICATION IDENTITIES 


1. The product of the difference of two expressions by their 

sum is equal to the difference of their squares: 
(a — b) (a+ bd) = a — B. 

2. The square of a binomial is equal to the sum of three expressions, 
viz. the square of the first term, the doubled product of the first and 
the second term and the square of the second term: 

(a + b)? = (a + dD) (a + Db) = a? + 2adb + D?. 


3. The cube of a binomial is equal to the sum of four ezpresstons, 
viz. the cube of the first term, the trebled product of the square of the 
first term by the second term, the trebled product of the first term by 
the square of the second term and the cube of the second term: 

(a + 6b)? = (at bd)? (a + db) = a + 3a2b + 3ab* + BS, 

4. (a + b) (a? — ab + b?) = a? 4+ O?. 

Dd. (a — b) (a* + ab + b2) = a? — BD, 

88. Reduce the following expressions to polynomials 
of standard form: (a) (a — 0.1) (a + 0.1), (b) (1.52? — 
3y3) (4.522-+3y%), (c) (54 — 3b) ((8b+ 4 a) (2 +90") , 
(d) (a* + a-*)?, (e) (8" — 38™-*)?, (f) (a + b) (a — db), 
(g) (2a + 1)? + (2a — 1)°, (h) @ — 1) @* + x + 14). 

89. Using abridged multiplication identities, find the 


values of the following expressions: (a) 99-101, (b) 20.1 x 
19.9, (c) 29.5-30.5, (d) 317, (e) 987, (f) 9.92, 
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90. Find the values of the following expressions: 
(a) (2a — 3)? — 2a (2a + 3) for a = 2.5, (b) (82 — 1)? — 
(Qr + 1) (4.52 — 1) for x = 0.2. 

91. Prove that for any n € N the value of the expression 
(2n + 3)? — (2n — 3)? is divisible by 24 (is a multiple 
of 24), 


1.41. POLYNOMIAL FACTORIZATION 


To simplify calculations, reduce fractions to their lowest terms 
or to a common denominator, it is sometimes convenient, when 
solving equations, to represent a polynomial as a product of two 
or several polynomials, some of which may be monomials. The 
following techniques are used to factor polynomials: (1) putting 
the common factor before the brackets, (2) grouping, (3) applying ab- 
ridged multiplication identities. 


92. Put the common factor before the brackets in the 
following expressions: (a) 12a8b — 18a7b? + 6a7b, 
(b) 152° — 1025 + 52%, (c) 3a (x — 2y) + a (x — 2Qy) + 
x — 2y, (d) 5z (2a — 3) — 3y (2a — 3) — 2a + 3. 

93. 1. Factor out 5 in the trinomial 5a i af a8 De. 

2. Factor out a in the trinomial az? + br + c. 
3. Factor out 1/2 in the trinomial 97 — 3y + 2. 

94. By means of grouping factorize the polynomials 

(a) sO en (b) ac+ be + a+ Bd, (c) a® + 


ab — ab* — 


Identities 1,2,4 and 5 on p. 22 can be represented as 


a? — bt = (a — b) (a+b 
a? + 2ab + b8 = (a + b) @+9- (a + b)?, 
a’ — b3 = (a — b) (a®? + ab + 5b 
a® + 63 = (a + bd) aa ob bay” 
In this form it is convenient to use the identities for factoriza- 
tion. 


95. Factorize the following expressions: (a) 0.04a? — 9, 
bb) 5a — 27, () @+ 4-25, (d) 2 Bx —1) + 
9 (1 — 3z), (e) 4a? — (a — 1), (f) (a? he 2ab +b?) — 
(a? + 2ac + c*), (g) 2? + 27, (h) a — 0.1 

96. Simplify the following expressions pe then find 


their values: (a) 1602+ 2444+ 9 for a= —3/4, 
(b) (x + 6)?+2 (x — 1) (x + 6) + (x — 1) for z =—0.5. 
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97. Find the values of the following expression: 
(a) 14321122, (b) 0.7278 — 0.2782, (e) (3 2)*- 
(S5)", (@) 26742.26.144-142, (e) 81.12—-2.81.4 x 
64.4 4.64.42. 


1.12. FRACTIONAL EXPRESSIONS 


An expression of the form — - , where a and b are expressions con- 
taining variables, b = 0, is known as a fractional expression (frac- 
tion). 


Fractional expressions are transformed according to the same 
rules as common fractions (see 1.3). 


98. For what values of the variable are the following 


fractions meaningless: (a) ey , (b) ot? : 


Warning! Sometimes students make a mistake in reducing a 
fraction whose numerator and denominator are polynomials: they 
cancel out not a common factor but : common summand. For exam- 


e og e e 
ple, we cannot reduce the fraction eae since there is no com- 


2a+d 


mon factor in it, if we divide the numerator and denominator by 


2a, we get SS For the same reason we cannot reduce 


tang Sb? (x+y)? —(z—y)? 
the fractions ab and (c—y) (z+) 
99. Reduce the following fractions: (a) — 
a 4 ms — b2—¢2—2b 
(b) 5 — b2— a2? (c) a ( ) oa Saere (e) haa ’ 


ab-++-1—a—b 
(f) b+e—1—be_ 
100. Simplify the following expressions and find 


their values: (a) Saeed Ma for x= —0.5; y= —1.5, 
TY —Y 
(b) Stee for a=0.25, b=0.5, c= —0.5. 
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101. Find the values of the following expressions: 


1 { 1 2 
O) Greg i Gag OP ge) eg 
— +0.1 
gg for a= —04, (0) Bap — jy — tor 
r= —0.2. 


Warning! Sometimes, when subtracting fractions with polyno- 
mial numerators, the students relate the minus sign, which stands 
before the fraction, not to the whole numerator but to its first term 
alone, overlooking the fact that the fraction bar is a substitute for 
brackets. To avoid this mistake, we recommend the reader to write 
the numerators in brackets when multiplying by a complementary 


factor. 


102. Simplify the following expressions: (a) oh — 
2a—3b 2a2 — Gab -+- 262 zy y . 
-a—b a? — b? » (b) ( re—y? = br —2y a 

2y z—ody a a (a —b)? 
eoe = (ap ba? as 


a @ (sept tae) = (G5 4+). 


© (wha tb) (4-a)- tk. 


6x -+- by 
a—1 1 | 202 
(f) ( attati 7) (a+1+ —) » (8) 4—5r 
10x-+2 \2 5z+9 10z jz—1|-+2 
( 3—5z ) ; ( (5a+4)2 == 252?—4 » (h) 2z—1 


|jz—1| (i) a ja—3| 


x—1 a 


1.143. ROOTS 
The Arithmetic Square Root 


The arithmetic square root of a number a is a nonnegative number 


whose square is a; it is designated Y a, where y’ is the sign of the 
arithmetic root, or radical, and a is a radicand. 


103. 1. For what values of the variable a does the 


expression / a have sense? 
2. Give examples of the values of a for which Va 
is a rational number; an irrational number. 
104. Why (//a)? =a, where a > 0? 
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105. Is Va? always equal to a? 
106. Find the values of the variable for which the fol- 


lowing expressions have sense: (a) Y —a, (b) VY —2?, 


(c) V 2a — 3, (d) V—z — 3. 
107. Reduce the fraction 


a*—5 
a—V5_— 
The nth Root 


The nth root of a number a is a number whose nth power is equal 
to a. Its designation is j/a, where n is a natural number greater 
than unity. 


108. In what cases does the expression / a have sense? 
109. Why (j/a)" =a? Is this equality always valid? 
110. Find the values of x for which the following 


equalities hold true: (a) VY 2x?=—z, (b) x3 =z, 
(c) Yat=—a, (d) j/x8=[2. 

111. Simplify the following expressions: 
(a) VW (V5—2)*, (b) W1—V 2), (ce) VW (V8—V7)’. 

112. Find the value of the expression V 4a? — 4a+1 + 
3a for a = 0.2. 

The Properties of the nth Arithmetic Root (n>1) 

1°. If aS0 and b>0, then Yab=Vay db. 

2°. If aS>0 and b>O0, then VE ave 


bo 8, * 
3°. If aSO, then Vee my a 


4° If aS>0, then m/amk_"/ am (the basic property of the 
root). 


113. Give formulas which express the properties of the 
arithmetic root. 
114. Find the values of the following products: 


(a) / V30+V3 y V30—YV3, (b) 3 V2—V 17 x 
V3V8+V17, (0) f (V5—-1 64275, 


PAY 


{15. Find the values of the following expressions: 
(a) 21-28-12, (b) j/16-36-81, (c) //313?—3122 x 
9/732 — 122, (d) /27a— j/a Ya for a=8, (e) fa Va— 
7 16a for a=81. 

116. Put the multiplier before the root sign in the fol- 
lowing expressions: (a) V —5y®, where y < 0, (b) / 97a, 
where a> 0, (c) 812°, where «<0. 

117, Put the multiplier under the root sign in the 
following expressions: (a) xY2, where «<0, 
(b) a VY —3/a. 

118. Find the values of the following expressions: 
(a) ‘/16a4b for a = —0.5 and b = 1, (b) °/10a°O* for 
a =2 and b= —2. 


119. Compare the following numbers: (a) Y2 and 
3/3 (b) “/4 and V9, (c) 23/2 and 7V3, (d) V14 
and V3+4+2. 


24+yV2 
120. Reduce the following fractions: (a ~ =, 
: ©) Tey 
py ee. 
0) Va 
121. Reducing the denominator to a rational number, 
simplify the following cxpressions: (a) aa 
2 14 1 
b 7. 9 d —-—-:~—-—~—~CS:(«é ~~ lh —— 7 
Naz ©) vin V3—-V2 Oo V3 (°) 3V2—4 


122. Carry out the following operations: (a) 75 - 


1 1 ; 
Vir’ © aay E apaye’ © G— VER HO+ 
3) — 5) (49 Vay. (ay (VW 2= 32 146 V2) 


Q/ 


1.14. A POWER WITH A RATIONAL EXPONENT 


If a > 0, m is an integer, and n is a natural number, then 


m 
a” = VY am, 


If m and n are natural numbers, then 


Properties of Powers with Rational Exponents 


The properties of powers with integral exponents are also valid 
for powers with any rational exponents and positive bases. 


The following equalities are valid if a > 0, b> 0, and — and 


= are rational numbers. 
mp mip ™m P m_P mp Le 
1% a" -al=a™ 7, 2% a® +al=a™ 4%, 3°. (a”)? =a” 4 
m m 
m mom — n 
° n n n ° g een 
4°. (ab)" =a" eb. SIE) = ™m 
pb” 


123. Calculate: (a) 10001/3.0.00011/4 + (0,.027)1/3.50 — 
10 \-1 10 \-2/3 , 4 \-0.5 ; 
(az) > ) (2a7) + (tty) + (6.25)08 = 
(— 4). 

124. Represent the following expressions as powers 


with the base a: (a) cea o (b) (ar) (<3 Me 


125. Find the values of the following expressions: 
(a) (2a’/? — 5)? + 20a'/? fora = 1.2, (b) (6 — 1.521/?)? + 
18x\/? for x = 4. 

126. Reduce the following fractions: — 

- Reduce the following fractions: (a) at 3qh le 
xz — 3621/8 


(>) ap eay 
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127. Simplify the following expressions: 


1 1 
b2 b 2 b—a a—b 
(a) ooo ee a ae 
ata%b* a—a*p? 2a* b? a*tab* 
Le = 1 1 { 4 
2 2 aes i 
a2 —b Crate ] a—b a+b 
a pee Oe CA) Sa 
a*+5* a® —pb3 a3 +53 
r—y zt+y 
a aa OY a i a 
ci tz3yF4y8 2? —r3 yi 4,73 


1.145. ELEMENTARY FUNCTIONS 


A relationship between two sets X and Y in which each element 
of the set X is associated with not more than one element of the 
set Y is a function. 

Remark. The expression “not more than one element” means 
one element or no elements. 

The set X is known as the domain of definition of a function and 
the set Y is the range of the function. 

A function with the domain X and the range Y is also called a 
mapping of the set X onto the set Y. 

The terms “function” and “mapping” are synonyms, they ex- 
press the same notion, but in algebra we usually use the term “func- 
tion” and in geometry, the term “mapping”. 

If z is an arbitrary element of the domain of a function f, and y 
is the corresponding element of the range of the function, then we 


write f (x) = y and read “f of z equals y”. The notation z ei y is 
also used, which reads as “the correspondence f transforms z into y”. 

In algebra we usually deal with numerical functions, i.e. func- 
tions whose domain of definition and range of values are number 
sets. 


128. In what ways can a function be defined? 

129. 1. Given the graph of a function, how can you 
find its domain and range? 

2. Can we say that every correspondence defined 

by a graph is a function? 

130. What is a root (zero) of a function? How can you 
find the roots of a function on its graph? 

131. What function is said to be increasing (decreasing) 
on a given number set? Describe the movement of a point 
along the graphs of such functions. 
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132. Prove that (a) the function f (z) = 2x — 3 in- 
creases on the entire number axis, (b) the function 
(a) 2? decreases if 2 < 0. 

133. 1. What function is invertible? What two func- 
lions f and g are inverse to each other? 

2. What is the peculiarity of the position of the 
graphs of two functions inverse to each other? 

134. A function f is specified by the formula y = 22 — 3 
on the set A = {—2, —1, 0, 1, 2}. Find the set B of 
the values of the function f. Use pairs of functions to 
write the inverse correspondence. Is the function f in- 
vertible? 

135. What transformations must be done to give the 
inverse of the function y = f (zx)? 

136. A function is specified by the formula (a) y = 
sa — 3, (b) y= ee + 1. Find a formula to specify 
the inverse of the given function. 


Direct Proportionality 


A function, which can be specified by the formula y = kz, 
where zx and y are variables, and k = 0, is known as a direct pro- 
portionality. The number k is a proportionality factor; we say that 
the variable y is proportional to the 
variable z. 

The graph of the function specified 
by the formula y = kz, where k <0, 
is a straight line passing through the ori- 
gin (Fig. 4). 


A Property of Direct Proportionality 


f 
Ifafunction x — y is a direct propor- 
tionality and (11, Y1), (te, Ye) are pairs of 
Fig. 4 respective values of the variables x and y, 
with ry == 0 andk ~ 0, and, hence, yg ~ 
0, then 2,/r_ = y,/yo, i.e. the quotients resulting from the division 
of the respective values of xz and y are equal. 
If z>0 and y > 0, then this property can be formulated as 
follows: when the value of x increases several times, the respective 
value of y increases the same number of times. 


137. 1. The length of a circle is expressed by the for- 
mula C = nD, where C is the length of the circle, n ~ 3.14 
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is a constant number, and D is the diameter. Llow are C 
and D related? What is the proportionality factor equal 
to? 

2. Express the length of the diameter D as a func- 
tion of length of the circle C. In the resulting formula in- 
dicate the proportionality factor. 

3. Write formulas you know from the course of 
physics which contain directly proportional quantities. 

138. 1. What is the most convenient way of construct- 
ing the graph of the function y = Az? 

2. Plot the graph of the function y = Ax for k > 0 
and k< 0. 

139. What angles do the graphs of the functions (a) 
y = x, (b) y = —z make with the positive direction of 
tho z-axis? 


Inverse Proportionality 


A function which can be specified by the formula y = kz, 
where k = 0, is known as an inverse proportionality. The variable y 
is said to be in inverse proportion to z. 

The graph of the function specified by the formula y = z/k, 
where k =~ 0, isa curve consisting y 
of two branches. A curve of this 
shape is called a hyperbola (Fig. 2). 


A Property 
of Inverse Proportionality 


If the function xz — y is an in- 
verse proportionality, and (24, Yj) 
and (Zg, Ys) are pairs of respective 
values of the variables zx and y, 


then 2 = (rz  O and y, # 0). Fig. 2 
2 


If zs >0 and y > 0, then this property can be formulated as 
follows: when x increases several times the respective value of y 
decreases the same number of times. 


140. 1. What is the domain of the function y = k/z? 

2. In what quadrants does the graph of the func- 

tion y = k/x lie when &>0, and in what quadrants 
does it lie when * < 0? 

141. The area of a rectangle is expressed by the formula 

S = ah, where a is the base and h is the altitude. Are 

(a) S and h, (b) S and a, (c) a and A in a direct or in an 
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inverse proportion if we consider the third quantity to 
be constant? 

142. Find the coordinates of the points of intersection 
of the graphs of the functions (a) y = 12/z and y =3z, 


6 
(b) y = — >and y=—7zZ i. 


A Linear Function 


A function which can be specified by a formula of the form y = 
kz + 1, where k and I are some numbers, is said to be linear. 

The graph of a function specified by a formula of the form y = 
kxz+1 is a straight line (Fig. 3). 

143. The graph of the function specified by the formula 
y = kx +3 passes through the point A (—1, 5). Find 
the factor k. Is this function increasing or decreasing? 
Find its root. 

144. Find the coordinates of the points of intersection 


Fig. 3 Fig 4 


of the following functions with the coordinate axes and 
construct their graphs: (a) y = x — 2, (b) y = 0.57 — 3, 
(c) y= —2r — O. 

145. How do the values of & and / affect the position 
of the graph of the function y = kr + lL? 

146. Construct the graph of the function specified by 
the formula y = kx + 1 if (a) K>0, 1>0, (b) k <<, 
l>0, () k<0, 1<0, (d) K=O, 1>O0, (0) F<, 


L=0. 


32 


The Function y =az? 


The graph of the function specified by the formula y = ax? 
(a £0) igs a curve known as a parabola. The domain X of the 
function y = az? is the set of all numbers, i.e. X = (—oo, +00). 
For a > 0 the graph of this function lies in the upper half-plane, 
and for a < 0 it lies in the lower half-plane (Fig. 4). 

147. What is the similarity of and the difference be- 
tween the graphs of the functions specified by the formulas 
(a) y=2? and y=27/2, (b) y=2? and y = 22’, 
(c) y = 227 and y = —2z2’, 

148. At what values of x does the function y = az? 
increase for a>O and at what x does it increase for 
a< 0? 

149. The graph of the function y = az? passes through 
a point (a) A (3, —9), (b) B (—1, 3). Find a and plot 
the graphs of these functions. 


The Power Function y= 2" (n€N) 


If a power function has n = 1, then y = z and the graph of 
this function is a straight line (Fig. 5a); if mn = 2, then y = z? and 
the graph of the function is a parabola (Fig. 5b); if n = 3, then 
y = z° and the graph of the function is a cubic parabola (Fig. 5c). 


Fig. 5 


Properties of the Function y=z"(n€N) 


1°. The graph of the function passes through the origin and through 
he point (1, 1). This follows from the fact that 0 = 0" and 1 = 1”. 

2°. If nis an even number, then the y-azis is the axis of symmetry of 
the graph (see Fig. 5b). 

3°. If n is an odd number, then the origin is the centre of symmetry 
of the graph (see Fig. 5a and 5e). 
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The Function y ) z and Its Graph 


The ray [0, —oo) serves as the domain and the range of the func- 
tion yY zx, and therefore the graph of the function lies in the first 
quadrant and the origin belongs to the graph (Fig. 6). The function 
y V x is increasing. 

The function y = Y z is an inverse of the function y = z?. 
The graphs of these functions are symmetric about the bisector of 
the first quadrant (Fig. 7). 


150. Compare the values of the following expressions: 
(a) V0.6 and VY 2/3, (b) 5/7 and */0.7, (c) */ 0.88 
and 1, (d) ‘)/6.22—6.42 and ‘)/ 1.29. 


Fig. 6 Fig. 7 


1.16. EQUATIONS 


An equation is an equality which contains one or several 
variables (unknowns). 


151. 1. What is the root of an equation? 
2. What do we mean by the expression to solve 
an equation? 
3. How many elements can there be in the set 
of roots of an equation in one variable? 
152. What set of roots can the linear equation az = b 
possess? 
153. Solve the following equations: (a) (« — 13)? — 
( +5)* = (@@— 12)%, (b) At 2b? 4, Ppt 2= 


Br 27 a (d) 8 ent yt sa tS ===) = 
’ 4 


20 5 
7 nag 4c—3 2-2 _ 6 (2—3z) 
Se a a ea a a 


ees = 22, (g) (22 —1—V3) (x4+1—V3) =0. 


154. Solve the following equations which possess a 


variable in the denominator of the fraction: (a) a 
2(5r—39) 7 x 5 30 
3(rx—8) =8’ (b) t—4 (x—4)? = 1, (c) pet 
z—41 4 a 12 z+3 
zr—7T 1, (d) ta—2 2+2 z2?—§G? (e) z—3 


Problem Solving 


The following technique can be used to solve a problem by 
setting up an equation. 1. We choose one of the unknowns entering 
into the hypothesis, denoted it by some letter, and then express 
all the other unknowns entering into the hypothesis in terms of it. 
2. Then we set up an equation and solve it. 3. And finally we verify 
whether the root obtained satisfies the hypothesis and indicate the 
answer. 


155. A passenger train covers the distance between 
stations A and 8 36 minutes faster than a goods train. 
Find this distance if the average speed of the passenger 
train is 60 km/h and that of the goods train is 48 km/h. 

156. There are two different roads between two towns. 
The first is 10 km longer than the second. A car travels 
along the first road and covers the distance between the 
towns in 3.5 h. Another car travels along the second road 
and covers the distance in 2.5 h. What is the speed of 
each car if the speed of the first is 20 km/h lower than 
that of the second? 

157. When some improvements in the technological 
process had been introduced, it took an hour less to ma- 
chine one part than before. The same time is now needed 
to machine 30 parts as was needed earlier to machine 
24 parts. How much time does it now take to machine 
one part? 

158. A total of 1400 kg of potatoes were sold in three 
days. On the first day 100 kg less potatoes were sold than 
on the second day and on the third day, 3/5 of the amount 
sold on the first day. How many kilograms of potatoes 
were sold each day? 


3° 30 


159. One solution contains 30 per cent (by volume) of 
nitric acid and the other 55 per cent. How much of the 
first and the second solution must be taken to obtain 
100 litres of a 50 per cent solution of nitric acid? 

160. We have five litres of a 70 per cent solution of 
sulphuric acid. How many litres of a 80 per cent solution 
of sulphuric acid must we add to the original solution 
to obtain a 72 per cent solution of sulphuric acid? 

161. Two excavating machines needed twelve days to 
dig out a foundation pit for an electric power station. 
The first excavating machine could have done the job 
twice as fast as the second. How many days would it 
take each machine to do the job if they worked separately? 


1.47. QUADRATIC EQUATIONS 


A quadratic equation is an equation of the form az? + bz +- 
e == 0, where z is a variable, a, b and c are some numbers, and 
0. 

A quadratic equation whose first coefficient is unity is said to 
be in a reduced form. 


162. 1. Why can the first coefficient in a quadratic 

equation not be equal tc zero? 
2. What are the ways to solve incomplete quad- 

ratic equations of the forms az? + bx = 0, az? +c = 0, 
ax* = 0? 

163. Solve the following equations orally: (a) z? = 2, 
(b) 0.527 = 4.5, (c) 0.52? = 0. 

164. Use graphical means to solve the following 
equations: (a) x? — 2x = 0, (b) 0.52? = 2. 

165. 1. Find the value of R from the formula S = 
nA; find the value of ¢ from the formula s =£. 


2. Solve the equation + gt? —vt=0O for ft 
(¢ > 0). 


Formulas for the Roots of a Quadratic Equation 


: 6, /F 
—b+VD ai Bias 4 


p=, (t) ee (2) 


It is convenient to use formula (2) when b is an even number 
and, hence, 5/2 is an integer. 
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The expression D=b?—4ac is a discriminant ot a quadratic 
equation. 
If D>0, then ra {—roV? : at). and the quad- 
2a 2a 
ratic equation has two roots. 


If D=0, then s={—.-} , and the quadratic equation has 


one root (we sometimes say that in this case a quadratic equation 


has two equal roots). 
If D<0, then x=Q, and the quadratic equation has no 


roots. 

166. For what values of m do the following equations 
have one root: (a) mz? + 2x + m = 0, (b) 252? + mz + 
9=0, (c) 2 —6r +m=0? 

167. Solve the following eguations: (a) z7-+2z2—6=0, 
(b) (x— 4)? + (24+ 2)?+4 (x—3) (x + 3) =1—15z, (c) z?— 
4V3x+9=0, (d) 2274+ (3-—2V2)x—3/V2 = 0, 

5) 6 4 6 3 
) aya - woo tease () Gort ayrT 
2 =! 
Q2—1 7 

168. Solve the following equations by introducing a 

new variable: (a) 4x4*—1322+9=0, (b) Vz+2= 12, 
2 3 244 
© app tap- 2 @ A+ apr = 29, 


(e) 2 (x — 2)?—3(x— 2) +1=0, (f) — Sa 


24 
(g) Pout oT Ae 


169. Solve the following equations by graphical 
means: (a) z?—2—2=0, (b) 2z?-++24—3=0, (c) x74 42+ 
4=0, (d) 2?2—2z-++5=0. 


The Vieta Theorem 


The sum of the roots of the quadratic equation ax? + br +c = 0 
is —b/a and the product of the roots is c/a. If this quadratic equation 
is in a reduced form (a = 1), then x, + 2g = —b, 2%q = €. 


170. Is the converse of the Vieta theorem true? 

171. Without solving the following cquations, find the 
sum and the product of their rvots (if any): (a) 2.252? + 
4z —1=0, (b) 32? — 20 = 0, (c) 2? — 482 = 0. 
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172. One of the roots of the equation z? + br —9 = 0 
is unity. Find the other root and the coefficient b. 


173. Set up a quadratic equation being given its 
roots: (a) z,—= —0.6 and x,=1.6, (b) 2,=—YV3 and 
to=YV 3, (c) 4y=5—2V6 and 2,=5+2) 6, (d) 2,= 


k?—ac an, |) a er 
ve ac ond Ly = k ye ac 
174. Solve the following equations without using the 


formula for the roots of a quadratic equation: (a) 2? — 


(m + n)c+mn = 0,(b) 2?—(V5 + V3)24+ V15=0. 


Factoring a Quadratic Trinomial into Linear Factors 


An expression az? -++ bx + c, where a, b and ¢ are numbers, 
a + 0, and z is a variable is called a quadratic trinomial. 
A root of a quadratic trinomial is the value of the variable for 


which the value of the trinomial is zero. 
If x, and z, are roots of the quadratic trinomial, then 


ax?’ + be +c=— a(x — 2,) (x — 2,). 


This formula serves for factoring a quadratic trinomial. 


175. 1. How can you find the roots of the quadratic 
trinomial az? + bx +c? 
2. How many roots can a quadratic trinomial 
possess? 
176. 1. Write the formula for factoring the reduced 
quadratic trinomial zx? + pz + q. 
2. Write the formula for factoring the quadra- 
tic trinomial az? + bx +c if its discriminant is zero. 
177. Factor the following trinomials into linear factors: 
(a) 52? — 32 — 2, (b) 1277 — 112 4 2. 
a*+a—i12 


178. Reduce the following fractions: (a) ce nar ed 


a*+6a-+9 


6a? —7a—3 Forte t Agn+l _gQzn 
(D) gage 8 NO) peg eg (0) ee 


grt2 —yr 


179. Carry out the indicated operations: (a) ( ee 


a+-3 a?@—6a+5 a?—6a+8 
ape) (a1), (b) (Sao a®§—5a+4 )x 


(a2 —3a+ 2). For what values of a@ is this expression 
meaningless? 
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180. Solve the following equations: (a) —~-— 


) 2 4 | 
ars | apezpe 9 ) 7 — 7H, taeyi= 9 
181. Plot — graphs of the following functions: 
— 222+-3 1 
x ~te- , (b) y= x a 


The Graph of a Quadratic Trinomial 


A function of the form y = az? + bzx-+ c, where z is a var- 
iable, and a, b, ¢ are given numbers, with a + 0, is a quadratic 
function. 

By isolating a perfect square, we can give the quadratic tri- 
nomial in the form y =aX 

b\2 6% — 4ae 
eg rege 

The graph of the function 
y = az? + bx -+c is a parabola 
which is congruent to the para- 
bola y = az*, and the straight 
line z = a is the axis of 
symmetry. The coordinates of 
the vertex O, of this parabola 


b D ‘ 
are (—-, —=-) (Fig. 8). 


For a > 0 the parabola is 
convex downwards and _ for 
a <0, upwards. 


182. Having isolated a 
perfect square, draw schematically the graphs of the fol- 
lowing functions: (a)y=2?—8r+10, (b) y= 
—z* — 52 + 4. 

183. Plot the graphs of the following functions: 
(a) y=2?4+ 38x—4, (b) y=5+4+ 42 — 2, (c) y= 
2x7 + 4x2 — 6. Using the graphs, find the sets of values 
of the arguments on which the functions (1) decrease, 
increase, (2) are positive, negative. 


(a) y= 


Fig. 8 


Problems Involving Solution of Quadratic Equations 


The general instructions concerning derivation of equations 
are given in 1.16. 


184. The number of rows in a cinema equals the num- 
ber of seats in each row. If we double the number of rows 
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and reduce the number of seats in a row by 10, then the 
number of seats in the cinema will increase by 300. 
How many rows are there in the cinema? 

185. If we double the length of one leg of an isosceles 
right triangle and reduce the length of the other by 2 cm, 
then the area of the triangle will increase by 6 cm?. 
Find the length of the legs of the triangle. 

186. A train was delayed at the station for 6 min and 
made up for this delay at the stage of 36 km by increasing 
its speed by 4 km/h. Find the initial speed of the train. 

187. A motor ship was to cover 72 km with a definite 
speed. Actually, the ship covered the first half of its 
trip with a speed 3 km/h lower and the second half with 
a speed 3 km/h higher than its preassigned speed. The 
ship covered the whole distance in 5 h. How many mi- 
nutes was the ship late? 

188. A collective farm gathered in the harvest of 
8400 centners of wheet. The same harvest could have been 
gathered in from an area 20 hectares less if it were in- 
creased by 1 centner per hectare. How many hectares had 
been sown and what was the harvest per hectare? 

189. Two cranes, working together, unloaded a_ barge 
in 6 h. How much time will it take each crane to unload 
the barge, if they work separately, and if one of them can 
do the job 5 h faster than the other? 

190. There is an external tangency between two circles 
the sum of whose areas is 130n cm?. Find the radii of the 
circles if the distance between their centres is 14 cm. 

191. The population of a settlement trebled in two 
years. What is the average annual per cent increase of 
the population of the settlement? 


1.18. SIMULTANEOUS EQUATIONS 


An equation of the form az -++ by = c, where a, b, ¢ are some 
numbers, and z and y are variables is a linear equation in two 


variables, 
T'wo simultaneous equations in two variables form a set of two 


equations 
{ a,r-+ byy=cy, 
ar + bey =e, 
where aj, 5y, ¢;, @g, b2 and ¢, are given numbers, and z and y are 
variables. We assume that in both equations one and the same 
letter denotes the same number. 
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192. 1. What is the shape of the graph of a linear 
equation in two variables? 
2. What do we mean by saying that we solve an 
equation in two variables? 
193. 1. What do we mean by saying that we solve 
simultaneous equations in two variables? 
2. What do we mean by the expression “to solve 


simultaneous equations”? 
194. Use graphical means to solve the following 


simultaneous equations: 
(a) (2e+y=1, (b) (2e—-y=3, 
[eae ek 
195. Show by graphical means that the following 
simultaneous equations do not have solutions: 
(a) (2x+3y=6, (b) (2x7—y=1, 
teak Dee hen 
196. Show by graphical means that the following 
simultaneous equations have infinitely many solutions: 
(a) at (b) (3x—2y =6, 
x— dy = 1.5, ae 


197. Choose values of a and c¢ such that the simul- 
taneous equations 
{ 2x —y = 4, 
ax—y=c 
have a unique solution, have no solutions, have infinitely 
many solutions. 
198. Solve the following simultaneous equations: 


(a) aes (b) Seite 


ox + 18y = 41.5, 4n +0.25y = 11, 
(c) ¢ASety _ Sey _ 4 (d) eo 
ne : x-+ 10y = 10"!. 
32 — 6 =2—y, 


199. For what values of k and Il does the straight line 
specified by the equation y = kr +1 pass through the 
points A (2, —3) and B (—1, 4.5)? Write the equation 
of this straight line. 
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The Equation of a Circle 


Tho graph of the equation z? + y? = 7? is a circle of radius r 
whose centre {is at the origin. 


20). Use graphical means to solve the following simul- 
tanoous equations: 


"| x + y® = 20, (b) neti 


3x + 4y = 0, r+ty=8, 
ad ca xv+ y = 3, (e) { zy = 6, 
c+ty =6, Fak y = 2 +09. 


201. Solve two simultaneous equations in two 
variables one of which is of the first degree and the 
other of the second: 


(a) ene (b) ae 
x2 — Qy?—zy+52+15=0, x—2Qy=—3, 
(c) getty _ 3 
{es (ie 
xy +2Qy= —14. 


202. Solve the following simultaneous equations: 
(a) x? +2=0, (b) foils 


eo+y=5, 2x + y = 3, 
(ce) Set pt ve 
iar y—41 = (y—1) (+1) ’ 
4y—zr=7. 


Problems Which Involve Solving Simultaneous Equations 


When solving problems which involve derivation of simulta- 
neous equations, basically the same techniques are used as in de- 
riving an equation in one variable (see 1.16). 


203. If we reduce the numerator of a fraction by unity, 
then the fraction becomes 1/5, and if we reduce its deno- 
minator by unity, then the fraction becomes 1/4. Find 
this fraction. 

204. The sum of the digits of a two-digit number is 6. 
The ratio of this number to the number which will result 
if we write the digits in the reverse order is 4/7. Find 
these numbers, 
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205. To construct a sewerage system 160 m long 150 
ceramic pipes 800 and 1200 mm long were used. How many 
pipes of each length were used? 

206. Two mills were to manufacture 360 machine-tools 
in a month. However, the first mill fulfilled its plan by 
110 per cent and the other mill by 112 per cent. The two 
mills together manufactured 400 tools in a month. How 
many more tools than required by the plan did each mill 
manufacture? 

207. The difference of two numbers is 2 and the 
difference of their squares is 16. Find the numbers. 

208. The perimeter of a rectangle is 20 cm and its 
area is 24 cm?. Find the lengths of the sides of the 
rectangle. 

209. The perimeter of a right triangle is 30 cm and its 
hypotenuse is 13 cm long. Find the length of its legs. 

210. The sum of the lengths of the legs of a right tri- 
angle is 14 cm and the area of the triangle is 24 cm?. 
Find the lengths of the legs. 

211. A rectangular plot of land with an area of 600 m? 
is fenced, the length of the fence being 100 m. Find the 
length and the width of the plot. 

212. If we divide a two-digit number by the sum of its 
digits, we obtain six as a quotient and two as a remainder, 
if we divide this number by the product of its digits, we 
get five as a quotient and two as a remainder. Find the 
number. 


1.149. INEQUALITIES 


An inequality consists of two expressions connected by a sign 
=> or <; z= or <. 

If a > b, then the difference a — b is a positive number; 

if a < b, then the difference a — b is a negative number. And 
conversely 

if the difference a — b is positive, then a > b, 

if the difference a — b is negative, then a < b. 

Inequalities of the form a > b, ec <d are strict inequalities, 

inequalities of the form a > b, ec <d are weak er slack inequa- 


lities, 

213. Prove that the following inequalities hold true 
for any value of the variable: (a) a? + 2 > 2 (2a — 1), 
(b) 2(p + 1)? ++ 3p > p (p + 5), (c) 2zy <2? + y?. 

214. 1. Prove that the inequality a + 1/a >2 holds 
true for a > 0. Formulate the resulting relation. 
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2. Prove that b+ 1/b< —2 for }< 0. 


3. Prove that (a + b)/2>>YVab for a>O0 and 
b>0. Formulate the resulting relation. 


Principal Properties of Numerical Inequalities 


1°. If a>), then b<a. 

2°, If a>band b> c, ther a>c (transitivity). 

3°, If a> b and c is any number, then a+c>6-+¢ and 
a—c>b—e. 

Corollary. Jf a+ b> c, then a>c — b. 

4°, If a>b and c> O(c is a positive number), then ac > be. 

If a>b and ¢ <0 (ec is a negative number), then ac < be. 

0°. If the numbers a and b are both positive or both negative and 


a> b, then ae 
a b 


Operations on Inequalities 


1. Addition: if a>b and c >d, thenat+t+e>b-+ d. 

2. Multiplication: if a > 6, c > d and a, b, ¢ and d ar2 positive 
numbers, then ac > bd. 

3. Raising to a power: if a > b, where the numbers a and b are 
positive, then a* > b?, a® > 6°; in general, a™ > b™ for any natu- 
ral n, 


215. Prove that if a>3 and b>4, then (a) 3a + 
2.06 > 19, (b) 2ab > 24, (c) a? + b? > 25. 

216. Find the bounds of the value 5a + 0.2b if 1.4< 
a<(1.6 and 5<b<6. 


217. Find the bounds of the value — +7 if3<ca<c4 


and Oo < b<6. 

218. Given the bounds 85<a< 8.6 and 2.5< 
b< 2.6 of length a and width 0b (incm) of a 
rectangle. Estimate the area S of the rectangle. 


Linear Inequalities in One Variable 


Inequalities of the form az > b or az <b (ax > Dorars<b, 
respectively), where a and b are some numbers, are linear inequa- 


lities. 
A solution of an inequality in one variable is the value of the 
variable for which the inequality holds true. 


219. What do we mean by saying that we solve an 
inequality? 
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220. Solve the following inequalities: (a) ets — 


a Za—1 a? 


> 8, (b) ; <1, (c) =< asd 


> —s 


221. Find the set of the natural values of x which sa- 
tisfy the following inequalities: (a) (2x + 3) (2x — 3) — 
(2x — 1)*< 2, (b) (x —1) (x? + 24+ 1) —a2 (2? — 1)<4. 


Simultaneous Linear Inequalities in One Variable 


Simultaneous inequalities of the first degree in one variable 
form a set of inequalities which contain the same variable and for 
which the values of the variable must be found which turn each 
of the inequalities into a valid numerical inequality. 


222. Solve the following simultaneous inequalities: 


i) xr+2>0, 8 Eosbede a 


2x —6< 0, 3x — 1 < 3.5, 
(c) 2x —4>6, (d) (z>5, 
eee fo 
r<i7. 


223. Solve the following two-sided inequalities: 
(a) —1< 2x7 —3 <7, (b) —10<3—2< 10. 


224. Solve the rulers inequalities: (a) (2x —3) x 


ae (b) =p > 0, (0) EEE <O, (A) FE 
1, (e) 


229. ia the following inequalities: (a) 22 > 9, 
(b) z2<cf, (c) x22, (d) c§>1, (e) 3 <8, (f) z#>1, 
(g) 22—zr—6<9, (h) 27?+4+2-—3>0. 

226. Find the domains of definition of the following 


oy ae 


= > 2. 


functions: (a) y= V5—z, (b) y= v= , (c) y= 
z—3 x 5—z 
Ie — 3.0 1-f EF v= V oar 


Inequalities in Two Variables 


227. [latch on the coordinate plane the set of points which 
isspecified by simultaneous inequalities in two variables 
and then find any two solutions for these inequalities: 


(a) sale (b) a. (c) or 


y< —2z+3, y > 0, y <i, 
(4) ["< —2 
y > —2. 


1.20. SEQUENCES 


Abi infinite sequence is a function specified on the set of natural 
numbers. 


If a function is specified on the set of the first x natural num- 
bers, then it is called a finite sequence. 

228. Find the first five terms of a sequence specified 
by the formula (a) a, =, (b) by = 2-4, (c) Gy = 
{ + (—1)"*1, (d) z, = Vn, (e) a, = 180° (n — 1) + 30°. 

229. A sequence is specified by the formula z, = 
n? — 2n. Find (a) 2-1, (D) Zp41. 

230. Can the sequence y, = n? — 15n + 30 include 
(a) the number —20, (b) the number 16? If it can, indicate 
the ordinal number of the term. 


Arithmetic Progression 


An arithmetic progression is a number sequence each term of which, 
beginning with the second, is equal to the sum of the preceding term 
and a constant. 

The difference between any term of the progression, beginning 
with the second, and its predecessor is the common difference (or 
simply difference) d of the arithmetic progression: 

d = ag — @y = Ag — Ag =... = Ap — Apn-y. 

231. 1. What must we know in order to specify an 
arithmetic progression? 

2. What must the common difference of an arith- 
metic progression be for the progression to be an increas- 
ing sequence; a decreasing sequence? 

3. How can a term of an arithmetic progression be 
expressed in terms of its predecessor and successor? 

232. 1. Find a, and a, being given the second term a 

ay 3. & 8 2 
of the arithmetic progression and its common difference d. 
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2. What conditions are needed for the three 
numbers a, 0 and c to be three consecutive terms of an 
arithmetic progression? 

3. For what values of z do the numbers 1, z and 
14 — xz, taken in this order, make an arithmetic pro- 
gression? 


The Formula for the nth Term 
of an Arithmetic Progression 


Qn = ay + d (n — 1). 


233. Find the 31st term of an arithmetic progression 
if a,= —8.o and d = — 

234. Is the number 146 a ‘term of the arithmetic pro- 
gression —6, —2, ...? If it is, then indicate its ordinal 
num ber. 

235. Given two terms a, = 8.2 and a,,; = 10.2 of an 
arithmetic progression (a,), find the first term of the 
progression, its common difference and the number of 
the terms of the progression each of which is smaller 
than 20. 

236. Given two numbers 8 and 0, insert between them 
three numbers which, together with the given numbers, 
will form an arithmetic progression. 


Formulas for the Sum of the First nm Terms 
of an Arithmetic Progression 


Sa —_ (a; en) n (4) 


or 
c= Sateen 7 (2) 
237. The number of terms of the arithmetic progression 
(a,) is 16, and a, + a,, = 40. Indicate some more pairs 
of terms of the progression whose sum is also 40. Find 
the sum of all the terms of the progression. 
238. Find the sum (a) of the first 100 natural numbers; 
(b) all odd numbers which are smaller than 100. 
239, 1. How many terms of the progression 21, 18, 
15, ..., must we take for their sum to be zero? 
2. How many terms of the progression 0, 4, 
8, ... must we take for their sum to be greater than 112? 
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Geometric Progression 


A geometric progression iS a number sequence whose first term is 
nonzero and each term, beginning with the second, is equal to the 
product of its predecessor by a nonzero constant. 

The common ratio of a geometric progression is the ratio of any 
of its terms to its predecessor. It is denoted by the letter g: 


ree bo dg - by — 
b, bg _ bn-\ 


240. 1. What must we know in order to specify a 
geometric progression? 

2. If we are given a geometric progression whose 
all terms are positive, how can we express any of its 
terms in terms of its predecessor and successor? 

3d. What is a geometric progression if gq > 0, 
g=i1, q<0? 

241. 1. Find b, and b, being given b, and gq. 

2. Find bz and 0b, if bs = 3 Y 2 and b, = 3. 

3. Find the unknown terms be, b, and by, of the 
geometric progression 2, bg, 8, by, b;. 

4. Prove that for any | a|-=41 the value of the 
expressions (a + 1)?, a2 — 1 and (a — 1)? are three con- 
secutive terms of a geometric progression. 


The Formula for the rth Term 
of a Geometric Progression 


by = big™1, 


242. 1. Find the fifth term of a geometric progression 
if b, = —0.001 and q = 10. 
2. Prove that if the sequence (c,) is a geometric 
progression, then Coc}; = C,Cg. 
3. Find the unknown terms of the finite geometric 
progression a,, 0.36, a3, ay, 360. 


The Formula for the Sum of the First 7 Terms 
of a Geometric Progression 


law a q = |, (1) 
or 
b, (q”—141 
Spa Eg 2) 


243. Given the seventh term, b, = 1.28, and the com- 
mon ratio g = 2 of a geometric progression, find the 
first term of the progression and the sum of the first seven 
terms. 

244. The sum of the first n terms of the geometric 
progression (a,) can be calculated using the formula 
S, = 9 (27 —1). Find S., a, and gq. 


1.214. COMMON LOGARITHMS 


The Concept of a Logarithm 


The common (decimal) logarithm of the number a is the expo- 
nent indicating the power to which the number 10 must be raised 
in order to obtain a. The common logarithm is designated as log a. 

By definition, the equation log a = z means that 10* = a, 
Replacing z by log a, we obtain 


10'% ¢ — aq, 


This equation is known as the fundamental logarithmic identity. 
It is the definition of a common logarithm given in the form of a 
formula (log a is the exponent of the power to which the base 10 
must be raised to obtain the number a). 
245. 1. For what numbers do logarithms exist? 
2. For what a is the identity 10!0¢¢ = q@ valid? 
246. Using the definition of a logarithm, verify the 
validity of the following equations: (a) log 100 = 2, 


(b) log 0.4 = —1, (c) log Y10 = 1/2, (d) log {/0.1 = 


“5 3 (e) 08 Sag —~ 3° 

247. Using the sign of a logarithm, replace the follow- 
ing equations by logarithmic equations: (a) 10® = 1000, 
(b) 10° = 4, (c) 10-* = 0.001, (d) 10* = a, (e) 10*+! = b. 

248. Prove that if 10° = 10°, then a = b. 

249. Solve the following equations: (a) 10* = 10, 
(b) 10* = 1, (c) 10° = 0.01, (d) 10* +4 = 0.025, 

x — 3/47. x _ 1 

(e) 10 / 10, (f) 10 FA00 

290. Find the values of the following expressions: 
(a) log 10, (b) log 10 000, (c) log 0.01, (d) log 10 Y 10, 
(e) log sin? 90°, (f) log (cos 0° + cos 90°). 

251. Calculate (a) log log 10, (b) log V10 + Y log 10, 


1 — (log 0.01)? 
(c) (log 0.1)? -+ log 10 log 100, (d) 1+ (log 0.01)2 ° 


4—0730 49 


252. Which of the following expressions ate meaning- 
less: log 5-1, log 0, log (—5), log 3-?, log & — 3) ’ 


5) 
—log 0.3, log (V3 — 2)? 

253. Calculate the following expressions: (a) 10'% 3, 
(b) 401° 2+log A (c ) 402 +108 5 (d) 4Qios 7- 1 , (e) 10!- oe 
(f) 107? log - (g) 0. 4 — 108 - (h) 5. 107108 5 (i) 40! log 100. 
(j) 5 log Pe (k) 0.95108 V 10° 

254. Solve the following equations: (a) 10'%* = 1, 
(b) 10° !*! — 2, (ce) 100'%* = 4. 

255. Solve the following equations: (a) log z = 2, 
(b) log z =O, (c) log (—z)=-—1, (d) logz = 0.1, 
(e) log (x — 2) = 4, (f) log (— x — 3) =—2, (g)(log (8 — 
x) = 0, (h) log (z?— 6) = 1, (i) log (x? — 3x) = 
1, (j) log (x? + 52 + 6.1) = —1. 

256. Solve the following equations: (a) (log x)? + 
log x = 0, (b) (log x)? — 3 log x + 2 = 0, (c) 2 (log x)? — 
logz—3=0. 


Formulas for Taking Logarithms 


1. The logarithm of the product of positive numbers is equal to the 
sum of logarithms of the factors: 


log (ab) = log a + log b, where a>O and b> 0. 
2. The logarithm of the quotient resulting from the division of 


positive numbers is equal to the difference of the logarithms of 
the dividend and the divisor: 


log —— = log a— log b, where a>0O and b>0. 


3. The logarithm of the power with a positive base is equal to the 
exponent multiplied by the logarithm of the base: 


log aP = p-log a, where a > 0; 
in particular, log 10? = p. 
257. [ixpress (a) log 18 in terms of log 2 and log 3, 
(b) log 75 in terms of log 5 and log 3, (c) log 12> in 
terms of log 5 and log 2. 


90 


258. Given log 2~0.30 and log 30.48, find the 


approximate values of (a) log 60, (b) log , (c) log s : 


(d) log #/12, (e) log 0.03, (f) log (200 + 100), 


log 10+ log 90 
(gz) log 200+ log 100, (h) SET 


259. Calculate (a) log (100a) — log 5 » where a>0O, 
(b) log ==. — log (10002), where z > 0. 
260. Calculate (a) log/ 04, (b) log —t—, 


37 708 
(c) 2 log y 108, (d) log 0.4 Y1000. 
261. Find the values of the following expressions: 
log 8 log 3 log 25 2 log 49 
(a) log 2 ’ (b) log 27 ’ (c) log 2/5 ’ (d) ~ log7 
log 5—1 log? 49 
(©) ~Top50 > (f) qa 


262. Given log 2~ 0.30, find the approximate values 
of (a) log /0.8, (b) log 7 3.2. 
263. ‘Take the logarithms of the following expressions 


(letters denote positive numbers): (a) z= sia ; 
eVd 
3 / p22 (a-+-3)7b3 
(b) z= 100 f=, (0) 2= wpger (d) z= 
(a+ b)®c3 
Va 


264. Given log 2 ~ 0.30, log 3 ~ 0.48 and logs & 
0.70, find the approximate values of the roots of the 
following equations: (a) 2% = 0, (b) 3* = 20, (c) 27 = 
100, (d) 0.1% = 20. 


Taking Antilogarithms 


To take antilogarithms is to find a number from its logarithm. 
‘his operation is an inverse of taking logarithms. 


Formulas for taking antilogarithms 
For a> 0 and b> 0 we have 


loga-+logb=log (ab), log a— log) =log ~, k log a= log ak, 


These are formulas for taking logarithms written in the 
reverse order. 


265. Calculate the following expressions: (a) log 2 + 
log 5, (b) log 360 — log 0.36, (c) log 0.15 — log 45, 


(d) Slog 25 + + log 64 — = log 32. 


266. Prove that if the logarithms of two positive num- 
bers are equal, then the numbers are also equal. 


267. Find z if (a) log x = log 2 + 3 log 5, (b) log z = 
Slog2+2log3, (c) log « == (log 8 + log 32), 


(d) log = 3 (log 8—log 2), (e) log x = 2 log (a — b) — 
log (a? — b*). 

268. Solve the following equations: (a) log (2x — 5) = 
2 log 3 + log 5, (b) log (9 — 0.14x) = log 6 — log 2, 
(c) log (20 — dx) = logz +1, (d) log z = 2 — log 4, 
(e) log (x +6) =logz+log2.5, (f) («—4) + 
log (x + 5) = 1. 

269. Construct the graphs of the following functions: 
(a) y 40/08 ls (b) y = 10° log a (c) y= 4olee (e— 2). 
(d) y = = 10° 9, (e) y = 1018 *- N87, 


Using a Slide Rule and a Pocket Calculator 
for Computations 


270. Use a slide rule and a calculator to calculate 
the following expressions. Then, using the calculator, 
round off the result leaving three significant digits in it. 


13.4-3.78 


You will thus verify the answer obtained. (a) —+-,— » 
34.4:°0.336 4.15 -3.64 1.9-0.93 
() ae? CC) is7* (4) 015° 
(ej ee 
19.5 


271. Use a slide rule and a calculator to find (a) 2.5% 
of 358, (b) 43.5% of 192, (c) 18.6 is what per cent of 72.5? 


02 


272. Use a slide rule and a calculator to find the 
unknown term of the following proportions: (a) ay = 


4.25 168 374 


0.85 ’ (b) “2 0.735 ° 


273. The length of a circle can be calculated using the 
formula C = nd. Use a slide rule and a calculator to find 
the diameter d if the length of the circle C is equal to 
(a) 4.21, (b) 14.2, (c) 260. 


CHAPTER 2 


Elements of Geometry 


2.22, FUNDAMENTAL CONCEPTS OF GEOMETRY 


The fundamental] concepts of geometry, which may not be de- 
fined, are a point, a straight line, a plane, a distance between two 
points, mapping of figures. 


274. Define (a) a circumference, (b) a circle as a set 
of points. 

275. What is (a) a line segment, (b) an open ray, 
a ray? 

276. What is (a) a polygonal line, (b) a polygon? 

277. What proposition is (a) an axiom, (b) a theorem? 


Properties of Distances along a Straight Line 


1°. The distance between points A and B is positive if these points 
are distinct, and is equal to zero if the points coincide, i.e. 
|AB|>O if A +B, |AB|=0 if A=B. 

2°. Given any points A and B, the distance from A to B is equal 


to that from B to A: |AB|=|BA |. 
3°. A point X lies between the points A and B if these three point 
are distinct and | AX |+|XB|=1|]AB 


4°, If three points A, B and C do not belong to the same straigh 
line, then | AC|< | AB|-+]|]BC}. 


278. Given two distinct points A and B on a plane, 
find, on that plane, the set of points X such that the 
following conditions are fulfilled: (a) | AX |<(2 cm, 
(b) | BX | = 2 cm. 

279. Do the points A, B and C belong to the same 
straight line if | AC | —4 cm, |CB |= 10 cm and 
| AB | = 6 cm? 


a4 


Theorem on the Length of a Broken Line 


The length of a broken (polygonal) line exceeds the distance be- 
tween its ends. 

If A,A2,45A, is a broken line, then | A4,;A,|-+ | 4243] + 
AsA,| > |Ai44| (Fig. 9). 


A» A, 
Z _ A, 
Fig. 9 


280. 1. Prove that the length of the broken line ADC 
is smaller than that of the broken line ABC (Fig. 10). 
2. Prove that the length of the broken line AMC 

is smaller than that of the broken line ABC (Fig. 11). 


B B 
a. Z\~ 
A C A Cc 
Fig. 10 Fig. 11 


281. Prove that the following inequalities hold true 
for the triangle ABC (formulate them), 


|AC | >|AB|—|BC |, |AB|>|AC|—|BC |, 
1BC |>|AC|—|AB |. 


282. 1. Two sides of an isosceles triangle are 3 cm 
and 6 cm long. What is the length of the third side? 
2. What can the distance | AC | be if the seg- 
ments of the broken line ABC are 3 cm and 5 cm _ re- 
spectively? 


Intersection and Union of Figures 


An intersection of two or several figures is a figure consisting 
of all those and only those points which belong to each of the fig- 
ures. The intersection of figures, like that of sets, is designated as /). 

A union of two or several figures is a figure consisting of all 
those and only those points which belong to at least one of the fig- 
ures, The union of figures, like that of sets, is designated as UJ. 


00 


ve 


The intersection of figures is shown in Fig. 12 by cross hatching 
and is outlined in dark black. 

In Fig. 13 the union of figures is a figure whose boundary is 
outlined in dark black. 


283. 1. Show that the intersection of two circles may 
be an empty set, a point, or a circle. 

2. Show that the intersection of two triangles may 
be an empty set, a set consisting of one point, a line seg- 
ment, or a triangle. 

3. Show that an isosceles triangle is the union 
of two right triangles. 


Angles 


An angle is a figure consisting of two different rays with a com- 
mon origin and a part of a plane bounded by the rays. The rays 
are the sides of the angle and their common origin is the vertex of 
the angle. 


284. 1. What is a straight angle, a right angle? 

2. What two angles are known as adjacent angles; 
what is their sum equal to? 

3. What two angles are known as vertical? 

4. What is a bisector of an angle? 

o. What two straight lines are said to be mutually 
perpendicular? 

285. 1. What figure can be formed by the intersection 
of two acute angles with a common vertex? Make drawings 
of various cases. 

2. What figure can be formed by the union of two 
angles of 30 and 60° which have a vertex and a side in 
common? (Make a drawing for each case.) 

286. A straight angle is divided into three congruent 
parts. Prove that the bisector of the middle angle is 
perpendicular to the sides of the straight angle, 
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287. 1. Can both adjacent angles be acute, obtuse, 
right? 
2. One of the adjacent angles is equal to a. 
Write a formula for the other adjacent angle f. 
3. One of the adjacent angles is 90° larger than 
the other. Calculate each angle. 
4. Calculate each of the adjacent angles if one 
of them is 50% larger than the other. 
288. What is the value of the angle between the bi- 
sectors (a) of two adjacent angles, (b) of two vertical 
angles? 


2.23. CONGRUENCE OF FIGURES 
AND THEIR DISPLACEMENT 


Mapping of Figures 


289. In Fig. 14 each point of the arc CD is associated 
with points of the arc AB (they lie on the same ray). 
(a) The mapping of what figure onto what is defined here? 


O 


o>) 


X \ Yi 


Fig. 14 Fig. 15 


(b) How can we construct a point corresponding to the 
point Z of the arc CD? (c) Is this mapping invertible? 
What are the images of the points C, X, Y and D? 

290. A circle is inside a triangle (Fig. 15). (a) Define 
the mapping of the circle onto the contour of the triangle. 
(b) Construct the images of the points X, Y, Z. (c) Is 
this mapping invertible? | 


af 


Congruent Figures 


If a figure F can be mapped onto a figure F, so that the distance 
between any two points M and N of the figure F is equal to that 
between the corresponding points M, 'and N, of the figure F,, then 
we say that the figure F is 
congruent to the figure F;,. 

Figure 16 shows congru- 
ent triangles ABC and 
A,B,C,, the notation being 
AABC =A A,B,C,. 


291. 1. Construct two 
congruent triangles ABC 
and A,B,C, in which 
| AB | =| A,B, |, | BC| =| B,C, | and | AC | =| A,C, |. 
Take an arbitrary point M on the side AB and con- 
struct a point M, into which the point M will pass 
when the triangles are superimposed. 

2. Solve the preceding problem under the con- 
dition that the point / is inside the triangle ABC. 


Displacement. Rotation 


A displacement is a mapping of a plane onto itself (meaning 
that under the mapping each point of the plane has an image on 
that plane) which retains the distances. Every figure being dis- 
placed is mapped onto a congruent figure. 


Rotation of a Plane about a Point 


The rotation of a plane about a centre O is a displacement of 
the plane under which (1) the point O is mapped onto itself; 
(2) the angle between the ray OX and the corresponding ray OX, 
(Fig. 17) has the same value a. 
The quantity @ is called an angle 
of rotation. 

The rotation angle is in the 
limits 0° < a < 180°. If we in- 
troduce the direction of rotation 
(positive, i.e. counterclockwise 
and negative, i.e. clockwise), 
then —180° <a< 180°. The 
rotation about the centre O 
through the angle a@ is desig- 


nated as RZ or simply R®. Fig. 17 


292. Given a triangle ABC, construct the image of this 
triangle resulting from its rotation through 45° about the 
centre A. - 
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293. Construct the image of a rhombus ABC resulting 
from its rotation which maps the segment ABP onto the 
segment AD. 

294. Indicate the centre and the angle of rotation for 
which a square passes into itself. 


Composition of Rotations 


The result of two successive rotations R% and R8 about a com- 
mon centre is known as a composition of rotations and is designated 
as RB o RG or R8 . R®. For any rotation angles @ or B the equality 


R8.R® = R*o RB = R“+B holds true. 


295. Find all the values of the angle a for which the 
following equalities are satisfied: (a) R® = R*; 
(b) R®™. R120 oe R-“. 


Central Symmetry 


The rotation through 180° about the centre O is known as a 
symmetry with centre O. In that case the centre of rotation is called 
the centre of symmetry. 

a central symmetry is designated as Zo, by definition Zp = 
Ree, 

Points A and A,, B and B,, C and C, shown in Fig. 18 are sym- 
metric with respect to each 
other about the centre O. The tri- 
angle A,B,C, is symmetric with 
respect to the triangle ABC 
about the centre O. 


296. What are the fig- 
ures onto which the follow- 
ing figures are mapped un- 
der central symmetry (a) a 
straight line about any of Fig. 18 
its points, (b) a ray about 
its origin, (c) an angle with its vertex at the centre of 
symmotry,' (d) a straight line about a centre which does 
not belong to it? 

297. Construct a figure which is centrosymmetric with 
respect to a given circle taking as the centre of symmetry 
(a) a point lying on the circle, (b) a point lying inside 
the circle. 


29 


Axial Symmetry 


Azial symmetry with an axis lis a displacement of a plane under 
which the points of the straight line J are mapped onto themselves 
and each point X of one half-plane with the boundary / is mapped 
onto a point X, of the other half-plane so 
that the segment XX, | J and is bisected 
by the line J (Fig. 19). 

If the symmetry about the J-axis 
maps the point X onto X,, then we 
write S; (X) = X,. 


298. How will you construct a 
point M, if M, = S,(M) 

299. Given (a) a line segment, 

Fig. 19 (b) aray, (c) astraight line, (d) a cir- 

cumference and acircle, (e) an angle, 

(f) an equilateral triangle, (g) a square, find out how 

many axes of symmetry they possess. 
300. 1. Construct a figure, which is symmetric with 


ans 
respect to a triangle ACB in which ACB = 90°, about 
(AC). What figure results from the union of the given and 
the constructed figure? 

2. A point M is taken inside a right angle AOB 
and points M, = Spo (M) and Mz = S,o (M) are con- 
structed. Prove that the points M@,, O and M, lie on the 
same straight line. 


2.24. PERPENDICULAR AND PARALLEL 
STRAIGHT LINES 


A Distance from a Point to a Straight Line 


The distance from a point A to the foot of a perpendicular drawn 
through it to a straight line 7 is smaller than that from A to any 
other point on the line J. In brief, the perpendicular AO is smaller 
than the oblique line AB. 

If (AO) | land (AB) isan oblique line to / (Fig. 20), then | AO|< 
| AB }. 


301. What is the distance from a point to a straight 
line? 
302. A point A is given inside a right angle. Considey- 
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ing different locations of the point A, find the shortest 
distances from A to the sides of the angle. 


Theorem on Two Oblique Lines and a Perpendicular 


1. If several oblique lines are drawn from the same point to a given 
straight line, then the oblique lines of the same length are associated 
with projections of the same length. 

2. A longer oblique line is associated with a longer projection. 

Thus, if(OM) | a and| OA | = |OB|,then| AM |= | MB 
(Fig. 21a). 

If (OM) 1 a and |OA|[>J|OB|, then |MA|>|MBI| 
(Fig. 215). 


A O O 
a a 
A M B A M B 
i 
B O (a) (b) 
Fig. 20 Fig. 24 


303. What is (a) the projection of a point onto a 
straight line, (b) the projection of a line segment onto 
a straight line? 

304. An altitude to the hypotenuse is drawn in a right 
triangle. Indicate (a) the projections of the legs onto the 
hypotenuse, (b) the projections of the legs onto the 
altitude. 


Parallel Straight Lines 


Two straight lines which lie in the same plane are said to be 
parallel if they have no points in common or coincide. 


305. 1. Can we state that two straight lines are parallel 
if they do not intersect? Is this statement correct? 
2. How can we measure the distance between two 
parallel lines? 
306. 1. Formulate the parallel axiom. 
2. Prove that if a perpendicular and an oblique 
line are drawn to the same straight line, then they inter- 
sect. 
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Directions 


A direction on a plane is a set of rays which have the same di- 
rection aS a certain ray on that plane. 

An angle between two directions is the value of the angle between 
any two rays which have those direc- 
tions and a common origin. 

An angle between the directions a 

and 6 is the angle AOB (Fig. 22). 

ow The value of an angle does not de- 
pend on the origin of the rays which 
define the angle. 


307. 1. What two rays lying 
on the same straight line are said 
Fig 22 to have the same direction and 
what two rays are said to have 

opposite directions? 

2. What two parallel rays are said to have the 
same direction and what parallel rays are said to have 
opposite directions? 

3. Given an angle and a point which belongs to it, 
construct an angle with the vertex at that point, whose 
sides (a) have the same direction as the sides of the given 
angle, (b) have directions opposite to those of the sides 
of the given angle. 

308. Two straight lines are cut by a third line. Name 
(a) the corresponding angles, (b) interior alternate angles. 

309. Two parallel straight lines are cut by a third 
line. (a) Write pairs of angles whose sides extend in the 
same direction. (b) Why are the corresponding angles 
congruent? 

310. The angle ABC is equal to a. A point is taken 
in the interior of the angle and two straight lines are 
drawn through it, one parallel to [BA) and the other 
parallel to [BC). Determine the angles between the 
straight lines. 


Qa O b 


The Criteria of Parallelism of Straight Lines 


1. If two straight lines are symmetric about a certain centre, then 
they are parallel. 

{ b = Zpy (a), then a || b (Fig. 23). 

2. If two straight lines are perpendicular to the same straight 
line, then they are parallel. 

Ifa | p and b I p, then a || b (Fig. 24). 
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3. If any two of the corresponding angles resulting from the intet- 
section of two straight lines by a third line are congruent, then the two 
lines are parallel. 


Fig. 23 Fig. 24 


If 21 = Z2, then a |j b (Fig. 25). 

4. If any two of the interior alternate angles resulting from the 
intersection of two straight lines by a third line are congruent, then 
the lines are parallel. 


If 23 = 22, then a || b (see Fig, 25). 


Fig. 25 Fig. 26 


341. 1. Using the properties of central symmetry, 
draw a straight line parallel to a given line through 
a point which does not belong to the given line. 

2. All the angles of a quadrilateral are right an- 
gles. How are its opposite sides located? 


312. Given the angles 2 = 132°, 3 = 49°, 4 = 48° 
and 5 = 131° (Fig. 26), name the parallel lines. 


2.20. TRIANGLES 


313. Given a triangle ABC, indicate (a) the sides 
opposite to the angles A, B and C, (b) the angles opposite 
to the sides AB, BC and AC, (c) the angles adjacent to 
the sides AB, BC and AC. 

314. What is a bisector of a triangle, a median of a 
triangle, an altitude of a triangle? 
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Remark. We usually say “a bisector”, “a side”, “an angle” rather 
than “the length of a bisector”, “the length of a side”, “the value of 
an angle’, etc. 


The Properties of an Isosceles Triangle 


Theorems. 1. The straight line which contains the bisector of the 
vertex angle of an isosceles triangle is the axis of symmetry of the tri- 
angle. 

2. The bisector of the verter angle of an isosceles triangle is at the 
same time its median and altitude. 

3. The base angles of an isosceles triangle are congruent. 

If in the triangle ABC (Fig. 27)| AB | = 
a | BC | and the straight line 2 contains the 
bisector BM, then J is the axis of symmetry 

of the triangle. 


[BM] | [AC], |AM|=| MC]; ZA=ZC 


315. 1. Which is the point of inter- 
section of the altitudes of a right 


triangle? 
A rv; Cc 2. Draw three altitudes in an 
obtuse triangle. 
Fig. 27 316. The perimeter of an isosceles 


triangle is 2p and the base is a. A 
lateral side of the triangle is at the same time a 
side of an equilateral triangle. Determine the perimeter 
of the second triangle. 


The Criteria of the Congruence of Triangles 


I. If three sides of one triangle are congruent to three sides of an- 
other triangle, then the triangles are congruent. 

We shall abbreviate this criterion to “criterion SSS” (side, side, 
side). 

Il. If two sides and the angle between them of one triangle are 
congruent to two sides and the angle between them of another triangle, 
then the triangles are congruent. 

We shall abbreviate this criterion to “SAS criterion” (side, 
angle, side). 

III. If a side and two angles adjacent toit of one triangle are con- 
gruent to a side and two angles adjacent to it of another triangle, then 
the triangles are congruent. 

We shall abbreviate this to “ASA” criterion one side, angle). 

Remark. Note that in this criterion we speak of the angles ad- 
jacent to a given side. 

We can construct two triangles ABC and A,B,C, (Fig. 28) in 
which [AC] = [A,C,] and two angles of one triangle are congruent 
to two angles of the other, but the triangles are not congruent. 
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Remember that every triangle has six principal elements: three 
sides and three angles. When solving problems, bear in mind that 
in congruent triangles congruent angles lie opposite congruent sides 
and conversely congruent sides lie opposite congruent angles. 


317. Given triangles ABC and AEM (Fig. 29) in which 
[AB] =~ [KL], [BC) = [KM] and ZB 2&ZK. Which 


of the other elements of the triangles are congruent to 
one another? 


B <<“ 
A C A; > TaN 
Fig. 28 Fig. 29 


318. How many principal elements must we have, and 
which in particular, to construct (a) a scalene triangle, 
(b) an isosceles triangle, (c) an equilateral triangle? 

319. Prove that if we connect the endpoints of con- 
gruent chords with the centre, we obtain congruent 
triangles. 

320. A point D is taken in the interior of an isosceles 
triangle ABC at the same distance from the endpoints 
of the base AC. The point D is connected with the ver- 
tices of the triangle. Prove that AABD =~ ABDC. 

321. Prove that line segments connecting the midpoint 
of the base of an isosceles triangle with the midpoints 
of the lateral sides are congruent. 

322. In an isosceles triangle ABC points D and E 
divide the base AC into three congruent segments and 
the vertex B is connected to those points. Prove that 
ZLADB = ZBEC. 

323. Prove that in an isosceles triangle (a) the medians 
drawn to the lateral sides are congruent, (b) the bisectors 
drawn to the lateral sides are congruent. 

324. The bisector of the base angle is drawn in an 
isosceles nonequilateral triangle. Is it perpendicular to 
a lateral side? 

325. In a scalene triangle ABC a perpendicular which 
cuts the sides BA and BC at points M and N is drawn 
to the bisector BD. Prove that the triangle MBN is 
isosceles. 
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The Criteria of Congruence of Right Triangles 


Given two right-angled, triangles, the right angle of one of 
which is congruent to the right angle to the other, and therefore 
the SAS and ASA criteria of congruence of the triangles,can be 
formulated_as follows: 

1. If the legs of one triangle are congruent to those of the other, 
then the triangles are congruent. 

2. If a leg and an acute angle of one triangle are congruent to a 


B B, 
A Cc A; C: 
Fig. 30 


leg and an acute angle of the other triangle, then the triangles are con- 
gruent. 

The following criterion of congruence of right triangles re- 
quires proot 

3. If the hypotenuse and a leg of one triangle are congruent to the 
hypotenuse and a leg of the other, then the triangles are congruent. 

If in triangles ABC and A,B,C, we have C = C, = 90°, [AB] & 


[A,P,], [BC] = [B,C], then AABC = AA,B,C, (Fig. 30). 


326. In a triangle ABC the altitude BD bisects the 
side AC. Prove that the triangle ABC is isosceles. 

327. Prove that in a triangle ABC the median AD 
(D €[BC]) is at the same distance from the vertices 
B and C. 

328. How many principal elements, and which in 
particular, must we have in order to construct a right 
triangle? 


The Property of the Perpendicular 
Bisector of a Line Segment 


Theorem. Jf a point lies on the perpendicular bisector of a 
line segment, then it is equidistant from its endpoints. 

Ii (XO) is the perpendicular bisector to a segment AB, then 
| XA | =| XB | (Fig. 31). And conversely, if | XA | = | XB |, 
then X lies on the perpendicular bisector of the segment AB. 


329. How can, you find the centre of a circle circum- 
scribed about a triangle? 

330. How can you construct the centre of a given 
circle if it is not marked in the drawing? 
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331. Two points A and B lie outside a straight line / 
at unequal distances from it. On the line / construct a 
point equidistant from A and B if A and B lie on different 
sides of l. 


The Property of the Bisector of an Angle 


Theorem. /f a point lies on the bisector of an angle, then it is equi- 
distant from the sides of the angle. 

If [OC) is the bisector of the angle AOB and X € [OC), then X 
is equidistant from [OA) and [OB) (lig. 32). 

And conversely, if a point X is equidistant from [OA) and [OB), 
which are the sides of the angle AOB, then [OX) is the bisector 
of the angle AOB. 


x A 
gi 
A 7) B R 
O 
Fig. 34 Fig. 32 


332. How can you find the centre of a circle in- 
scribed into a triangle? 

333. Is every point of the diagonal AC of the rectangle 
ABCD (different from a square) equidistant from its 
sides AB and AD? 

o34. Points M and WN lie outside the angle AOB. 
Construct a point which would be equidistant from the 
rays OA and OB and lie at the same distance from M 
and WN. 


The Sum of the Angles of a Triangle 
Theorem. The sum of the angles of a triangle is 180°. 
Corollary. An exterior angle of a triangle is equal to the sum 
of two angles of the triangle which are not adjacent to that exterior 
angle. 


ne ‘ % 
In the triangle ABC (Fig. 33) BCD = A+B. 


330. 1. What is the sum of the acute angles of a right 
triangle? 
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9. What is each acute angle of a right isosceles 
triangle equal to? 

3. What is each angle of an equilateral triangle 
equal to? 


336. 1. In a triangle ABC A = a and B = Bf. Write 
a formula for the third angle y. 
B 2. An acute angle of a 
right triangle is a. Write a for- 
mula for the other acute angle 6. 
3. The vertex angle of an 
isosceles triangle is B. Write a 
formula for the base angle a. 
337. In a triangle ABC, where 


|AB |= |BC | and B = 36°, a 
Fig. 33 bisector AF of the base angle 

A is drawn (F£ €[BC}]). Prove 

that |BE | = |AE |= |AC |. 

338. What is the value of the obtuse angle between 
the bisectors of the angles of any right triangle? 

339. 1. Why can a triangle not have two acute exterior 
angles? 

2. Can an exterior angle of a triangle be smaller 
than its interior angle? 

3. The vertex angle of an isosceles triangle is a. 
What is the value of the base exterior angle of that tri- 
angle? 

340. 1. The base angle of an isosceles triangle is a. 
What is the value of the exterior vertex angle of that 
triangle? 

2. Prove that the bisector of the exterior vertex 
angle of an isosceles triangle is parallel to the base. 

341. 1. What property does the leg of a right triangle, 
which lies opposite the angle of 30°, possess? 

2. In a right triangle a leg is equal to half the 
hypotenuse. Calculate the angles of the triangle. 

3. A point M is taken on the side BC of an equi- 
lateral triangle ABC. Perpendiculars are drawn from M 
to the other two sides. Calculate the distances from the 
feet of the perpendiculars to the vertex A if | BM | = 
3cm and | MC | =4cm. 
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The Sum of the Interior and Exterior Angles 
of a Convex Polygon 
Theorem. The sum of the angles of a convex n-gon is 180° (n — 2) 


or 2d (n — 2). The sum of the exterior angles of a conver polygon, 
taken one at each vertex, is 360° (4d). 


342. What is the sum of the angles (a) of a quadri- 
lateral, (b) of a pentagon, (c) of a hexagon? 

343. What is the interior angle (a) of a hexagon, 
(b) of an n-gon, whose all angles are equal? 

344. A point M is taken inside the acute angle AOB 
and perpendiculars are drawn from it to the sides of the 
angle. Find the obtuse and acute angles between the 


IN 
perpendiculars if AOB = a. 

345. The sum of the interior angles of a polygon is 
1260°. How many sides does the polygon possess? Into 
how many triangles can this polygon be partitioned by 
the diagonals drawn from one vertex? 

346. Can a convex hexagon possess four right angles? 

347. The exterior angle of a polygon whose all angles 
are equal is 72°. How many sides does the polygon possess? 


Relations Between the Sides and the Angles 
of a Triangle 


Theorem 1. The larger angle lies opposite the larger side of a tri- 


angle. 
If in the triangle ABC (Fig. 34) | BC | >|AB|, thn A>C, 
Theorem 2. The larger side lies B 

opposite the larger angle of a tri- 

angle. 


if A > C in the triangle ABC, 
then | BC | >| AB | (Fig. 34). 


348. 1. Indicate the largest 
side of the triangle ABC if A Cc 
A == 30° and B = 72°. Fig. 34 
2. The exterior base 
angle of an isosceles triangle is 126°. Which side of 
the triangle is the largest? 


The Thales Theorem 


If we lay off several congruent segments in succession on one side 
of an angle and through their endpoints draw parallel lines which 
cut the other side of the angle, then they will cut congruent segments 
on the other side of the angle. 
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If segments [AB] = [BC] = [CD] are laid on the side OX of 
the angle XOY (Fig. 35) and (AA,) || (BB,) || (CC,) || (DD,), then 
[A,B] & [B,C,] = (C.D. 

349. In a triangle ABC the altitude BD divides the 
base AC into line segments 7 cm and 5 cm long. How 
long is the projection of the median AM (M € [BC}) 
onto the straight line AC? 


A Median of a Triangle 


A median of a triangle is a line segment which connects 
the midpoints of two sides of the triangle. 

Theorem. A midline of a triangle is parallel to its third side and 
its length is equal to half the length of that side. 


If in a triangle ABC (Fig. 36)| AD |= | DB |,| BE | = | EC |, 
then [DE] || [AC] and | DE | = a AC |. 


Fig. 35 Fig. 36 


3o0. A median is drawn in a triangle whose perimeter 
is 2p. Find the perimeter of the triangle cut off by the 
median. 

do1. In an isosceles triangle whose perimeter is 30 cm 
a median 8 cm long is drawn between the lateral sides. 
Determine a lateral side of the triangle. 

doz. Can we state that the length of a median of a 
triangle is equal to the distance from the midpoint of one 
side of the triangle to its other side? 


2.26. QUADRILATERALS 


Parallelograms 


A parallelogram is a quadrilateral with both pairs of opposite 
sides being parallel. 

Theorem. Zhe midpoint of a diagonal of a parallelogram is its 
centre of symmetry. 
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goo. What are the properties of (a) the opposite sides, 
(b) the opposite angles, (c) the intersection point of the 
diagonals of a parallelogram? 

304. What is the sum of the angles adjacent to one 
side of a parallelogram? 

300. What are the necessary and sufficient conditions 
for a quadrilateral to be a parallelogram? 

306. 1. Prove that a diagonal of a parallelogram divides 
it into two congruent triangles. 

2. Prove that the vertices B and D of the parallel- 
ogram ABCD are equidistant from the diagonal AC. 

3. Prove that the segments of two parallel straight 
lines included between two other parallel straight lines 
are congruent. 

307. How can you measure the distance between (a) the 
larger sides of a parallelogram, (b) the smaller sides of 
a parallelogram? 

308. A diagonal divides a parallelogram into two iso- 
sceles right triangles. The larger side of the parallelogram 
is 8 cm. What is the length of the altitude drawn to that 
side? 

359. In a parallelogram ABCD altitudes 6 cm and 
8 cm long are drawn from the vertex of the obtuse angle 
of 150°. Find the perimeter of the parallelogram. 

360. 1. The bisector of an angle of a parallelogram 
divides one of its sides into segments a and 0 long. Eixpress 
the perimeter of the parallelogram in terms of a and 0. 

2. The bisector of an angle of a parallelogram 
equal to 120° bisects its side, the bisector being 5 cm long. 
Find the perimeter of the parallelogram. 

361. Prove that the diagonals of a parallelogram 

(different from a rhombus) do not bisect its angles. 


Rectangles 


A rectangle is a parallelogram each of whose four angles is a 
right angle. 
Theorem. A perpendicular bisector of a rectangle is its axis of 
symmetry. 1 Eg 
f in a rectangle ABCD [AM] ~ [MD] and (MN) | [AD] 
(ig. 37), then (A171) is the axis of symmetry of the rectangle ABCD. 


062. Prove that (a) if one of the four angles of a pa- 
rallelogram is a right angle, then the other three angles 
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are also right angles, (b) a quadrilateral whose three 
angles are right angles is a rectangle. 
Y : 363. 1. How many axes of 
B C symmetry does a rectangle 
possess? 

2. What particular 

property do the diagonals of 
A M 2 a rectangle possess (as distinct 
from those of a_ parallelo- 

Fig. 37 gram)? 

3. Prove that if the 
diagonals of a parallelogram are congruent, then the 
parallelogram is a rectangle. 

4. Prove that the median of a right triangle drawn 
to the hypotenuse is equal to half the hypotenuse. 

364. The smaller side of a rectangle is 2.5 cm, and the 
bisector of its angle divides the larger side of the rec- 
tangle into two segments one of which is twice as long 
as the other. Find the perimeter of the rectangle. 

Rhombi 

A rhombus is a parallelogram whose all sides are congruent. 

Theorem. The straight line which contains a diagonal of a rhombus 
is its azis of symmetry. 

365. What particular properties do the diagonals of 
a rhombus possess (as distinct from those of a paral- 
lelogram)? 

366. Given a rhombus ABCD and a point O which is 
the intersection point of its diagonals, find the points 
onto which the vertices of the rhombus will be mapped 
(a) in the case of symmetry about the straight line AC, 
(b) in the case of symmetry about the straight line BD, 
(c) in the case of symmetry about the point O? 

367. Prove that if the diagonals of a parallelogram are 
mutually perpendicular, then the parallelogram is a 
rhombus. 

368. Is there a quadrilateral (besides a rhombus and a 
square) whose diagonals are mutually perpendicular? 

369. Can a diagonal of a rhombus be perpendicular 
to its side? 

370. The angle between a diagonal of arhombus and its 
side is a. Express the angles of the rhombus in terms of a. 

3/1. Calculate the angles of a rhombus if the altitude 
drawn from the vertex of an obtuse angle divides the 
opposite side into congruent segments. 
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372. Is the point of intersection of the diagonals of a 
rhombus at the same distance from (a) its vertices, 
(b) its sides? 


Squares 


A square is a rectangle whose all sides are congruent. 
373. 1. Use the concept of a rhombus to define a square. 
2. What particular properties do the diagonals of 
a square possess as compared to those of a rectangle and 
a rhombus (which are not squares)? 

374. How, without measuring the angles of a quad- 
rangular plot of land, can we make sure that it is a square? 

375. Given a square ABCD on whose diagonal BD. 
a segment BE, which is congruent to a side of the square, 
is laid off, and the point E is connected with the point C. 
Find the angles of the triangle CED. 

376. A diagonal of a square whose side is 3 cm serves 
as a side of another square. Calculate the diagonals of the 
other square. 

377. Points F and F divide the diagonal BD of a square 
ABCD into three congruent segments, and the vertices C 
and A are connected with the points of division. Prove 
that the quadrilateral AECF is a rhombus. 


Trapezoids 


A trapezoid is a quadrilateral two of whose sides are parallel 
(called bases) and the other two are nonparallel (called legs). The 
median of a trapezoid is a line segment which connects the mid- 
points of its nonparallel sides. 

Theorem. The median of a trap- B C 
ezoid is parallel to its bases and 
equal to half their sum. M N 

Ifin the trapezoid ABCD shown 
in Fig. 38 [AD] || [BC], |AM |= 


|MB|,|CN|=|ND\I, then 4 ; 
[MN] ||[AD] and |MN|= : 
|AD|+ |BC| Fig. 38 


2 

378. 1. What trapezoid is isosceles, right-angled? 

2. What line segment is the median of a trapezoid, 
its altitude? 

379. Prove that in an isosceles trapezoid (a) the base 
angles are congruent, (b) the diagonals are congruent, 
(c) the diagonals are not bisected by their point of inter- 
section. 
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380. 1. The length of one base of a trapezoid is a 
and that of its median is m. Write a formula for the 
length of the other base 0b. 

2. The length of the median of an isosceles tra- 
pezoid is m and that of each nonparallel side is c. Write 
the formula for the perimeter P of the trapezoid. 

381. 1. The median of a trapezoid 12 cm long is divided 
by its diagonal into two segments one of which is half of 
the other in length. Calculate the bases of the trapezoid. 

2. The bases of a trapezoid are 8 cm and 12 cm 
long. Find the lengths of the segments into which one 
of the diagonals of the trapezoid divides the median. 

382. The bases of a trapezoid are a and b in length. 
Find the distance between the midpoints of the diagonals. 

383. In a right-angled trapezoid the length of the 
smaller base is a and that of the larger side is b. The 
acute angle is 60°. Find the length of the median of the 
trapezoid. 

3084. The midpoints of the sides of an isosceles tra- 
pezoid are connected by line segments in succession. De- 
termine the kind of the resulting quadrilateral. 


2.27. VECTORS 


Translation 


A translation, of parallel displacement, is a mapping of a plane 
onto itself under which each point X is mapped onto a point X, 
(Fig. 39) such that 

(1) the ray XX, has an assigned direction, 

(2) the segment XX, has an assigned length, i.e. all the points 

of the plane are displaced in the same di- 
rection by the same distance: 
[XX,) || [¥¥y); | XX~I = 1 VY, I. 
Notation: if, under a translation, the 


point X goes into the point X,, then we 
write T (X) = X,. 


x Y 
: 385. 1. How can a translation be 
defined? . 
‘ y 2. Formulate the properties of 


a translation. 
Fig. 39 386. We consider a_ translation. 
What is (a) the image of a_ straight 
line, (b) the image of a ray, (c) the image of a figure? 
387. 1. What translation maps a circle onto a con- 
gruent circle? 
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2. Construct the image of a given rhombus ABCD 
under the translation 7 (A) = D. 
388. How can we find an angle if we cannot reach its 
vertex? 


Vectors and the Ways of Defining Them 


Translations are known as vectors. A vector that maps a point A 
onto a point B is designated as AB or a and is depicted as a dircct- 
ed segment (Fig. 40). 

389. 1. What is a zero, or null, vector? 

2. What is the length and the direction of the 
vector AB? 

390. What vectors are said (a) to have the same di- 
rection, (b) to have opposite directions, (c) to be collinear? 

391. 1. How is a vector specified? 


2. What vector is opposite to the vector AB? 
392. Given a parallelogram ABCD (Fig. 41), name the 
vectors which are (a) equal, (b) opposite, (c) collinear. 


Fig. 40 Fig. 41 


393. A median MAN is drawn in a trapezoid ABCD 
([LBC] || [AD]). Write the vectors which are collinear with 
— 


the vector MN and defined by the pair of points formed 
from the vertices of the trapezoid. 

394. Points / and / are the midpoints of the sides AB 
and BC of a parallelogram ABCD. Prove that the vectors 


—> —>- 
EF and CA are collinear. 


The Sum of Vectors 


The composition of vectors a and b is customarily called the 
un of the vectors a and b. The notation is a -+- b = ¢ (rather than 
a-b = e). 


395. Given two vectors a and b, how can you construct 
a vector representing their sum? 
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396. Prove that in an arbitrary quadrilateral ABCD 


— —> — —> 

the equality AB + BC = AD+ DC holds true. 
397. Assume that O is the point of intersection of the 
diagonals of a parallelogram. Find the sum of the vectors 


— > —> > —> > —> — 
AB and BC, AB and CD, OB and OD, OC and OA. 


The Difference of Vectors 


The vector ¢c = a + (—b) is the difference of the vectors a and 
b which is designated as a — b. 


398. Given two vectors a and b, how can you construct 


the vector ec = a — b? 
399. AC and BD are diagonals of a parallelogram 


ABCD. Express the vectors AC and BD in terms of the 
—> — 
vectors AB and AD. 
— — 
400. Express the vectors AB and AD in terms of the 


vectors OA and OB it O is the point of intersection of the 
diagonals of the parallelogram ABCD. 


Multiplying a Vector by a Scalar 


The product of a vector a (a = 0) by a scalar z (x # 0) is a vec- 
tor whose length is equal to the product of the length of the vector a 
by | x | and whose direction coincides with that of the vector a, 
if z > 0, and is opposite to that of a if z < 0. 

The product of the vector a by the scalar z is designated as za. 


401. Under what conditions are the nonzero vectors a 


and b collinear? 
402. In a parallelogram ABCD a point WM is the mid- 


— — —> 
point of the side AB. Express MC in terms of AB and BC. 
—>- 
403. Given a rhombus ABC, express the vectors AB 
> —> —> 
and BC in terms of the vectors DB and CA. 


Fundamental Laws of Vector Algebra 


Addition Laws 


+ b) -+- ce = a+ (b+ ¢c), associativity. 
+ b= b-+ a, commutativity. 
-+ 0 =a, absorption of a zero vector. 


. (a 


Laws of Multiplication of a Vector by a Scalar 


1. (xy) a = x (ya), associativity. 

2. za-+ ya = (x + y)a, the first distributive law. 

3. za + sb = xz (a+ b), the second distributive law. 
4. 0a + x0 = 0, absorption of zero and a zero vector, 


404. AM is a median of a triangle ABC (M € [BC)). 
— — 
Express the vector AM in terms of the vectors AB = a 


and AC = b. 
405. Given a parallelogram ABCD (Fig. 42) in which 


|OM | =; |0B |, | ON | =< | OC |, express the vec- 


—>_. — 
tor NM in terms of the vector AD = a. 


Vector Components 


An arbitrary vector ec (Fig. 43) can be represented as 
e = c,i + ¢,j, 


where i is a unit vector laid off from the origin O along the z-axis 
and j is a unit vector laid off along the y-axis; c, is the projection 


Fig. 42 Fig. 43 


of | c | onto the z-axis, and c, is the projection of | ¢ | onto the y- 
axis. The coefficients c, and c, of the resolution of the vector c 
into components with respect to the unit vectors i and j are the 
components of the vector ec. 


406. Given points O (0, 0), A (38, 2) and B (4, 5) on 
> —-> —_> 
the coordinate plane, resolve the vectors OA, OB, OA + 
—>- 
OB into components with respect to the unit vectors 
i and i. 
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2,28. SIMILARITY AND HOMOTHETY 
OF GEOMETRIC FIGURES 


Similar Figures 


A figure F, is similar to a figure / if, there is a mapping of 
F onto F, under which the distances change in the same ratio k > 0. 
If the figure F, is similar to the figure F, then we write Ff, ~ F, 


t 
and if we wish to indicate the ratio of similitudc then we write F,~F, 
If the ratio of similitude 
By C; of the trapezoids A,B,C,D, 
and ABCD (Fig. 44) is 2, then 
the trapezoid ABCD can be 


B Cc mapped onto A,B,C,D, so 
that any two points X and 
Y of the first; trapezoid will 
A DA, D,  &0 into the points X, and Y, 
such that 
Fig. 44 


| XY, | =2| XY |. 


407. 1. Can two congruent figures be similar? 
2. Can two similar figures be congruent? 

408. The plan of a land plot is given in two variants: 
the first plan is drawn to the scale of 1: 100 and the 
second to the scale of 1: 1000. What are the ratios of 
similitude in these plans? 


Homothety 


A homothety (or similitude) with centre O and ratio k > O is 
a mapping of a plane onto itself under which the image of an arbi- 


— — 
trary point X is a point X, such that OX, = kOX. For example 


4 : ™ 
Y B C: 
4 A, B, OC 
X X; D; 
(a) (b) () 
Fig. 45 
— —> — 41—> — 


—20C, k = —2 (Fig. 45). 
The homothety with centre O and ratio k is designated as H? 
or simply Hk, 
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409. What is the image of each point X under the 


homothetic transformation with centre O if the ratio 
(a) k = 1, (b) &k = —1. 

410. What are the positions of the points X, and X 
about the centre of homothetic transformation if 
(a) k>0, (bt) k< 0? 

411.1. Why are homothetic figures similar? 

2. Are similar figures always homothetic? 

412. Construct a figure which would be homothetic 
to a given isosceles triangle ABC about the centre O 
with the homothetic ratio * = —1.5. 


Proportional Line Segments 


Line segments AB and CD are said to be proportional to the 
segments A,B, and C,D, if their lengths are proportional, i.e. 
| AB|_ | AB; | 
JAD [1 CyDz [° 

Theorem. Parallel straight lines which cut the sides of an angle 
intercept proportional segments on them. 

If (AA,) || age) (Fig. 46), then | OA | + | OA,| = |AB| + 

1B, | = | OB OB, |. 


Fig. 46 Fig. 47 


Corollary. A straight line which is parallel to a side of a triangle 
and cuts the other two sides cuts off a triangle whose sides are propor- 
tional to the sides of the given triangle. 

If in the triangle ABC (Fig. 47) [DE] || [AC], then 

|BA|  |BC| |AC| 
|BD| |BE| |DE|° 


413. In the triangle ABC (Fig. 47) [DE] || [AC], 
|BD | =2 cm, |AD | =3 cm and | BC | =6.5 cm. 
Calculate | BE | and | CE |. 
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4144. In the trapezoid ABCD the leg AB is divided by 
a point M into segments | AM | = 6.8 cm and | MB | = 
6 cm. A straight line MN is drawn through the point M@ 
parallel to the bases (V € [CD]). Find | CD | if |CN | = 
9 cm. 


Criteria of Similarity of Triangles 


I. If three sides of one triangle are proportional to three sides of 
another triangle, the triangles are similar. 

II. If two sides of one triangle are proportional to two sides of 
another triangle and the angles between those sides are congruent, 
the triangles are similar. 

III. If two angles of one triangle are congruent to two angles of 
another triangle, the triangles are similar. 


415. Can we state that the following figures are similar: 
(a) any two equilateral triangles, (b) any two right iso- 
sceles triangles, (c) isosceles triangles which have a con- 
gruent acute angle each? 

416. 1. A triangle is observed with a lens whose mag- 
nifying power is 3X. Will the angles of the triangle in- 
crease? 

2. A plot of land is shaped as a triangle with 
sides 60, 70 and 78 m long. A plan is drawn of this plot 
of land on which the corresponding sides are 6, 7 and 
7.9 cm long. Is the drawing correct? 

417. Given a triangle ABC in which the medians AE 
(E €[BC]) and BD (D E€{[AC]) meet at a point O. Prove 
that the triangles AOB and DOE are similar. What is the 
ratio of similitude of these triangles? 

418. Through a point D taken on the side BC of the 
triangle AGC draw, in the interior of the triangle, four 
distinct rays which cut off triangles similar to the given 
one. 

419. In the triangle ABC |AB|=9 cm, | BC | = 
15 cm and | AC | = 18 cm. A straight line DE (E € 
[BC]) is drawn from a point D taken on the side AC, the 
point being such that 2DEC = ZA. Calculate | DC | 
and | EC | if |£D | = 6 cm. 

420. A common side of two similar isosceles triangles 
is 12 cm long. The base of the smaller triangle is 9 cm. 
Calculate the perimeters of the triangles. 

421. Formulate the criteria of similarity of right 
triangles. 
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422. 1. The legs of one triangle are 1.8 cm and 0.8 cm 
and those of the other are 2.7 cm and 1.2 cm. Are the 
triangles similar? 

2. The sides of a parallelogram are 18 cm and 
12 cm long. The smaller altitude of the parallelogram is 
9cm. Find the larger altitude of the parallelogram. 

423. Prove that the point of intersection of two medians 
separates a third of each median reckoning from the cor- 
responding side. 

424. Prove that in similar triangles the ratio of two 
respective (a) altitudes, (b) bisectors, (c) medians is 
equal to the ratio of two respective sides. 


Geometric Means in a Right Triangle 


A line segment zx is known as a geometric mean (mean proportio- 
nal) of the ‘segments a and b if the equality a: r = x: b holds 
true. 


425. Read the following proportions: (a) m:z = 
z:n, (b) a: p=q:a. What is the repeated term 
equal to in these proportions if the other two terms are 
known? 


Theorems. 1. A leg is a geometric mean of the hypotenuse and the 
projection of the leg onto the hypotenuse. 

If in the triangle ABC (Fig. 48) CD is an altitude, |CD | =h, 
a, and b, are projections of the legs 
onto the hypotenuse, then 


c:a@=a:ia, or a®=—ce-ay, 
ec:b=b:b, or b? =c-b,. 

2. Ina right triangle the alti- 
tude drawn from the vertex of the 
right angle is the geometric mean 


of the projections of the legs onto 
the hypotenuse: Fig. 48 


Qag:h=h:b, or h*? = a,-bg. 


Pythagoras’ Theorem. Jn a right triangle the square of the length 
of the hypotenuse is equal to the sum of the squares of the lengths of 
the other two sides. 

In the right triangle ABC (Fig. 48) c? = a? + 6, 


426. 1. A leg of a right triangle is 3 cm and its pro- 
jection onto the hypotenuse is 1.8 cm. Calculate the length 
of the hypotenuse and that of the other leg. 

2. The projections of the legs of a right triangle 
onto the hypotenuse are 2 cm and 6 cm. Calculate the 
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lengths of the legs and that of the altitude drawn to the 
hypotenuse. 

427. Proceeding from what theorem can we state that 
a triangle with sides of 3, 4 and 5 cm is right-an- 
gled? 

428. A point inside a right angle is 6 cm and 8 cm 
distant from its sides. Find the distance from this point 
to the vertex. 

429. The legs of a right triangle are 5 cm and 12 cm. 
Find the median drawn to the hypotenuse. 

430. An iron bar 2 m long has been bent at its midpoint 
at right angles. Find the distance between its end- 
points 

431. The diagonals of a rhombus are 4.8 cm and 14 cm. 
Find its perimeter. 

432. 1. A side of a square is a. Find the diagonal. 

2. The diagonal of a square is d. Find its side. 

433. 1. A side of an equilateral triangle is a. Find 
the altitude. 

2. The altitudes of an equilateral triangle meet 
at a point O. Each of its sides is 2 cm. Find the distance 
from the point O to the sides and the vertices of the tri- 
angle. 

434. 1. The bases of an isosceles trapezoid are 1 cm 
and 4 cm. Each of the nonparallel sides is 2.5 cm. Cal- 
culate the altitude of the trapezoid. 

2. The bases of an isosceles trapezoid are 25 cm 
and 7 cm. The diagonal is 20 cm. Calculate the perimeter 
of the trapezoid. 

435. The hypotenuse of a right triangle is 20 cm and 
one of the legs constitutes 75% of the other. Calculate 
the lengths of the legs. 


Similar Polygons 


436. Can we state that (a) the proportionality of the 
sides of two polygons (with more than three sides) 
implies the similarity of these polygons, (b) the con- 
gruence of the respective angles of the polygons implies 
their similarity? 

437. What is the sufficient condition for the similarity 
of two polygons? 
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Ratio of the Perimeters of Similar Polygons 


Theorem. The ratio of the perimeters of similar polygons is equal 
to the ratio of similitude of those polygons. 

If the polygon A,B,C,D,£, is similar to the polygon ABCDE 
(Fig. 49), P and P, are their 


respective perimeters and i is B C B, C; 

the ratio of similitude, then 

P = kP, or P + Py = k. ° A, D, 
438. 1. The largest D 


sides of two similar poly- 
gons are related as 4/3. 
The perimeter of the E 
smaller polygon is 36 cm. 
Find the perimeter of the Fig. 49 
larger polygon. 

2. The smaller sides of two similar polygons are 
3 cm and 7 cm long. The perimeter of one polygon is 
20 cm smaller than that of the other. Find the perimeter 
of each polygon. 


2.29. CIRCLES 


The Property of Central Angles 


Theorem. 7wo central angles of a circle are congruent if and only 
if the intercepted arcs are congruent. 
A™N 


e e AN 
If in the circle (O, r) ZAOB = ZA,OB, (AOB = A,OB,) 
(Fig. 50), then AO AB & CX AjB, 
(AB = A,B,). 

And conversely, if in n_the circle 


(0, r) NAB © A,B, (AB =A,B,), 
then AOB = ZA,OB, (AOB = 


wes 
A,OB)). 

439. What are the values 
of the central angles if the 
intercepted arcs constitute (a) 
1/3, (b) 1/16 of the circle? 

Fig. 50 440. Two points divide a 

circle into two arcs. What is 

the degree measure of each of the arcs if the degree 

measure of one of them is 90° larger than that of the 
other? 
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441. How can we bisect the arc of a circle? 

442. The diameter of a circle is 12 cm. A chord drawn 
in that circle subtends an arc of 120°. Find the distance 
between the centre and the chord. 


The Property of a Tangent to a Circle 


A straight line which has only one point in common with a 
circle is known as a tangent to that circle. 

Theorem. If a straight line is perpendicular to a radius and 
A passes throughits endpoint lying on 
the circle, then it is a tangent to 

the circle. 
C If [OC] is a radius of a circle 
(Fig. 54) (C is the point on the 
circle) and the straight line (ACB) 1 

B [OC], then (ACB) is a tangent. 
Inverse theorem. /f a_ straight 
line is a tangent to a circle, then 
the radius drawn to the point of tan- 
gency is perpendicular to the tangent. 
If the straight line (ACB) 
(Fig. 54) is a tangent (C is the point 
: of tangency) and [OC] isa radius, 
-Fig, 54 then [OC] | (ACB). 


443. A point A lies on a 
circle. How can we draw a tangent to the circle through 
this point? 

444, What are the positions of the tangents to a circle 
which are drawn through the endpoints of a diameter? 

445. The endpoints of a diameter are at the distances 
of 8 cm and 12 cm to a tangent to the circle. Calculate 
the length of the radius. 

446. Two tangents are drawn to a circle from a point 
taken outside of the circle. Prove that the tangents are 
equal in length (the length of a tangent is the length of 
its segment from a given point to the point of tangency). 


Inscribed Angles 


A convex angle whose vertex is on the circle and whose side 
cut the circle is an inscribed angle. 
Theorem. An inscribed angle has half_as many degrees as the in- 
tercepted arc. 
f Z ABC is an inscribed angle (Fig. 52), then 
a ~ 


4 —~ : a 4 wos 
ABC = > AC, ie. ABC =o AOC. 
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447. 1. Prove that an inscribed angle resting on a 
diameter is a right angle. 
2. Formulate two propositions converse of the 
preceding one. Are they true? 


448. Under what condition is B 
an inscribed angle (a) acute, (b) /\ 
obtuse? 


449. An inscribed angle is 30° 
smaller than the central angle 
subtended by the same arc. < S 
Find each of these angles. 

450. Two angles are inscribed 
into the same circle and are sub- C 
tended by the same arc. What 
can you say about the values Fig. 52 
of these angles? 

451. Using the property of inscribed angles, prove 
that the arcs included between parallel chords are con- 
eruent. 

452. A tangent and a chord are drawn from a point 
taken on a circle. Prove that the angle between the tan- 
gent and the chord is half the degree measure of the arc 
intercepted by this angle. 


2.30. INSCRIBED AND CIRCUMSCRIBED 
TRIANGLES 


A triangle whose all vertices lie on a circle is said to be inscribed 
into that circle and the circle is said to be circumscribed about the 
triangle. 

Theorem. One and only one circle can be circumscribed about any 
triangle. The centre of the circle is the point of intersection of the per- 

pendiculars drawn to the midpoints of the sides of the triangle. 

If O is the point of intersection of the perpendicular bisectors 
(Fig. 53), then it is the centre of the circumscribed circle with radii 
OA, OB and OC. 

A triangle whose all sides touch a circle is said to be circum- 
scribed about the circle and the circle is said to be inscribed in the 
triangle. 

Theorem. One and only one circle can be inscribed in a triangle. 
The centre of the circle is the point of intersection of the bisectors of 
the triangle. 

If O is the point of intersection of the bisectors of a triangle 
(Fig. se then it is the centre of the inscribed circle with radii OM, 
OE and OF, 
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453. When does the centre of the circle circumscribed 
about a triangle lie (a) inside the triangle, (b) outside 
of it, (c) on a side of the triangle? 


Fig. 53 Fig. 54 


454. How can an equilateral triangle be inscribed in 
a circle? 

4595. Can we state that the centre of the circle circum- 
scribed about an equilateral triangle lies at the point of 
intersection of its bisectors? 

456. The altitude of an equilateral triangle is h. Find 
the radius of the circumscribed circle. 

457. The legs of a right triangle are 3 cm and 4 cm. 
Calculate (a) the diameter of the circle circumscribed 
about the triangle, (b) the median drawn from the vertex 
of the right angle. 

458. One of the acute angles of a right triangle is 35°. 
Calculate the acute angle between the median drawn from 
the vertex of the right angle and the hypotenuse. 

459. A lateral side of an isosceles triangle is a. The 
base angle is 30°. Find the diameter of the circumscribed 
angle. 

460. A lateral side of an isosceles triangle is 10 cm 
and the altitude is 8 cm. Calculate the radius of the cir- 
cumscribed circle. 

461. Find whether the centres of the inscribed and the 
circumscribed circle coincide (a) in an isosceles triangle, 
(b) in an equilateral triangle, and if so why. 

462. The radius of the circle inscribed into an equi- 
lateral triangle is r. Find the radius of the circumscribed 
circle and its altitude. 

463. The legs of a right triangle are 9 cm and 12 cm. 
Calculate the radius of the inscribed circle, 
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2.31. TRIGONOMETRIC FUNCTIONS 


The Sine, the Cosine and the Tangent of an Angle 


We mark a point P, (1, 0) on a unit circle (Fig, 55). As a re- 
sult of the rotation R® the point P, is mapped onto a point P,. 
Every angle a is associated with 
an abscissa z, and an ordinate 
Yq, of the point P,. The ordinate 
Ye, is the sine of the angle a, the 
abscissa Iq, is the cosine of the 
angle a, and the ratio of sin @ 
to cos a is the tangent of the 
angle a, i.e. 

Yo =Sin a, ®y=cosa, 
sina 
cosa ° 

464. Why are the sine, 
the cosine and the tangent 
of an angle its functions? 

465. 1. What is the do- Fig. 55 
main of definition and the 
range of a_ sine function and a cosine function? 

2. Can a sine and a cosine of an angle be equal 
to V2, 10!8 3? 

466. How do the values of the functions sin @ and 
cos a change with the increase in the angle from 0 to 90°? 

467. Use a unit circle to find the values of the sine 
and cosine of the angles of (a) 90°, (b) 180°, (c) 270°, 
(d) 360°, (e) —90°. 

468. Depict the graphs of the sine and cosine functions 
for the angles belonging to the interval [—180°, 180°]. 


Some Identities for the Sine and Cosine Functions 
sin? a + cos? a = 1, 
sin (180° — a) = sina, 
cos (180° — a) = —cos a, 
sin (--a) = —sin a, 
cos (—a) = cosa. 


469. Find the value of (a) cos a if sina = 0.8, O° < 
a < 90°, (b) sin a if cosa = 1/2, 009 <a < 90°. 

470. Express the functions (a) sin 150°, (b) cos 150°, 
(c) sin 170°, and (d) cos 170° in terms of the value of 
the trigonometric function of a positive angle smaller 
than 90°. 
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Relations Between the Sides and Angles 
of a Right Triangle 


The sine of an acute angle of a right triangle (Fig. 56) is equal 

to the ratio of the opposite side to the hypotenuse. 

The cosine of an acute angle of a right triangle is equal to the 
ratio of the adjacent side to the 
hypotenuse. 

The tangent of an acute angle ofa 

c right triangle is equal to the ratio of 

the opposite side to the adjacent one, 
i.e. 


a b 4 . A a A b a a 

sin A=—, cos A=—, tan A = 6 
Fig. 56 

471. Use the formulas writ- 
ten above to express (a) a leg 
in terms of the hypotenuse and the trigonometric 
function of an acute angle, (b) the hypotenuse in terms of 
a leg and the trigonometric function of an acute angle. 
472. Using the designations used in Fig. 56, write 


the values of sin B, cos B and tan B. 

473. 1. Write the values of the trigonometric functions 
of the angles a, fB, x and 
y using the designations 
used in Fig. 57. 

2. What _ trigono- 
metric functions of the 
angles a, B, x and y ex- 
press the ratios m/a, h/b, 
m/h and h/m? 


474, Giventhelegsa= .- 5 
8 cm and b = 15 cm ofa 
right triangle (see Fig. 56), Fig. 97 


calculate the hypotenuse c, 
the sum of the sines of the acute angles A and B and 
the product of their cosines. 

475. 1. Using a right triangle with an acute angle of 
30°, find the values of the sine, the cosine and the tangent 
of the angles of 30° and 60°. 

9. Using a right triangle with an angle of 495°, 
find the values of the sine, the cosine and the tangent 
of an angle of 45°. 

476. Calculate sin? a + cos® a if (a) a = 30°, (b)a= 
45°, (c) a = 60°. 
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477. Compare the following values of the expressions: 
(a) sin 2a and 2 sin a for a = 30°, (b) sin (a + B) and 
sina + sin fp for a = 30° and B = 60°. 

478. Using the values of the trigonometric functions 
of angles of 30°, 45° and 60°, find (a) the altitude of an 
equilateral triangle being given its side a, as well as the 
radius of the inscribed circle, (b) the side of a square being 
given its diagonal d. 

479. A railway embankment is 6 m wide at the top 
and 12 m wide at the bottom. Its lateral sides are at the 
angle of 35° to the horizontal. Calculate the height of 
the embankment. 


2.32. AREAS OF POLYGONS 


480. 1. What principal properties of areas are used 
to find the areas of polygons? 
2. What are the units of areas? 
3. What two figures are said to be of equal areas? 
4. Are figures of equal areas always congruent? 
481. A plot of land is 10 hectares in area. What does 
this amount to in square metres, in square kilometres? 


The Area of a Rectangle 


The area of a rectangle is equal to the product of its base by its 


altitude. 
If in a rectangle a is the base, h is the altitude and S is the area, 


then S = ah. 


482. What is the area of a square in which (a) the side 
is a, (b) the diagonal is d? 

483. Given two ropes 100 m each, one of which out- 
lines a rectangle with a side of 30 m and the other out- 
lines a square. Which area is larger, the area of the rec- 
tangle or that of the square? 

484. A square is inscribed in a circle of radius R and 
a square is circumscribed about the same circle. Find the 
area of each square and the ratio of their areas. 

485. The diagonal of one of the given squares is 3 cm 
and that of the other is 4 cm. Find the diagonal of the 
square whose area is equal to the sum of the areas of the 
given squares. 

486. Will the area of a rectangle change if we increase 
the length of its base a by 50 per cent and decrease its 
altitude h by 50 per cent? 
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The Area of a Parallelogram 


1. The area of a parallelogram is the product of the base and the 
altitude to that base (Fig. 58), i.e. 


S = ah,, or S = bho. 


2. The area of a parallelogram is equal to the product of its two 
adjacent sides by the sine of the 
angle between them (Fig. 58), 
i.e. 


S = absina. 


487. The sides of a paral- 
lelogram are 14 cm and 
18cm and its area is 126 cm?. 

Fig. 58 Calculate the altitudes of 
the parallelogram and the 
acute angle between its adjacent sides. 

488. The sides of a parallelogram are 12 cm and 15 cm 
and one of the altitudes is 9 cm. Calculate the other alti- 
tude. Consider two cases. 

489. Given a set of parallelograms, the sides of each 
of them being a and J, find which of these parallelograms 
has the greatest area. 

490. Derive a formula which expresses the area S of a 
rhombus in terms of its diagonals d, and dg. 

491. Calculate the area of a rhombus if (a) its diagonals 
are 0 cm and 8 cm long, (b) its side is 2.8 dm, and the 
acute angle is 30°, (c) the perimeter of the rhombus is P 
(express its area in terms of P and the function of the 
angle a@ between its adjacent sides). 


The Area of a Triangle 


The area of a triangle is equal to a half of the product of its base 
by its altitude. 

If a is the base of a triangle and h, is the altitude drawn to the 
side a (Fig. 59), then 


Sas aha. 


The area of a triangle is equal to a half of the product of two of its 
sides by the sine of the angle between them, i.e. 


= + ab’sin’y. 


The area of a right triangle (Fig. 60) is equal to a half of the pro- 
duct of its legs, i.e. 


4 4 
S=— ab or S = the. 


492. Write formulas which express (a) the area of a 
triangle in terms of its sides b and c and the altitudes 


B 


Fig. 59 Fig. 60 


drawn to those sides, (b) the altitudes of a triangle in 
terms of its sides and its area. 

493. 1. A median is drawn in a triangle. Why do the 
two triangles into which the median divides the given 
triangle have equal areas? 

2. M is the point of intersection of the medians 
in the triangle ABC. Prove that the area of the triangle 
AMD (D € [AC]) constitutes 1/6 of the area of the given 
triangle. 

3. In the triangle ABC the median AWM is per- 
pendicular to the median BN. Find the area of the triangle 
ABC if | AM |=6 cm and | BN | = 8 cm. 

494. The area of a triangle is 12.5 cm?. Its altitude is 
congruent to its base. Calculate the base. 

495. The base of an isosceles triangle is 12 cm. A la- 
teral side exceeds the altitude by 2 cm. Calculate the 
area. 

496. Calculate the area of an isosceles triangle whose 
lateral side is 4 cm and the vertex angle is (a) 30°, 
(b) 135°. 

497. Find the area of an equilateral triangle if (a) its 
side is a, (b) its altitude is h. 

'* 498. Find the area of a right isosceles triangle if its 
hypotenuse is equal to c. 
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The Area of a Trapezoid 


The area of a trapezoid is equal to the product of half the sum of 
its bases by its altitude. 
If a and b are the bases of the trapezoid ABCD and h is its 
altitude (Fig. 641), then 


Sess 


b 
9 ch. 


B b C 
499. How can the area 
of a trapezoid be expressed 
A ar Ree D in terms of its median and 
altitude? 
500. Find the area of an 
Fig. 64 isosceles trapezoid if its 
smaller base is 12 cm, its 
altitude is 10 cm and one of the nonparellel sides makes 
an angle of 40° with the base. 

501. The smaller base of a trapezoid is 3 cm and one 
of the nonparallel sides is 4 cm and makes an angle of 
30° with the larger base. The other angle at that base is 
45°. Calculate the area of the trapezoid. 

502. The bases of an isosceles trapezoid are 7 cm and 
13 cm, and its area is 40 cm?. Calculate the perimeter of 
the trapeziod. 

503. 1. Find the area of a trapezoid whose diagonals 
are mutually perpendicular and are m and n respectively. 

2. The diagonals of an isosceles trapezoid are mu- 
tually perpendicular and its altitude is h. Find the area 
of the trapezoid. 


The Ratio of the Areas of Similar Polygons 


Theorem. The ratio of the areas of similar polygons (Fig. 62) 
is equal to the square of the ratio of similitude. 
If the polygon ABCDE is similar to the polygon A,B,C,D,E, 


(Fig. 62) and 42! _, C 


}A,By|” 
where k is the ratio of simi- D C; 


litude, then B 5 
S ABCDE = f2 B, aa I 


SA BiC:Ds Es A EO A; 
504. How will the area Fig. 62 
of a polygon change if 
each of its sides increases three times and the angles 
remain unchanged? 
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505. The plan of a plot of land is drawn to the scale 
of 1~100. How many times is the area of the real plot 
greater than its area in the plan? 

506. The median of a triangle divides it in two. How 
many times is (a) the area of the given triangle larger 
than that of the cut-off triangle, and (b) the area of the 
trapezoid obtained larger than the area of the cut-off 
triangle? 

507. The ratio of the perimeters of two similar polygons 
is 2/3. The area of the larger polygon is 90 cm?. Calculate 
the area of the smaller one. 


2.33. METRIC RELATIONS IN A TRIANGLE 


The Law of Cosines 


The square of a side of a triangle (Fig. 63) is equal to the sum of 
squares of its other two sides minus the doubled product of these sides 
by the cosine of the angle between 
them. 

If a, 6b and care the sides of 
the triangle ABC (Fig. 63), then 


a? = b2 + ¢2 — 2be cos A. 


508. What elements of a 
triangle can we calculate 
using the law of cosines? 

509. The sides of a tri- Mig. 63 
angle are a and 0. Find the 
third side c if the angle between the known sides is 
(a) 60°, (b) 45°, (c) 120°. 

510. For what values of A are the sides a, b and c of 
a triangle related as (a) a? < b? + c?, (b) a? = BD? + c?, 
(c) a? > b® + c?? 

511. The vertex A of the equilateral triangle ABC is 
connected with the point D which divides the side BC into 
segments | BD | = 4 cm and | DC | = 6 cm. Calculate 
the length of the segment AD. 

512. Given a triangle ABC in which a = 7 m,bd = 


8 cm andc = 5cm, calculate A. 
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The Law of Sines 


The sides of a triangle are proportional to the sines of the opposite 


angles. 
In the triangle ABC with sides a, b and c and angles a, f and y 


(Fig. 63) 


013. What elements of a triangle can we calculate using 
the law of sines? 


514. Given a triangle ABC in which a sideisa, A = a, 


B=f6. Find the sides band ec. 

915. A diagonal of a parallelogram d long makes angles 
of 30° and 45° with the sides of the parallelogram. Find 
the sides of the parallelogram. 

916. The bisector of the base angle of an isosceles 
triangle is 6 cm and cuts the opposite side at the angle 
of 135° (the angle faces the base). Calculate the base of 
the triangle. 


2.34. REGULAR POLYGONS 


A polygon in which all sides are congruent and all angles are 


congruent is said to be regular. 
Theorem 1. A circle can be circumscribed about every regular po- 


lygon. 
Theorem 2. A circle can be_inscribed in every regular polygon. 
517. How can we construct a regular n-gon using a 
circle? 
518. 1. Can we say that the following polygons are 
regular: any rectangle, a rhombus, an isosceles triangle? 
2. Can an inscribed polygon have (a) congruent 
angles but noncongruent sides, (b) congruent sides but 
noncongruent angles? 
519. 1. What point is the centre of a regular polygon? 
2. What is the apothem of a regular polygon? 
520. 1. What is the degree measure of every interior 
angle of a regular (a) pentagon, (b) n-gon? 
2. What is the degree measure of the central 
angle of (a) a regular hexagon, (b) a regular n-gon? 
3. An apothem and a radius of the circumscribed 
circle are drawn to one of the sides of a regular n-gon. 
Find the degree measure of the angle between them. 
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521. The gauges for the angles of nuts have an angle 
of (a) 120°, (b) 135°. How many sides do the nuts have? 

522. Can the parquet be made of blocks shaped as (a) 
regular hexagons, (b) regular pentagons? 


Formulas for Calculating the Side 
and the Area of a Regular Polygon 


If a is a side of a regular inscribed n-gon, RA is the radius of 


° 


: is half the cen- 


the circle circumscribed about this n-gon, and 


tral angle (Fig. 64), then 


180° (4) 


a, =2R sin 


Assume that S is the area of a regular polygon, P is its perimeter 
and r is the radius of the inscribed 
circle. Then 


1 


If S, is the area of aregular n-gon, 
R is the radius sof the circumscribed 


is the. central angle, 


circle, and : 
then 


S.= nR? sin . 
523. 1. Using formula (1), 


prove that 
ag = R, ag R V 2, Fig. 64 


2. Assuming the radius R of the circumscribed 
circle to be equal to 1 m, calculate the sides of the follow- 
ing regular polygons: ag, a9, @12.- 

924. We have to saw a bar out of a log so that the section 
of the bar would be a square with a side of 18 cm. What 
must be the diameter of the log? 

529. Calculate the area of a regular n-gon inscribed in 
a circle of radius R = 1 dm if (a) n = 3, (b) n = 4. 

526. The sides of two regular polygons with the same 
number of sides are a and b. What is the ratio of the 
perimeters of these polygons and what is the ratio of 
their areas? 
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2.39. THE LENGTH OF A CIRCUMFERENCE 
AND THE AREA OF A CIRCLE 


Assume that C is the length of the circumference, S, is the area 
of the circle, R is a radius and D is a diameter. Then we have 


C=2nR or C=nD, 
m D2 
4 


527. How will the length of the circumference and the 
area of the circle change when the radius is increased two 
times? 

528. The side of a square is 6 cm. Find the length of 
the circumference of the circle circumscribed about the 
square. 

529. The side of a regular hexagon is 5 cm. Find the 
length of the circumference of the circle circumscribed 
about the hexagon. 

530. In a right triangle the median drawn from the 
vertex of the right angle is 10 cm. Find the length of 
the circumference of the circle circumscribed about the 
triangle. 

531. By how many centimetres is the length of the 
circumference of the circle with radius of 1 dm greater 
than the perimeter of the regular hexagon inscribed into 
the circle? 

532. By how many centimetres will the length of the 
circumference of the circle increase if the radius of the 
circle is increased by 5 cm? 

533. The side of a square is 4 cm long. Find the area 
of the circle inscribed in the square. 

034. The side of a regular hexagon is 3 cm. Find the 
area of the circle inscribed in the hexagon. 

539. What is larger, the area of a circle constructed on 
a segment 1 dm long as a diameter or the area of a semi- 
circle constructed on a segment 2 dm long asa diameter? 

536. A square of the largest area has been cut out ofa 
circle. What percentage of the circle was lost as trimmings? 

537. Prove that the area S of a circle can be calculated 
from the formulas (C is the length of the circumference 


Se=nR? or Se= 


of the circle and d is its diameter) (a) S = Oe (b) S = 
C _ a4 
as (c) Ss = ie oe 


o38. Find the radius of the circle whose area (in sq. 
units) and length of the circumference (in the corre- 
sponding linear units) have the same numerical value, 

039. Calculate the speed of a car if its drive wheel is 
0.7 m in diameter and makes 500 revolutions per minute 
(m1 =~ 22/7). 

040. We have to replace two water-supply pipes of the 
Same diameter d by one pipe with the same capacity. 
Find the diameter D of the new pipe. 

041. The area of a square is 1 m?. We have a circle 
with the same area. Prove that the perimeter of the square 
is larger than the length of the circumference of the 
circle. 


2.36, ELEMENTARY CONSTRUCTIONS ON A PLANE 


Carry out the following constructions with the aid of 
a pair of compasses and a ruler without using a drawing 
triangle or a protractor. 

042. Construct an angle congruent to a given angle. 

043. Bisect a given angle. 

044. Bisect a given line segment. 

545. Construct a point symmetric with respect to the 
given point X about the J/-axis. 

946. Construct a triangle ABC being given the three 
sides a, 6 and c. 

047. Construct a triangle being given two sides 0 
and c and the angle a between them. 

048. Construct a triangle being given the side a and 
two angles 6 and y adjacent to that side. 

549. Construct a perpendicular to the midpoint of a 
line segment AB. 

900. Construct a right triangle being given the hypo- 
tenuse and a leg. 

oo1. Construct a tangent to a given circle which would 
pass through a given point. 

oo2. Partition a given line segment into several con- 
gruent segments. 

oo3. Construct a rectangle which would be of the same 
area as a given triangle and have a base in common with it. 

004. Three line segments are a, 6 and c long. Construct 
a fourth segment which would be proportional to the 
given three segments, i.e. a segment of length zx such that 
the proportion a ~—b =—c ~zx would hold true. 
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555. Construct a triangle ABC being given the angles a 
and f and the bisector lg. 


556. Construct a line segment x if z = VY ab, where 
a and 0b are given segments. 

557. Construct a line segment z if (a) x = Va? + B?, 
(b) x =Vai— bb? (a> Db), (c) x = a®/b, here a and b 
are the lengths of the given segments. 


CHAPTER 3 


Sample Examination Papers 


(For Answers see p. 208) 


Paper 1 


1. Definition of a quadratic equation. Derive a formula for the 
roots of a quadratic equation. 
2. Use the simplest technique to calculate 


(0.563 — 0.56 -0 .447)-8 = : 


3. Calculate the area of a right triangle whose hypotenuse is 
12 dm and an acute angle is 30° 


Paper 2 


1. Formulate and prove Vieta’s theorem. 


2. For what values of the variable is the expression Y 82 — 4 
meaningful? 

3. The side of an equilateral triangle is 2 dm. Calculate its 
altitude. 


Paper 3 


1. Derive a formula for factoring the quadratic trinomial az? + 
br +c, a0. 

2. Use the simplest technique to calculate the expression 2.02? — 
2°2.02-0.52 + 0.522. 

3. The hypotenuse of a right isosceles triangle is 6 cm. Find the 
legs and the altitude to the hypotenuse. 


Paper 4 
1. The function y = kz and its graph. 


-1 
2. Calculate the expression (=) +8 = +(—3). 


> —> —_> 
3. Find the sum of the vectors AB, BM and MN. 


Paper 5 
1, The function y = k/z and its graph. 


2. Solve the inequality —— > 0. 


3, Calculate the sum sin? 30° + sin? 45° ++ sin? 60°, 


Paper 6 


1. Construct a triangle being given its three sides. Formulate 
the corresponding criterion of the congruence of triangles. 
ae, pee 
2. Reduce the fraction deel ok . 
3a —6 
3. A side of a square is 8 cm. Calculate the length of the circum- 
ference and the area of the circle insrcibed in the square. 


Paper 7 


4. Construct a triangle being given its two sides and the angle 
between them. Formulate the corresponding criterion of the congru- 
ence of triangles. 

Di ae the number if 10 per cent of it constitute 1.3-12.8 + 
13-1.72. 

3. The legs of a right triangle are 0.6 dm and 0.8 dm. Find the 
sines of the acute angles of the triangle. 


Paper 8 


1. Construct a triangle being given its side and two adjacent 
angles. Formulate the corresponding criterion of the congruence 
of triangles. 

2. Prove that the expression z (x — 2a) -+ a? is equal to 4 for 
z=a-+ 2 and for z= a — 2. 

3. Calculate the obtuse angle between the bisectors of two angles 
of an equilateral triangle. 


Paper 9 


4. Formulate and prove the theorem on the properties of an iso- 
sceles triangle. 

2. Solve the equation 10z — 3.5 = 0,4 ~ 7. 

3. Find the area S,;, of a rhombus if its side is 5 cm and an acute 
angle is 60°. 


Paper 10 


1. Formulate and prove the theorem on a perpendicular and 
oblique line drawn from the same point to the same straight line. 
2. Simplify the expression 52z3/5.79.2.z1.2 and calculate its value 
or xz = 1.2. 
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3. A chord of length a = 16 cm is drawn in a circle of radius 
r= 10cm. Find the distance h between the chord and the centre 
of the circle. 


Paper 11 


1. Formulate and prove the theorem on the sum of the angles 
of a triangle. 

2. Find the values of the function y = rz? — 6|2z{|-+5 for 
x= —1, —0.5, 0, 0.5 and 1. 


3. Find the set of solutions of the inequality + > 1. 


Paper 12 


4. Formulate and prove the theorem on an exterior angle of a 
triangle. 

2. Solve the equation 5 (x — 2) + 9 = (4 + 2z) (22 — 1). 

3. Construct a circle whic Seat touch all the sides of a given 
triangle. 


Paper 13 


4. Formulate and prove the theorem on the sum of the interior 
angles of a convex polygon. 
Find an arithmetic progression with a common difference 
d = 1.5 and find the sum of its first 15 terms. 
3. The diagonal of a square d = 10 cm. Find a side of the square 
a and its area S. 


Paper 14 


1. Formulate and prove the theorem on the properties of a leg 
lying opposite an angle of 30°. 

2. Prove that’ the inequality nx? > 8 (n — 2) holds true for 
any n. 

3. Draw the graph of the function y = 6 — 2z. Calculate the 
area of a right triangle formed by the axes of coordinates and the 
graph of this function. 


Paper 15 


1, Formulate and prove the theorem on the median of a triangle. 
2. Solve the equation 2'*! = 8. 


3. Draw the graph of the function y = ze, Using the graph 
find (a) the values of y if z = 2.5, (b) the values of z if y = 6. 
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Paper 16 


4. Definition of a trapezoid. Formulate and prove the theorem 
on the median of a trapezoid. 

2. Solve the equation log (r — 3) = 2. Verify the answer. 

3. Without constructing a graph, find whether the points 
A (—0.1, —0.005) and B (—2, —50) belong to the graph of the 
function defined by the formula y = 525, 


Paper 17 


1. Definition of a parallelogram. Formulate and prove the theo- 
rem on the properties of the sides and the angles of a as as 
2. Find the set of solutions of the equation log | 22 | = 


3. Solve the equation (3-15) ~a=ii, 


Paper 18 


4. Formulate and prove the theorem on the diagonals of a pa- 
rallelogram. 


2. Solve the equation (x + 2)Vz—1=0. 
3. Construct the graph of the function y = | 2|-+ 1. 


Paper 19 


1. Definition of a rectangle. Formulate and prove the theorem 
on the diagonals of a rectangle. 
2. Solve the equation |z — 2|= 5. 


~6 .Q-4 
3. Calculate an8 


Paper 20 


1. Definition of a rhombus. Formulate and prove the theorem 
on the diagonals of a rhombus. 


a— a 
ai/2- =a aE bi/2° 
3. What is an interior angle of a regular pentagon equal to? 


2. Simplify the expression 


Paper 21 


1. The values of the sine and cosine of an angle of 30°. 
2. Simplify the expression 2 log 5— (log 3 — + log 8 : 
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3. Construct the graph of the power function y = z” for n = 1 


and n= 2 
Paper 22 


14. The values of the sine and cosine of an angle of 60° 
2. Find the set of solutions of the inequality z? > 100. 
3. Prove the congruence of the bisectors of an isosceles triangle 


drawn to its lateral sides. 


Paper 23 


1. The values of the sine, the cosine and the tangent of an angle 


of 45°, 
2. Find the domain of definition of the function y = log | z | 
3. Prove the congruence of the medians of an isosceles triangle 


drawn to its lateral sides. 
Paper 24 


1. Formulate and prove the Pythagorean theorem. 
6. 


2. Factor the expression (a — 8)? — 1 
3. Solve the inequality z? < 9. 


Paper 25 


1. Derive a formula for the area of a parallelogram. 


(0-28 _ (248 )a) (9025 5 


2. Calculate the expression 


('-5)8). 


3. An acute angle of one right triangle is 52° and that of the 
other is 38°. Are the triangles similar? 


Paper 26 


1. Derive a formula for the area of the triangle Stp= 5 
2. Construct schematically the graphs of the function y = kz, 
0 


where k >0O and k< 0. 
3. Solve the equation log (2z + 10) = 4 log 2 + log 3. 


Paper 27 


1. Derive a formula for the area of the triangle St; = > ab sin C 


2. Solve the inequality zx? (zx + 1)>0. 
3. Construct schematically the ie of the function y = k/z, 


where k >0 and k< 0. 
403 


Paper 28 


1. Derive a formula for the area of a trapezoid. 

2. Construct the graph of the function y = 27 — 1 and, using it, 
find the values of z for which y = 0, y > 0 and y < 0. 

3. Find the first and the third term of the geometric progression 


(b,) if bs = —16 and the common ratio q = 1/2. 
Paper 29 
1, Derive a formula for calculating a side of a regular n-gona = 
.. 180° 
2R °Sin “hn ry 


V2r—4 

x—i16 ° 

3. Find the set of solutions of the two-sided inequality 
5.4 </5r—2 <7.6. 


2. Reduce the fraction 


Paper 30 


1. Using the formula a, =2R sin 


” , derive formulas for 


calculating ag, a, and az. 

2. Solve the equation z* — 29x77 + 100 = 0. 

3. Use the coordinate plane to show the ih) a oll posi- 
tions of the graphs of the function y = kx + 1 if (a) k > 0 and 
1>0, (b) k <0 and 1< 0. 


CHAPTER 4 


Questions and Problems for an Oral 
Examination 


(For Answers see p. 213) 


2.37. ARITHMETIC AND ALGEBRA 


EXPRESSIONS 
Calculate (1-14) using the simplest techniques. 


1. (a) 16-125. “ (b) “a 2.5-19.5. 
2. (a) 485-2 24152 + 3, (b) 21572142. 


8. (a) 3.724 ee (b) 3472 +. 2472 — 634-247. 
4. 2.78.36.1+ 36.1-7.22 —26.1-5.64 — 26.1-4.36. 
5. 12.83— 12.8.7.22— 448.3.2. 


6. (—2<)(-<) (1) (—5) +(1—7.52 x 
(—8.47)) (0.4— 2). 


2.4°2.73 if. 7.8331 .6 
24-0.273 78.3—316 * 


artastartaort septa: 
9, (a) VY 3.132 — 3.122, (b) VY 522+ 392. 
10. VY (12.42 — 8.12) = (0.252 + 0.25- 19.95). 
11. 2a3b? (5a-+ 7b) (4a—8b) for a=2.5, b=1.25. 


(a8 -+- 2a)? 
12. at-t+-4at4 


13. V a§—a%b— ab? +b? for a=0.78, b=0.22. 
14. V/ 25a2+ 1602 + 20ab for a=0.4, b= —0.5. 


7. 3 0.26 + 


for a=1—. 
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15. When a number a is divided by a certain number, 
the quotient is b and the remainder is r. Find the divisor. 

16. Find two numbers if their sum is a and the differ- 
ence between them is Db. 

oe Find two numbers if their sum isc and their ratio 
is p/q. 

18. The set of values of x is {—28, —27, —26, .. 
o, 6}. The set of values of y is {—1, 25. = a 
—15, —16}. Find the least and the greatest value 
of x+y 


19. Taieaes a hs ele pce ae numbers 
(a) 1.7 and 1.8, (b) = — and — a : (c) — and 2, (d) —0.76 


and —0.7. 

20. One worker can do a job in two hours and the other 
can do the same job in three hours. How many hours will 
the two workers need to do the job if they work together? 

21. Half way through the journey a passenger began 
to look out of the window and continued to do so until 
the remainder of the journey was half as far as the dis- 
tance covered while he was looking out of the window. How 
much of the journey had the passenger to go? 

22. Prove that the sum of a two-digit number and the 
number written by the same digits in reverse order 
is divisible by 11. 

23. Using the rule of calculating correct digits, cal- 
culate the area S of a rectangle with sides a + 5.75 dm 
and h ~ 0.28 dm. 


PER CENT 


24. Find (a) 50% of 17, Ay 25% of 36, (c) 12.5% of 24, 
(d) 75% of 48, (e) 50% of 40. 

25. What is greater, 27% of 39 or 39% of 27? 

26. 29% of a number constitute 0.25. Find the number. 

27. On the first day the shop sold 50% of the available 
goods and on the second day, 20% of the remainder. 
What percentage of the available goods was not sold? 

28. The length of a side of a square was increased by 
090%. By how many per cent did the area of the resulting 
square increase? 

29. The length of a rectangle was increased by 20% 
and the width was decreased by 20%. How did the area 
of the rectangle change? 
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30. A person deposited a roubles in the savings bank 

at the beginning of a year. A year later the sum increased 

3%. Another year later the resulting sum increased 

by another 3%. How much will the person have two 
years later? 


POWERS AND ROOTS 


o1. Find the values of the following expressions: 
(a) 0.25.58, (b) 0.254-88, (c) 2.55-84-0.48-0.125*, 
(d ) (— 1)2"-1 (= 1)" (1). (e) 90 =e 9-1 + 2-3, 
() 2°" (32) 

32. What is greater, (a) —3? or (—3)?, (b) 0.5%*8 or 

0.53°3, (c) 118? or 119-117, (d) 117? or 115-119? 

30. Represent the numbers 2 and 9 as (a) square roots, 
(b) cubic roots. 


34. Find two natural numbers which include the num- 
ber (a) y 10, (b) 10, (c) ‘90, (d) 7130 between them. 

35. Find the value of (a) Va? ifa<0, (b) VY (a—3)? 
if a<3, (c) V (x—2)?+ V (x—4)? if 2Wax<4. 

36. Take the factor outside of the root sign in the 


following expressions: (a) VY 2522, (b) VY —36z3. 
37. Put the indicated factor under the root sign in 


the following expressions; (a) b V7 if b>0, (b) aV6 
ifa <0. 

38. What is greater, (a) 9/3 or V2, (b) 2 3/4 or 
3 AS 

39. Using the formula for the square of a binomial, 
extract a square root of the following binomials: 


(a) ¥ 3+2V2, (b) f7—4V3. 
40. Calculate (a) y/ 3—V5 ; Vy B+4Y5, 

(b) / 5+2V6 y/5—2V 6, (0) (V3+V 2—(V3—YV 9. 
41. Reduce the following fractions: (a) ss ie 
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a2—5 zr—a al/?— 51/2 
My “ee ). Sige ® ME) “Gage 
ty + 2at/?y/? 
(e) eee, 
z—y 


42. Calculate (a) y = 3zrt/5.79-6.71/2 for xg = 10, 
CP ore - 
(e) V V8V4. 
EQUATIONS AND INEQUALITIES 


43. Find the values of z if (a) |x| =3, (b) |z] <3, 
(c) |x] >3, (d) |z—3]=2, (e) ln—11<3, (f) [z+ 
21 <5, (g) |r—2] S 4. 


44. Solve the following equations: (a) oes is 1, 


xz—1 
(b) st 3= 1, (c) Vx? =3, (4) V¥*=—4, (e) V2? = 
5, (f) V =a, (2) Vy2=—y, (h) = =0, (i) EO 
0, (j) ner) <1, (k) [x] =2, (1) {2}=0.2. 


45. Solve the following equations: (a) (x-+2) Var= 


0, (b) (c+1)Vx—1=0, (c) (x—2) (x+4) Vz = 0, 
(d) 4x24 (x—1)°—5=0, (e) (2?4-7)|z—3] =0, (f) |z|= 


x, (g) r+—+=24, (h) Vtt+tT= =34, (i) 192122 


390227 +1981 =0, (j) 191777 -+ 38962 + 1979 = 0. 
46. Solve the following equations: (a) 272+ y2=0; 
(b) (t— 8)? + (y—4)?=0, (ce) (—9)?+ (2x + dy)? + 
\Qa-+y—z|=0, (d) z3+277+4+2+41=0, (ce) x3?—x=0. 
47. At what points does the parabola y= 22+ 2—6 
cut the x-axis, the y-axis? 

48. At what points does the graph of the function y = 
(c — 5) (x — 1) (22 +1) (@ + 2) cut the z-axis, the 
y-axis? 

49. Solve the equation (a) S = ah for a, (b) S 


5a sin @ for sin a, (c) S = a*h for a (a > 0), (d) S 


108 


(a, -- a,) n/2 for an, (e) S = nR* for R (R > 0), (f) V = 
nR*h/3 for R (R>0), (g) S = vo + gt for vo and ¢, 
(h) n = me (T — t) for each of the variables m, c, T 
and f. 


09. Solve the following inequalities: (a) z2?>0, 
(b) x?2?< 0, (c) wv > O, a agi (e) a 


(f) (x—2)2(@+ ) 
(i) Vc>—14, (j) _—— 


Te0t <0, 


FUNCTIONS AND GRAPHS 


51. Find the inverse functions of the following func- 
tions and construct their graphs in the same system of 
coordinates: 

(a) y = 22 — 3, (b) y = 4 — 2z. 

52. Construct the graphs of the following functions: 
(a) y= 2, (b) y = (@— 2); (c) y= 2e + (x + 1), 
(qd) y=sin?r+cos*z, (e-) y=l|[z/|+1, (f) y= 
z/|z|, (gg) y=ri|z], (hb) lyl=2z+t+t. 

. Draw a quadrilateral whose vertices are the points 
of intersection of the straight lines y=2x+2, y = 
x — 2, y=—r+2 and y = —xz — 2. What kind of 
a quadrilateral is this? 

54. Given that the graph of the function y = ax + 4 
passes through the point (—2, 5), find @ and construct 
the graph. 

50. The graph of the function y = z® was transferred 
(a) three units downwards, (b) four units to the right, 
(c) three units downwards and four units to the right. 
What will the equation of each of these graphs become? 

56. Draw the graphs of the following functions and 
find their greatest and least values: 


(ay = (x + 3)*, (bby = 7 — 2’, (c)y = 2? + 22 — 38, 

o7. Using graphical means, solve the equations (a) z* = 
z+ 2, (b) 2 = |2z]|, (c) Vx =6—-c. 

58. Using graphical means, solve the following simul- 
taneous i elena 


ee aa a ie aa 
2x — y = 0, 2x —y = 0, 0.52 —y = 0. 
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09. Solve the following simultaneous equations: 
(a) ae (b) aly (c) Seren 
x+2y=4, 2x — 3y = 1, 22 + 3y = 13, 
(d) | ine 
(x—y+2)?+2=7. 
_,60. On a coordinate plane find the set of points whose 
coordinates satisfy the conditions (a) (x — y) (y + x’) = 
aN f — 2) (x? + y*) = 0, (c) (@ + y — 1) ((@ +)? + 
yo) = ¥. 
PROGRESSIONS 


61. 1. An arithmetic progression begins with a,b, ... 
Find its next two terms. 

2. A geometric progression begins with b, b®, .... 
Find its next two terms. 

3. Given the second term a, = m and the third 
term a, =n of an arithmetic progression, find a. 

62. 1. The second term of a geometric progression 
b, = mand the third term 0, = n. Find the first term 0. 
2. Given that 28 + 26+ ...+<2=0, find the 
number of terms on the left-hand side of the equation. 
What does the last term z equal to? 

63. Find the 15th term of the arithmetic progression 
(a) 1+V3,14+3Y73,14+5Y/V3,..., (b) V2—4, 
V2 4.02 Speeds 

64. Given the numbers / 2 and 3 Y 2, insert between 
them a positive number such that the three resulting 
numbers be successive terms of a geometric progression. 

65. A geometric progression is defined by the formula 


for the nth term: (a) b, = 5-2"-1, (b) b, = 5(5) 
Find b,-; and by, 4,. 


LOGARITHMS 


66. Given 10* = 3, find (a) 10**1, (b) 10-*, (c) 10*-?, 
(d) 107°. 
67. For what values of zx do the following expressions 


have sense: (a) log (—z), (b) VY —z, (c) log (4 — 2), 
(d) Via, (@) log Va", (f) V2 (@) iogg> (h) Fe? 
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68. Are the following expressions meaningful: 
(a) V log 0.1, (b) log Y 0.4, (c) log cos 0° 

69. Calculate (a) 10!%%, (b) 10!0e? + 10loes, 
(c) 10!og 2+log 3, (q) {Oleg 2#2, (e) 10loe 2 + 107, (f) 10log 3-}, 
(g) 10!0g 3 +. 10-1, (h) 10-l08 2, 

70. Do the numbers log 0.01, log 1, log 100, log 10 000 
form an arithmetic progression? 

71. Solve the following equations: (a) log? x = 1, 
(b) log x? = 1, (c) log?a? = 1, (d) 10! ** + 2? = 8. 

72. Construct the graphs of the functions (a) y = 
1Oloe x, (b) y = 100s =, 

73. Given that log a = 0.1, calculate (a) log (10a), 


(b) log as (c) log =, (a) log a, (e) log? a. 


2.38. GEOMETRY 


74. The distance from point A to point B is 10 km, 
and that from B to point C is 6 km. What are the greatest 
and the least distance from A to C? 

75. Draw two rays AB and CD, so that their inter- 
section is (a) a line segment AC, (b) a ray CD. 

76. Given three points A, B and C such that | AB | + 
|BC| = |AC |, | AC | =a. Find the distance between 

the midpoints of the segments AB and BC. 

77. How many different line segments can be defined 
by four points taken pairwise? 

78. Given a circle (O, r), find the figure which is 
formed by the set of all points X of a plane for which 
(a) |OX | <r, (b) |OX |<r, ()O<|OX|<r. 

79. The diameter of a circle is 5 cm larger than its 
radius. What is the diameter equal to? 

80. A straight angle is divided into three equal parts. 
Prove that the bisector of the middle angle is perpendicu- 
lar to the sides of the straight angle. 

81. Can the difference between two adjacent angles 
be equal to 90°? 

82. Can the sum of two vertical angles be equal to 180°? 


“~™N 
83. Calculate the convex angle ABC if ABD = 72° 


SoS 
and CBD = 40°. Consider all cases. 
84. Given a point A on the circumference of a circle, 
construct a chord whose endpoints are at the same dis- 
Lance from that point. 
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85. The coordinates of the points A and B of a straight 
line are equal to —2 and 95 respectively. What can be the 
coordinates of the point C of the line AB if it is known that 
the point C lies between the points A and B; the point C 
does not lie between A and B? What is the length of the 
segment AB? 

86. Prove that the line segment connecting the vertex 
of a triangle with any point of its base is smaller than half 
the perimeter of the triangle. 

87. Draw two figures whose union is a circle and inter- 
section is a triangle; whose union is a triangle and inter- 
section is a circle. 

88. How many axes of symmetry can (a) an angle, 
(b) an isosceles triangle, (c) an equilateral triangle pos- 
sess? 

89. Given a right triangle, construct a triangle which 
is symmetric with respect to it about a straight line con- 
taining the hypotenuse. 

90. Given an isosceles triangle, construct a triangle 
which is symmetric with respect to it about the midpoint 
of a lateral side. What are the positions of the sides of 
the resulting quadrilateral? 

91. In the quadrilateral ABCD (Fig. 65) | AB | = 


AN aN 
| BC | and BAD = BCD. Prove that | AD | = | DC |. 


A D 
Fig. 65 Fig. 66 


92. 1. Why is the hypotenuse of a right triangle larger 
than its leg? 
2. Can a lateral side of an isosceles triangle be 
equal to a half of the base? 


412 


93. A point X is taken in the interior of the triangle 
ABC. Prove that the sum of the distances from this point 
Lo the vertex of the triangle is larger than the sum of the 
distances from that point to the sides of the triangle. 

94. Given an obtuse triangle ABC, construct the pro- 
jections of its vertices and sides onto the straight lines 
AB, BC and AC. 

95. We are given a circle (O, r) (Fig. 66). Points A 
and B lie on its circumference and a point ™M lies outside 
of it, the points M, A and O lying on the same straight 
line. Prove that | A7JA |< | MB |. 

96. A point A lies on the circumference (O, r). How can 
a tangent be drawn through this point and why is this 
tangent unique? 

97. We are given congruent triangles ABC and DEF. 
It is known that [AB] = [DE], [AC] = [DF]. Prove that 
the bisector BA is congruent to the bisector EL (K € 
[AC], L € [DF]). 

98. Is the following statement true: “In two triangles 
congruent sides lie opposite congruent angles”? 

99. Why is at least one angle of a scalene triangle not 
larger than 60°? 

100. 1. Why is the exterior angle of a triangle larger than 
each interior angle not adjacent to that exterior angle? 

2. Can an exterior angle of a triangle be smaller 
than its interior angle? 

3. A point M is taken inside the triangle ABC 
and is connected to the vertices A and C. Prove that 


an an 
AMC > ABC. 

101. Can the bisectors of two angles of a triangle be 
mutually perpendicular? 

102. Prove that if a leg of a right triangle is equal to 
a half of the hypotenuse, then the angle lying opposite 
that leg is 30°. 

103. An angle of a right triangle is 30° and the hypo- 
tenuse is 8 cm. Find the line segments into which the 
altitude drawn from the vertex of the right angle divides 
the hypotenuse. 

104. Why does an acute angle always lie opposite the 
smaller side of a triangle? 

105. The vertex angle of an isosceles triangle is a. 
The length of a lateral side exceeds that of the base. 
What is the range of variation of the angle a? 
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106. The larger angle lies opposite the larger side of a 
triangle. Is there a direct proportionality here? 

107. The legs of a right triangle are a and b. Perpen- 
diculars are drawn from the midpoint of the hepotenuse 
to the legs. Find the perimeter of the resulting quadri- 
lateral. 

108. Two altitudes 6 cm long are drawn in an equi- 
lateral triangle. Find the projection of one of the alti- 
tudes onto the other. 

109. Can the sum of the angles of a convex polygon 
be equal to a hundred right angles? 

110. Why are the diagonals of a parallelogram, which 
is different from a rectangle, not congruent? 

141. An angle of a parallelogram is 30°. What is the 
angle between its altitudes equal to? 

112. The smaller side of a rectangle is a. What is its 
perimeter if the bisector of one of its angles bisects the 
larger side? 

113. Is there a rectangle which the diagonals divide 
into four equilateral triangles? 

114. Is the straight line which contains a diagonal 
of a rectangle its axis of symmetry? 

115. Is there a rhombus in which (a) a diagonal is 
congruent to a side, (b) an altitude is congruent to a side, 
(c) a diagonal is equal to double its side? 

116. Can a diagonal of an isosceles trapezoid be con- 
gruent to its leg? 

117. Can one of the diagonals of a trapezoid be (a) the 
bisector of the angle at the smaller base, or (b) the bisector 
of the angle at the larger base? 

118. Enumerate the common properties of a trapezoid 
and a parallelogram. 

119. Does a trapezoid have (a) an axis of symmetry, 
(b) a centre of symmetry? 

120. Can the median of a trapezoid pass through the 
point of intersection of its diagonals? 

- 121. We are given two parallel line segments. Can we 
consider them to be homothetic? How many centres of 
homothety do they have? 

122. The diagonals of a parallelogram divide it into 
four triangles. Find pairs of homothetic triangles among 
them. What is the homothetic ratio equal to? 

123. A circle is circumscribed about an equilateral 
triangle and a circle is inscribed in that triangle. Where 
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does the centre of similitude of these circles lie? What 
is the homothetic ratio equal to? 
124. Given [AB] 1 [BC], [BD] 1 [AC] (Fig. 67), 
find similar triangles and prove that they are similar. 
125. In the triangle ABC (Fig. 68) a line segment BD 


D Cc iB C 


Fig. 67 Fig. 68 


“NW oN 
is drawn such that ABD = BCA. Find a pair of similar 
triangles and write the proportionality of their corre- 
sponding sides. 
126. A circle is circumscribed about the triangle ABC 
(Fig. 69). The bisector of the angle A cuts the side BC 
at a point D and the circle 


at a point Z. Prove that the B 
triangle ABE issimilar to the \ 
triangle ADC. \\ . 


127. What is the condition 
for the similarity of rhombi? an 
128. The legs of a right tri- a 


angle are 6 cm and 8 cm. © 
Find the median drawn to the 
hypotenuse. 

129. An altitude 4 cm long Fig. 69 
is drawn from the vertex of 
the right angle of a right triangle. One of the resulting 
segments of the hypotenuse is 8 cm. Find the diameter of 
the circle circumscribed about the triangle. 

130. Find the area of a right triangle if the radius of 
the circumscribed circle is 3 cm and the altitude drawn to 
the hypotenuse is 2 cm. 

131. The base of an isosceles triangle is 24 cm and its 
lateral side is 15 cm. A student made an error in the cal- 
culations since he considered the area of the triangle to 
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be equal to half the product of the base by a lateral side. 
By how many per cent is the resulting area larger than 
the true one? 

132. What is the simplest way of dividing any triangle 
into any number of triangles of equal areas? 

133. An altitude BD (D €[AC]) is drawn in the tri- 
angle ABC. A point M bisects that altitude. Find the 
area of the triangle A MC if the area of the given triangle 
is 1 dm’. 

134. A median BD (D € [AC]) is drawn in the triangle 
ABC. A point M bisects the median. Find the area of the 
triangle AMD if the area of the given triangle is S. 

135. A lateral side of a triangle is divided in the ratio 
1:3 (reckoning from the vertex) and a straight line is 
drawn through the point of division parallel to the base. 
Find the ratio of the area of the cut-off triangle to the 
area of the given triangle and that of the area of the cut- 
off trapezoid to the area of the cut-off triangle. 

136. Is there a regular polygon in which the interior 
angle and the central angle are congruent? 

137. We are given a regular hexagon each of whose 
vertices is connected to the centre by a line segment. 
Indicate pairs of triangles which are symmetric about 
the larger diagonal and pairs of triangles symmetric 
about the centre of the triangle. 

138. Three points divide a circle with the radius of 
4 dm in the ratio 1: 2:3. Calculate the lengths of the 
chords which successively connect these points. 

139. The legs of a right triangle are 3 cm and 4 cm. 
Find the lengths of the circumferences and the areas of 
the circles constructed on the hypotenuse and the legs 
(the hypotenuse and the legs serve as diameters). 

140. The legs of a right triangle are 5 cm and 12 cm. 
Find the sine and cosine of the larger acute angle. 

141. In the acute-angled triangle ABC A = 40°. 
The altitude CD divides the side AB into segments 
[AD |=m and |DB|=n. Find (4) tan B, and 
(2) sin B. 

142. In the acute-angled triangle ABC the altitude CD 
(D € [AB]) makes angles a and f with the sides CA and 
CB. Calculate | AD |, | BD |, | AC | and |CB| if 
| CD | = 1. 
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143. An altitude CD is drawn to the hypotenuse AB 
of the right triangle ABC. Prove that (1) the ratio of 


similitude of the triangles ACD and BCD is tan B, (2) the 
ratio of similitude of the triangles ACD and ABC is 


sin B, and (3) h = 2. where a and 0 are the legs, c is 


the hypotenuse, and hf is an altitude drawn to the hypo- 
tenuse. 


CHAPTER 5 


More Difficult Problems 


(For Answers and Solutions see p. 227) 


1. Use the simplest technique to calculate 


(a) 5932-6001 — 69 (b) 204-399 — 145 
5932 -+ 60001-5931 ° 399-253 + 254 


2. Prove that the sum of three successive powers of 
the number 2 is divisible by 7. 

3. Prove that when the square of an odd number is 
divided by 8, the remainder is unity. 

4. Prove that (a) m® + 11m, where m € N, is divisible 
by 6. (b) n® + 3n? + 8n, where n € N, is divisible by 6. 


a b c 


5. Prove that if —- = art then a= b= ce. 


6. What is the smallest number by which 2100 must 
be multiplied for the resulting product to be an exact 
cube of some number? 

7. Calculate (a) 24 + y* — a3y? — wy? + 16zy if x + 
y = 2, (b) 2® — 122* + 1223 — 122? 4+ 127 —1 if te = 
11. 


8. Calculate the following sum: oy taptagtegt 
1 1 1 1 
qx 90 to tar 
9. Prove that the value of the expression ¥ 146V 2+ 
y 141— 6) 2 is a natural number. 
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10. Simplify the following expressions: (a) // 44+ 15+ 


V4—-Vis— f12—4V5, (b) V24+V3x 
V24 V2tVs- 2+ V 24 V2eVs x 
ViaVEVERT, w (VOFaVES 
V/24V5) + i/2-V5, (4 744V34 
V/ 2+V3./2-V3. 

11. Remove the root signs in the denominator of the 


4123 
V6—V3+V 2-1 
12. Transform the following expressions: 


(a) V 22+62494 V 229-22 414)V 224 142 + 49, 
(b) V/ a+2Va—-14 yf a—2V at for 1<a<2. 


fraction 


13. Simplify the expression (+s _ yas) x 
( Va+Vb i 


a—b 


14. Find the value of the expression Waa © 


4 4 4 

VatVs Varva T VepyV io 

15. Prove the identity a® + 6? + c? = 3abe if it is 
known that a+ b+c=0. 

16. Factor a® + b® + c? — 3abe. 

17. Prove that the equality a? + b* +c? =ac + 
bec + ab implies that a= b=c. 

; 4 4 4 

18. Solve the equations (a) ioe Ge ae 

(b) x (x+1)(2+ 2)(% + 3) = 5040, (c) (x? — a)? = 4ax +1, 
— v7 1 

(dd) Vr—1+Vre=—. 
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19. Find z, y and z from the equation 
x? + y? +. 0.2522 — Qa + Qy—z+3=0. 
20. Find z and y from the equation 


a2 + y2+10=-2YV 224+4Y 2Qy. 
21. (a). Solve the equation zy = x + y in integers. 
(b). Find several pairs of positive numbers the sum 

of which is equal to the product. 

22. Prove that the equation 2x? +- y? = 1983 has no 
solutions in integers. 

23. Solve the equations je—2]/+|[e4—4] =8, 
(b) (x + 1) (Jz]— 1) = 1/2 

24. Solve the equations (a) x? (x — 2)? + 273 — 1122 + 

1 4 x x* x 

20x —12=0, (b) 7 e+i-—=0, (c) a a = 
be, where ab?+1=0, abc +0. 

25. Find (a) the domain of definition of the function 


4 re 
Y= Boe (b) the domain of variation of 


: xzr—3 
the function y=: 
26. Solve the following simultaneous equations: 
{! z| + 3y = 7, 
2x ++ly—1|=3. 


27. We have five locks and 5 keys to them. How many 
trials must we make in the least favourable cases to 
establish the correspondence between the locks and the 
keys? 

28. The entrance fee to the stadium is 14 rouble and 
90 kopecks. When the price of a ticket was lowered, the 
number of spectators increased by 50 per cent and the 
box-office returns increased by 25 per cent. How many 
kopecks cheaper did a ticket become? 

29. The cost of twenty-five oranges in roubles is equal 
to the number of oranges that can be bought for a rouble. 
How many oranges can you buy if you have three roubles? 

30. A bar of silver and zinc alloy with the mass of 
3.0 kg contained 76 per cent of silver. It was alloyed with 
another bar and the resulting bar, whose mass was 
10.5 kg, contained 84 per cent of silver. What percentage 
of silver did the second bar contain? 
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31. We have two alloys of gold and silver. In the first 
alloy the amounts of these metals are in the ratio 2/3 
and in the second they are in the ratio 3/7. What amount 
of each alloy must be taken in order to obtain eight kilo- 
grams of a new alloy in which gold and silver would be 
in the ratio 5/14? 

32. An alloy consists of two metals, zink and copper, 
which are in the ratio 1/2, and another alloy consists 
of the same metals in the ratio 2/3. How many parts of 
each alloy must be taken to obtain a third alloy which 
would contain the same metals in the ratio 5/8? 

33. One motor-cyclist left A for B and travelled at 
a speed of 60.9 km/h. Two hours later another motor- 
cyclist left A for B and travelled at a speed of 40.6 km/h. 
How long will it take the first motor-cyclist to cover 
the way from A to B if the second one arrived at B seven 
hours later than the first? 

34. 1. A car travelled from A to B at a speed vy, = 
60 km/h and travelled back at a speed v. = 40 km/h. 
What is the average speed of the car? 

2. Find the speed of the train being given that it 
needs five seconds to pass by a stationary observer and 
twenty seconds to pass by a station platform 420 m long. 
What is the length of the train? 


[z| + 3y=7, 
24+ \|y—1|=3. 
36. Prove the inequalities (a) 384> 251, (b) 38303 > 
57202, 
37. Prove the following inequalities (a) a?+6?+ 


c2 => ab-+be-+ae, (b) Ta <F (c) at+b2 4 2&4 


30. Solve the simultaneous equations 


24 ¢2 si es 3. 

d*+ e? > ab+ac+ad+ae, (d) 1+ ya" va >YV 3; 
a?+5 ; 

te) V a?+4 os 

38. Prove that if a >b>c>O0 and a, 6 and ¢ are 
three successive numbers of an arithmetic progression, 
then (a) a? + c? > 26%, and (b) a? +c? > 28%. 

39. Prove that if the values of the angles of a convex 
pentagon form an arithmetic progression, then each 
angle is larger than 36°. 
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AQ. Mind the domain of definition of the function 
y Va bV8—24+ V2? — 4z. 

41. Solve the inequality x? (27 —3) (#7 — 2zx+5)>0. 

42. Solve the inequalities (a) 2x22 — 3/7] +2<0, 

xr—2 


(b) |e+2/> Iz], and (c) | 255 \>4. 
43. Find the least value of the function y = yee} 
—Zz 
a 
Vite 


44. Construct the graph of the function defined by the 
formula (a) y =a? —2|2]| and then use graphical 
means to solve the inequalities x? -——2|z]>O and 
a—2|x24|<0, (b) y=a?—3]x]+2 and then 
use it to solve the inequality 42 (a). 

45. Construct the graphs of the functions (a) y= 


sin? log z+ cos? log x, (b) 1 oleate 67 a (c) y= 


VY t+2Va—-i+ Vf *-2Ve-1, where x€[1, 2]. 


46. Construct the set of points of a plane whose coor- 
dinates satisfy the equations (a) |z|+|y]= 2, 
(b) a? + y? = 0.251% /* , (c) e24y? — ?#} — y? +1 = 0, 
and (d) 2? + y® — 2zy — zy — zy® = 0. 

47. Construct the set of points of a plane whose coor- 
dinates satisfy the following simultaneous inequalities 

oz +y <3. 

48. Solve the equations (a) log? xc? = log 1000, 
(b) log x? + log (—z) = 3. 

49. Find the values of x for which the following equ- 
ations hold true: (a) Va=a, Vx>a2, Ve<z, 


(b) log VY x= Y log z, log VY x>YV log x, log V x < V log z. 
50. In the triangle ABC, where | AC | = 2 m, an 
altitude BD is drawn (D €[AC]), | BD | = VY 2 m, with 
| AD | = | BC |. Find the length of the side AB. 
51. In the triangle ABC |AB|=6m,|AD|=4m 
and | BC | = 4m. Find the altitude | CD | (D € [AB]) 
and the area of the triangle. 
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52. A point D is the midpoint of the hypotenuse AB 
of a right triangle ABC. The perpendicular bisector 
of [AB] cuts the leg AC at a point M and the extension 
of the leg BC at a point N. Find |AB| if |DM |= 
a and | MN | = b. 

53. In the trapezoid ABCD the base AD is 2 m long, 
and the base BC and each of the nonparallel sides AB 
and CD are 1 m long. Find the length of the diagonal of 
the trapezoid. 

54. In the rectangle ABCD | AD | = aand|AB|= b 
(a > b). A point M is taken on the side AD such that 
ZBMA =ZCMB. Find | MD |. 

55. A point M is taken on the chord AB of a circle 
with centre at O (|AM|=+~|MB 1). A circle drawn 
through the points A, M and O cuts the first circle at 
the points A and C. Prove that | MB |= | MC |. 

56. There is an internal tangency between two circles 
at a point A. The line segment AB is a diameter of the 
larger circle. The chord BD of the larger circle touches 
the smaller circle at a point C. Prove that AC is the 
bisector of the angle BAD. 

57. A common external tangent BC is drawn to two 
circles O and O, which touch each other externally at 
a point A (B and C are the points of tangency). Prove that 


LN 
BAC = 90°. 

58. In the trapezoid ABCD the nonparallel sides AB 
and CD are 8 cm and 10 cm respectively and the base BC 
is 2 cm. The bisector of the angle ADC passes through the 
midpoint of the side AB. Find the area of the trapezoid. 

59. In the trapezoid ABCD the nonparallel sides AB 
and CD are perpendicular. Prove that the sum of the 
squares of the diagonals of such a trapezoid is equal 
to the sum of the squares of its bases. 

60. The bisector CD of the triangle ABC (D € [AB]) 
cuts the circumscribed circle at a point &. Prove that 
| AC |-| BC | = | CD |-| CE |. 

61. Prove that the sum of the distances from any point 
taken on a side of an equilateral triangle to its other two 
sides is a constant quantity. 

62. The centre of the circle inscribed in a right-angled 
trapezoid is 8 cm and 6 cm apart from the endpoints of 
a leg. Find the altitude of the trapezoid and its perime- 
ter. 
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63. The base AD, the diagonal AC and the leg AB 
of the trapezoid ABCD are 2 cm each. The leg CD is 
1 cm. Find the length of the diagonal BD. 

64. 1. The bisectors AD and CE (D € [BC], E € [AB]) 
which meet at a point O are drawn in the triangle ABC 


whose angle B is 60°. Prove that |OD | = | OF |. 
2. The bisectors AD and CE of the triangle ABC 
meet at a point O. The points B, D, O and E lie on the 


same circle. Prove that B = 60°. 

65. AC and BD are the diagonals of the trapezoid 
ABCD. A perpendicular BE (E € [AC]) is drawn from 
the vertex B to the diagonal AC, | BE | =1 m, and 
| AC | = 2 m. Find the area of the triangle BCD. 

66. The altitudes AF and BK, which meet at a point O, 
are drawn in the triangle ABC. Prove that the vertex C 
lies on the circle which passes through the points F, 
O and K. 

67. 1. Prove that in the triangle ABC, where a and b 
are the sides, the following relations hold true: 


(a) S< SE” and (b) Sc EY 

68. Prove that if the areas of an equilateral triangle 
and a square are equal, then the perimeter of the triangle 
is larger than that of the square. 

69. The sides of the triangle ABC are a, b and c long. 
It is known that c®? = a? + 65°. Is the angle C acute, 
right, or obtuse? 

70. Find the angles of the triangle if its area S can be 
expressed in terms of the lengths of its sides a and b 


by the formula S = (a? + 6%). 
71. The vertices of a regular triangle with a side a lie 
on three parallel straight lines, which are p and q apart 


(p q). Prove that a >2Y pq. 
72. Prove that in any triangle the radius # of the cir- 
cumscribed circle can be calculated from the formula 


R= a where a, b and ¢ are the sides of the triangle 


and S is its area. 

73. Being given several triangles two of whose sides 
are a and b long, prove that the triangle whose given 
sides are perpendicular has the greatest area. 
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74. Prove that in any triangle a smaller altitude corre- 
sponds to the greatest side. 

75. In the trapezoid ABCD the leg CD is equal to a 
and the distance from the midpoint of AB to CD is 6. 
Find the area of the trapezoid. 

76. Prove that the perpendicular drawn from the mid- 
point of the segment which connects the feet of two 
altitudes of the triangle bisects the third side. 

77. 1. Find the area of the triangle ABC in which 


C = 90°, | AB | =e and A = 19°. 

2. An acute angle of a right triangle is 15°. Prove 
that the product of its legs is equal to the square of a half 
of the hypotenuse. 

78. In the rectangle ABCD | AB | ~—|8C|=1 +2. 
From a point M taken on the side BC the sides AB and 
AD can be seen at the same angle. Find the angles. 

79. The diagonals partition a trapezoid into four tri- 
angles. Find the area of the trapezoid if the areas of the 
triangles adjacent to the bases of the trapezoid are S, 
and So. 

80. Altitudes BD and AE (D E€[ACI], E €I[BC]) are 


drawn in the triangle ABC. Given that A =a and 


B = 8, find the angles of the triangle DEC. 

81. We are given a square and a rectangle, the dia- 
gonals of the square being equal to those of the rectangle. 
The area of which figures, a square or a rectangle, is larger? 

82. Calculate the angles of an isosceles triangle if the 
bisector of the base angle cuts off a triangle which is 
similar to the given triangle. 

83. A median m, is drawn from the vertex of the tri- 
angle ABC, where | AB |=c. Establish the relation- 
ship between m, and c if the triangle ABC is right-angled, 
acute-angled, obtuse-angled. 

84. Two parallel chords are drawn in a circle of ra- 
dius r, the distances from the chords to the centre of the 
circle being d and 2d. 

1. Express the lengths of chordsa and b in terms 
of d and r. 

2. For what ratio of d and r are the lengths of the 
chords proportional to their distances from the centre? 

85. Prove that if the sides of a right triangle form an 
arithmetic progression, then the common difference of 


125 


the progression is equal to the radius of the circle in- 
scribed in the triangle. 

86. Prove that the radius of a circle inscribed in a tri- 
angle is smaller than a half of each of its altitudes. 

87. Prove that in a right triangle a+b<c+h,, 
where a and 0b are legs, c is the hypotenuse, and h, is an 
altitude drawn to the hypotenuse. 

88. The lengths of the sides of the triangle ABC are 
a, b and c. It is given that c? = a® + b°. Is the angle C 
acute? right? obtuse? 

89. A point M taken inside an angle of 60° is 2 cm and 
14 cm apart from the sides of the angle. Find the distance 
from the point M to the vertex of the angle. 

90. The distance between the feet of two altitudes of a 
rhombus drawn from one vertex is half the larger diagonal 
of the rhombus. Find the angles of the rhombus. 

91. An isosceles trapezoid with an acute angle a 
is circumscribed about a circle, the angle between a base 
and a diagonal of the trapezoid being f. Prove that 


sin a = tan B. 


Answers, Hints and Solutions 


CHAPTER 1 
SECTION 1.4 


1. (a) The intersection of the sets A and B is a new set containing 
those and only those elements which belong both to the set A and 
to the set B. The intersection of the sets A and B is designated as 
A (|B. Examples: 


{a, b, c, d} 1) {c, d, e, f} = {c, d}, {41, 2} N {3, 4} = @, 
{5, 6, 7} N {5, 6, 7} = {5, 6, 7}. 


The intersection of two figures is a figure consisting of all those 
and only those points which belong to each of the figures. 

(b) The union of two sets A and B isa set consisting of all ele- 
ments which enter into at least one of the given sets. The union of 
the sets A and B is designated as A U B. For example, A = {a, 
b, c, d, e, f}, B = {a, g, h, f}, A UB = {a, b, c, d, e, f, g, h}. 
The union of two figures is a figure consisting of all those and only 
those points which belong to at least one of the given figures. For 
so the union of two adjacent angles is a_ straight 
angle. 

2. E= {A4, 2, 3, 4, 6, 12}, F = {4, 2, 3, 6, 9, 183, EA 

= {1, 2, 3, 6}, EUF = (1, 2, 3, 4, 6, 9, 12, 18}. 3.4 = 
{0, 1, 2, 3, 4}, B = {-—1, 0, 1, 2}, A UB = {-4, 0. 4, 2, 3, 


SECTION 1.2 


5. The numbers used to count objects are known as natural 
numbers. The setN = {4, 2, 3, ...} of all natural numbers is 
infinite and is known as a natural scale. 

6. If a + b =c, then a and b are summands, and c, as well as 
a-+ b, is a sum. 

If a — b = c, then a is a minuend, b is a subtrahend, and c, as 
well as a — b, is the difference. 

If a-b = c, then a is a multiplicand, b is a multiplier, c, as well 
as a:b, is a product; a and Db are also called factors. 
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If a ~ 6 = cc, when a is a dividend, b is a divisor, and c, as well 
as a — b, iS a quotient. 

7. (a) To find the unknown summand, we must subtract the 
known summand from the sum, i.e. ifz + a = b, thenz = b —a, 
(b) to find the unknown minuend, we must add the subtrahend to 
the difference, i.e. if y —c = b, then y = b + c¢, (c) to find the 
unknown subtrahend, we must subtract the difference from the 
minuend, i.e. if a — z= b, then z = a — b, () to find the un- 
known multiplier, we must divide the product by the known mul- 
tiplier, i.e. if az = b, then x = b ~ a, (e) to find the unknown di- 
vidend, we must multiply the quotient by the divisor, i.e. if y + 
a = b, then y = ab, ({) to find the unknown divisor, we must 
divide the dividend by the quotient, i.e. if a ~— z=), then z = 
ab. 

8. (a) The last operation on the left-hand side of the expression 
is division. The unknown is a component of the dividend. It is equal 
to the divisor multiplied by the quotient, i.e. (2x — 18) 15 + 
120 = —4-45. Now we have (2x — 18) 15 = —180 — 120, (22% — 
18) 145 = —300, 2z — 18 = (—300) + 15, 2x = —204 18, z= 
—1, (b) 112 — (96 — 3z) 4 = —208 ~ 2, (96 — 3z) 4 = 112 + 
me 6— 3x = 216 —~ 4, 3x1=—96— 54, 32 = 42, x= 
14. 
9. (a) 4266, (b) 82, (c) 0, (d) the expression is meaning- 
ess. 

10. (a) (1282 + 1348) + (247 + 353) + 800 = 2600 + 600 + 
800 = 4000, (b) (25-4)-(8-125)-13 = 1 300 000, (c) 25-3-25-4-4 = 
(25-4)-(25-4)-3 = 30 000, (d) (164 -+ 139)-27 = 8100. 

41. (a) (200 + 40 + 8)-5 = 200-5 + 40-5 + 8-5 = 1240, or 
248 — 2-10 = 1240, (b) 244 ~ 4-100 = 6100, (c) 72 + 4-1000 = 
18 000, (d) 35-(40 — 1) = 350 — 35 = 315, (e) 34-(10 +1) = 
374, (f) 17-(400 + 1) = 1717. 

2. A prime number is a number which has only two divisors, 
unity and the number itself. Thus the set of prime numbers of 
the first ten numbers is {2, 3, 5, 7}. A composite number is a num- 
ber which has more than two divisors. 

13. Numbers which have no other natural divisors in common 
besides unity are said to be coprime numbers. For example, 3 and 8, 
9 and 25 are coprime numbers. 

14. The numbers 678, 1980 and 719 820 are divisible by 2, the 
numbers 678 (6 + 7 + 8 = 21), 1980 and 719 820 are divisible 
by 3, the numbers 1980, 65 425 and 719 820 are divisible by 5, the 
numer 1980 (1+9+8-+ 0 = 18) and 719 820 are divisible 

y 9. 

15. The least common multiple of two or several numbers is the 
least of the natural numbers which is divisible by all given num- 
bers. For example, the least common multiple of the numbers 9 
and 42 is 36. This number can be obtained by successively mul- 
tiplying the larger of these numbers, 12 by 41, 2 and 3 until the 
resulting product (36) becomes divisible by 9. 

16. The least common divisor of several natural numbers is 
unity, the greatest common multiple of natural numbers does not 
exist. Indeed, however large a common multiple may be, we get 
anew common multiple larger than the preceding one by multiply- 
ing it, say, by 2. 
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SECTION 1.3 


17. Two fractions a/b and c/d are equal if ad = bc. For example, 
2/4 = 3/6 (since 2-6 = 3-4), —1/2 = —5/10 (here (—1)-(10) = 
2(—5). 

18. If|a|<]|0bd|. 

19. A mized number is a sum of an integer and a proper fraction; 


it is written without the summation sign, for instance 3 er 


1 5 5) 
oy ’ 4gattre. 


20. If we multiply or divide the numerator and the denomina- 
tor of a fraction by the same nonzero number we obtain a fraction 


a am , : 
equal ito the initial fraction, i.e. aes if m = 0. Reduction 


b 
of fractions is based on this property, i.e Eee ee 
yo" 40 2 ” 100 
7 , ag well as reduction of fractions to a common denomi- 
: 2 8 3 9 
nator, 1.e. —= 


3 12’ 4 42° 
21. Two numbers whose product is unity are known as mutually 


inverse. For example, 5 and 41/5, a/b and b/a are numbers inverse 
to each other. 


22. To add fractions with different denominators, we must 
first reduce them to a common denominator (better to the least 
common denominator) and then add the resulting fractions with 


30° 380°—i*B ' 

23. A product of fractions is equal to a fraction whose numerator is 

equal to the product of their numerators and the denominator is equal 
io the product of their denominators. 


Remarks. 1. We must first reduce fractions wherever possible, 


4 18 4-48 8 3 
and then multiply them, for example, 7 °S = 95-5715 : 
2. When multiplying an integer by a fraction, it is sufficient 
to represent the integer as a fraction with the denominator 
7 _ 7 —6_ 7-(—6) 
equal to unity, for example, 7 (—6)= ar aaa ee 
—14 2 
ag ee 
24. To divide a fraction by a fraction, we must multiply the 


dividend by the inverse of the divisor, for example, = as a= 


9 15 9-45 27 3 a ee 
Ss 58 8° 8 * Gee? 5 oe 
2 —3 3 
— ee 45, | 

3 4 2 + 


9—0730 429 


6 6 
10-4 20 8 83 2 1 135-2 3 
spo pg tHH=ne a: © (Ss-S7) a= 
1 3 1 3 46:3 23 7 
(25 5 10)-3=15 > 167346797" 3" (c) the numerator 
of the fraction is 3 ay the denominator is 6s, hes oe 65s : 
) 3) 65 
3 2 
(d) (4) 2 254+ =: -5= 13, (2) 38 5=3-5+ — -5=—17, 
4 il 11 
(3) 18-+17=30, (4) 30—15 72 = 14 15° (5) 14 Fe: -45= 14-15 + 
11 3 4 1 2 
BEA OS saz MI s=z.O 78 
2-14 1 4 141 
3.8 [3 (9) 221 — 75 = 22075. 


26. To add decimal fractions, we must (1) make the number of 
decimal places in the summands equal, (2) write the summands under 
one another so that the decimal points are under one another, (3) add 
the resulting numbers as we add natural numbers, (4) place the de- 
cimal point in the resulting number under the decimal point in the 
summands. For example, the notation for the operations 12.05 + 
0.708 + 3.2 and 7.6 — 4.99 has the form 


12.050 7.60 

+ 0.708  ~—4.99 
3.200 561 
15.958 


27. To multiply one decimal fraction by another, we must carry 
out the multiplication without paying attention to the decimal points 
and then, in the product obtained, separate from the right by a point 
as many digits as there are digits after the decimal point in both 
multipliers taken together. For example, 


x 3 48 “ak 265 
0.9 * 0.04 
1.740 =1.74 0.01060 = 0.0106. 


Remark. We must not delete the zeros in the product before 
we put the decimal point. If the resulting product contains less 
digits than the number of digits to be separated by a point, then 
we write several zeros in front of the fraction. 

28. To multiply a decimal fraction by 10, 100, 1000, , 10”, 
we must transfer the decimal point to the right by 1, 2, 3, n 
gigi: For example, 0.136-10 = 1.36, 2.75-1000 = 2.750-1000 = 
275 

29. When we divide a decimal fraction by a natural number, 
we must put a point in the quotient when the division of the integer 
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part ends, without paying attention to the decimal point, in the 
initial fraction. For example, we have 


30. To divide a decimal fraction by 10", we must transfer the 
decimal points in this fraction to the left by 1, 2, 3, ..., n digits. 
For example, 9.46 — 100 = 009.46 — 100 = 0.0946. 

31. To divide a number by a decimal fraction, we must transfer 
the decimal point in the dividend and the divisor to the right by 
as many digits as there are in the divisor and then carry out the 
division by the natural number. For example, 


0.574 
85) 48.79 


487 
425 


“629 
595 


~ 340 
340 


0 


Warning! Sometimes, instead of transferring the decimal point 
to the right in the divisor, students erroneously make this opera- 
tion in the dividend and thus complicate the calculations. 

32. This can be done in two ways, either by dividing the nume- 
rator by the denominator or by multiplying the denominator and 
the numerator of the fraction by a number which turns the deno- 
minator into 10, 100, 1000 and so on. We have 


0.75 
4) 3 
0 
Oe ieee eee ea, 
28.04 «3-2 (2-5)-(2-5) 2100S 
20 
20 
0 
5 ees. 5 5 5+5-5-5 625 
ge =5 + 8=0.625 OF a 99 (2-5) (2-5) (2-5) 5) (2-5) (2-5) 1000 = (0.625, 
4 4 4-2-2 16 
— =< = —_—_—_——_—___-_ == — 1 
aed se (5-2) -(5-2) 00 
6 6-2-2-2 48 


) 
125. 5-5-5 (5-2)-(5-2)*(5-2) 1000 oer 
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; 3 9 14 12 = 4 3 
33. We can write the fractions FE Se 


76 *8 terminating decimal fractions since the factorization of 
the denominator of the fraction into prime factors contains only 2 


; 5 4 ; 
and 5. The fractions ie and ae cannot be written as ter- 


minating decimal fractions since the factorization of the deno- 
minator includes, in addition to 2 and 5, some other prime 
factors which cannot be reduced to any of the denominators 10, 
100, 1000 and so on. 

34. (a) It is more convenient here to make calculations in 
De) _5 , 1 #5 45) 
30 ap ae an a ee 
(b) it is more convenient to make calculations in decimal frac- 
tions, i.e. 14.56 — 0.14=— 1456 + 14=104, (c) we multiply the 
numerator and denominator of the first fraction by 6 and those 
of the second fraction by 10, i.e. 


ordinary fractions, i.e. 


4 
VS" 8.9-10_ 8 , 39_ 16 | 39 55_, 18 
gig fet) aR BTR BB’ 
2 


(d) it is simpler to calculate this expression in decimal fractions, 
i.e. (4) 4 5 +2.59=4.16-+2.59=6.75, (2) 3 —0.15=0.75-0.15= 
0.6, (3) 0.6 + 4=0.15, (4) 6.75 —0.15=675 + 15=45, (e) we cal- 


hos 2 7 7 ft. yA 
culate in ordinary fractions, i.e. (1) yas 0.125 = 57 + greg : 
1 1 1 5 2 2 14 5 
(2) 23 1+8.5=2—- +3 =o 5 (3) —3- —0.25 = 34>’ 
5 . 5 35 12 _ . 
(4) 5 fo 40 ‘= 14, (f{) we calculate the numerator in 
decimal fractions and the denominator in ordinary fractions, i.e. 
1.05 +-0.16 = 1.21 — 4.24 — 4.21 
1 1 3 43 ° °&+42 3 ~~ 2.5 
gta) 5 Sete ae 
1.21-4 
—— 2.5-4 Sates 


(g) besides an ordinary solution, i.e. “operation by operation”, 
we can use here the following technique: using the distributive 
law, we multiply each expression in brackets in the Dumerator 


by > and divide that in the denominator by 2 + , or mul- 


tiply it by = , Le. 
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5 2 2 
45-56 67-5 ge _ 
Ae ge rccee pa 
3°8'3°40° 8 j4' 8 
ee eee ee 
(hy 22 4, 18D 
0.415 —0.54 0.45-+1.8 —0.125 
17 ,6,7 
(F-+$+)4 
9 9° 9 9 1,4 4,4 g4 «| 
2.25°4 =g gg tg eg SD 


(j) the expression is meaningless. 

35. (a) [25.3] = 25, {25.3} = 25.3 — 25 = 0.3, (b) [0.25] = 
0, {0.25} = 0.25, (c) [—6.3] = —7, {—6.3} = 0.7. 

Warning! Sometimes students erroneously assume that —6 is 
the integer part and 0.3 is the fractional part. This is not so since 
—6 > —6.3 and by definition this must be the greatest number 
not exceeding —6.3. In order to make no mistakes, it is conve- 
nient to write the number —6.3 as —6.3 = —6 — 0.3 = —6 — 
1+1—0.3 = —7+ 0.7, (d) [—10.5] = —411, {—10.5} = 0.5, 


5 5) 4 
[Ee 4 
36. y (—0.1) = —1 — 0.9 = —1.9, y (—1.1) = —2 —0.9= 
—2.9, y (—2.4) = —3 — 0.9 = —3.9. 


SECTION 4.4 
. 10 7 3 OO 
37. 50% ; 25%. 38.1. T= 0.1, Ge =P + qop = 0.001, 0.005, 
{ 2 
By , 6s , 


0 = 3° 00 B00 2. To express several per cent 


as a fraction, we must divide the given percentage by 100, for 


12.5 1 
100 8° 

39. (a) To find one per cent of a number, it is sufficient to divide 
it by 100, for instance 1% of 287 is 2.87, (b) to find 50 per cent of 
a number, it is sufficient to divide the given number by 2, for in- 
stance 50% of 1268 is 634, (c) divide the given number by 4, 
(d) divide the given number by 8, (e) multiply the given number 
by 3/4, (f) divide the given number by 3. 

40. (a) We must add 40% of a or 0.4a, to the number a, i.e. 
a+ 0.4a = 1.4a, (b) a — O.4a = 0.9a. 

41. If we assume the output in 1983 to be 100 per cent, then in 
1985 the output was 128 per cent, which is 115 200 000 roubles of 
90 000 000 roubles since 90 ~ 100-128 = 90-1.28 = 115.2. 


example, 12.5 per cent constitute 
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42. The Ist technique. Assume that z is the unknown number, 
42% of this number are equal to 12.6, 1% of z is 42 times as small, 
or 12.6 — 42, and the whole unknown number assumed to be 100% 
is 100 times as large, i.e. z = (12.6 ~ 42)-100 = 30. The 2nd 
technique. Using the hypothesis, we derive an equation. Since 1% 


Sa 0 a7 ho 
of zis 700° it follows that 42% are 100 42, i.e. 0.427, and, therefore 


0.422 = 12.6, r=—12.6 — 0.42 = 30. The 8rd technique. We form 
a proportion 
12.6 — 42% 
xz — 100%, whence x-42 = 12.6-100, 2 = 30. 


43. By the hypothesis, 106 per cent of the daily quota z is 159, 
i.e. 1.062 = 159, whence xz = 150. 

44. We first find 40% of 33 and get 13.2. Then we derive an equa- 
tion, taking into account that 10% of the unknown number z is 
13.2. We have 0.147 = 13.2, whence z = 132. 

45. (a) 1%, (b) 10%, (c) 200%, (d) 74%. 

46. The Ist technique. Assume that the number of the mem- 
bers of the Young Communist League is x%. By the hypothesis, 
2% of 60 is 42, i.e. 60- a = 42, 0.62 = 42, whence z=42 ~ 0.6= 
70. Thus the members of the Young Communist League consti- 
tute 70% of the whole number of the workers. The 2nd technique. 


60 — 100% 
42—2%, 602=42-100, r= so = 10. 
; 240-2 
47. The Ist technique. Since +% of 240 is 288, or 100 = 288, 
t follows that z= = a ae 120. The productivity increased 
by 20% since 120 — 100 = 20. The 2nd technique. 
240 — 100% 


288 — 2%, 240r = 288-100, «x = 120. 


48. (a) 10% of 50% is 1/10 of 50%, i.e. 5%, (b) 6.25%. 

49. By 16.6%. Hint. If in the first year the output was 100%, 
then in the second year it was 106% and in the third year it was 
110% of 106% = 106% + 10% of 106% = 106% + 1/40 of 
106% = 116.6%. 

50. The Ist technique. If we assume the capacity of the tank to 
be 100%, then 95% is the capacity filled with petrol. We designate 
this capacity as z and then 


0.952 = 38, x = 40. 


This means that to fill up the tank we must add 2 tons of petrol. 
The 2nd technique. We can solve this problem using the propor- 
tion, i.e. 


38 —95% 
z—5%, 952=38-5, xz=2. 
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10-30 

400 

acid anhydride. If we add 5 litres of water, we get 15 litres of solu- 
tion. Consequently, the percent concentration of the resulting so- 
lution is 20% since 3-100 =~ 15 = 20 

52. 1. By 100% since the second number is twice as large as 

the first. 2. Yes, it would. Assume that the initial price of the ve- 
getables was a roubles. Then, after the first reduction, the price of 
the vegetables was 0.9a roubles, and after the second reduction, it 
was 0.9 of 0.9a roubles, i.e. 0.81a roubles, or 81% of the initial 
price. If we reduced the initial price by 20% instantaneously, it 
would be 80% (100% — 20% = 80%) of the initial price. Con- 
sequently, the vegetables would be 1% cheaper. 


51. Ten litres of the 30% solution contain = 3 litres 


SECTION 1.5 


53.4. Assume that the proportion a:b=c:d is true. We 
designate its left-hand side as k, i.e. a:b =k and c:d =k, whence 
a = bk and c=dk. We seek the product of the extremes a and d: 
ad = (bk) d = b dk, and the product of the means b and c: be = 
b (dk) = b dk. We see that ad = be since both products are equal 
to the same value b dk. 2. b = c. 3. c/d = m/n. 

54. We can form several proportions of this kind: (a) if 25 and 3 
are extreme and 15 and 5 are means, then 25:15 =5:3, (b) 2:3=06:a4, 
(c)a:m=n:b, (d) r:a= bz, 

55. (a) We solve the problem orally: 19 is twice as large as 
9.5, consequently, 13 is twice as large as zx, hence r=6.5, 


50 20.8-50 208-50 16-2 ,, 4 
DES ag Teag Iedge  Bke Ol 
(c) 7(x+41)=8-3.75, rtiaS, r=4 f—1=32, 


(d) 2.6 -1.3=2+5, r=5-2=10, 


SECTION 1.6 


56. 4. A coordinate azis is a straight line on which a reference 
point (or origin), a unit segment and a direction are chosen. 
2. The coordinate of a point is the number which locates a position 
of a point on a straight line. 4. Two numbers whose sum is zero 
are said to be opposite numbers. Thus the numbers 3 and —3, —7.2 
and 7.2, 0 and 0 are opposite numbers. Two opposite numbers are 
represented on the coordinate axis by points symmetric about the 
reference point O. 

57. A repeating, or periodic, fraction is an infinite decimal frac- 
tion in which, beginning with a certain place, one digit or a block 
of digits repeats indefinitely, for instance, 0.666, .... This frac- 


tion can be written as 0.6 (and is read as “zero point and 6 is the 


period”). The fraction 3.51313... can be written as 3.513 (it is 
read as “three point five tens and 13 is the period”). | 
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The repeating digit or block of digits in the notation for a de- 
cimal fraction is called a period. If a period begins immediately 
after the decimal point, the fraction is said to be purely periodic, 
for instance 5.23 = 5.2323....If there are other digits at the 
decimal places between the point and the period, then the fraction 


is said to be mized periodic, for instance, 2.518 = 2.51818 .... 

58. The absolute value of a positive number is equal to that 
number, the absolute value of a zero is zero, the absolute value 
of a negative number is equal to the opposite number, i.e. 


a ={ a ifa>0, 
71 \—a ifa<0. 
59. (a) z = 6 and x = —6, the set of solutions of this equation 


can be written as {—6, 6}, (b) {—8.5, 8.5}, (c) {0}, (d) @. 

(e) The Ist technique. The distance between the point with 
coordinate zx and the point with coordinate 3 is 2. We lay off two 
units from the second point to both sides along the coordinate axis 
and get z = 5 and z= 1. 


The 2nd technique. Since sr — 3 = 2 and z — 3 = —2, it fol- 
lows that zs = 5 and z = 1, {4, 5}, (f) {—5, —1}. Hint. The dis- 
tance from the point with coordinate —3 is 2, i.e. | 2 — (—3) | = 2. 

60. (a) {—2, — (b) {—3, —2, —1, 0, 1, 2, 3}. 


1, 0, 1, 2}, 
61. (a) —0.5, (b) 46.5, (c) 46.5, (d) 0.5. 


SECTION 1.7 


62. When we round off a decimal fraction to some decimal place, 
we delete all digits following that place. 

If the first digit to be deleted is 5 or greater than 5, then the last 
remaining digit is increased by unity. If the first digit to be deleted 
is smaller than 5, then the preceding digit remains unchanged. For 
example, if we round off 6.419 to unity, we get 6.419 ~6 (round- 
ing down). If we round off 36.874 to the nearest tenth, we get 
36.874 ~ 36.9 (rounding up). If we round off 5675 with an accuracy 
not exceeding 10, we get 5675 ~ 5680. 

63. 1. An error of approximation is the difference between the 
exact and the approximate value of a quantity. If we know, for 
instance, that the exact value of a quantity x = 6.34, the ap- 
proximation by defect is a = 6.3 and the approximation by ex- 
cess is b = 6.4, then the error of the approximation by defect is 
xz — a= 6.34 — 6.3 = 0.04 and the error of the approximation by 
excess is z — b = 6.34 — 6.4 = —0.06. The error of approxima- 
tion by defect is positive and that by excess is negative. 

2. The absolute error of approximation is the absolute value of 
the difference between the exact and the approximate value of 
a quantity. In the example cited above the absolute error is | x — 
a| = | 6.34 —6.3|= 0.04 (by defect), |z2—b |= | 6.34 — 
6.4 | = 0.06 (by excess). The approximation by defect is the better 
of the two since it differs less from z (0.04 < 0.06). 

3. The relative error of approximation is the ratio of the absolute 
approximation error to the modulus of the approximate value of 
the quantity. For instance in the example cited above the relative 
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error Jz~a| _ |6.34—6.3] _ 0,04 ~ 0.006. The relative er- 
a 6.3 6.3 


ror is usually given in per cent, in our example it is 0.6%. 
64. (a) 4.36244, x = 4.36, a=4.4. The absolute error 


|x —a| = |436 — 44| = 0.04, the relative error 
|z—a| 004 1 ,, _ hes 
_ |z—a| 0.02 1 4, 

a= 0.8, fal 08 moa 35 ~ 3%. 


65. (a) 168—05<2< 16.8+0.5, 163< 2 < 17.3, 
(b) 0.25 < 2 < 0.55. 

66. If the absolute error of approximation does not exceed h, 
ie. if |z—al|l<h. 


67. (a) We seek the absolute error of approximation: 


3 27 |__| 300—297 | = 3 i, 

ai =| 1100 | =700 
a ae ee and therefore the inequality 
1100 100 1100 4100 ’ 


3 2 6 1 
mv 0.27 < 0.04 holds true, (b) | 3 10 =| 15 |<o.1, 

68. Approximate values of numbers are written so that all di- 
gits in the notation are true, i.e. the absolute error of approxima- 
tion does not exceed unity in the last remaining decimal place. 
For instance, the notation z ~ 7.6 means that the absolute error 
does not exceed 0.1, or zx = 7.6 + 0.4. The notation z ~ 7.63 
means that the absolute error does not exceed 0.01. 

69. (a) 0.01, (b) 0.001, (c) 0.4, (d) 0.04, (e) 4. 

70. In the first case the measurement is accurate to 1 mm, in 
the second case to 0.4 mm, and in the third case to 0.01 mm. 

71. Assume that P is the perimeter of the rectangle, S is its 
area, and S = zy. Then we have 


63<2<6.5 6.3-2.3 < zy < 6.5-2.5 

23m y<2.5 14.49 < ry <16.25 

86<2+y<9 14< ry < 16 

17.2<2(x+y)< 18 S=15+1 
P=17.6+ 0.4 


(when we seek S, we take the lower bound to be equal to 14 and 
the upper bound to 16). 

72. In the number 2.6 there is one decimal place and two signi- 
ficant digits, in 26 there are no decimal places and two significant 
digits, in 0.26 there are two decimal! places and two significant di- 
gits, in 0.206 there are three decimal places and three significant 
digits, in 2.060 there are three decimal places and four significant 
digits, in 0.0026 there are four decimal places and two significant 
digits, 

73. (a) We isolate the least exact term, it is 1.3. It has the least 
number of true decimal digits. We round off the second and the third 
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term to the nearest hundredth (one decimal digit more than in the 
isolated term): 12.341 ~ 12.34, 0.4764 ~ 0.48. Next we find the 
sum 1.3 + 12.34 + 0.48 = 14.12 and round off the result to the 
nearest tenth, i.e. leave as many decimal digits as there were in 
the least exact term, and then x + y +z ~ 14.1, (b) we isolate 
the factor with the least number of significant digits. It is 0.64. 
We round off 12.26 so that it has one significant digit more (one 
reserve digit), 12.26 ~ 12.3, and then 12.3-0.64 = 7.872. We 
round off the result to two significant digits (we leave as many sig- 
nificant digits as there were in the factor 0.64), i.e. 7.872 ~ 7.9; 
the final result is ab ~ 7.9, (c)a + b ~ 3.6 + 1.39 ~ 2.59 ~ 2.6. 


SECTION 1.8 
74.2. The domain of definition of an expression is the set of 


values of the variables for which the expression has sense. For exam- 
ple, the expression x? -+ 1 has sense for any value of x. The ex- 


: a : 
pression ——4 has sense only when the denominator is nonzero, 


and therefore the domain of this expression is the set of all num- 


bers except 3. The domain of the expression Tear is the set of 
a (x, y) in aes y = 2z. 2. (a) x45, (b) aA —2, (c) ry. 


. (a) a = 1 if a #0, or every number (except zero) in degree 
zero is equal to unity. For example, 5°=1, =): = 1. The expres- 


sion 0° is meaningless, (b) a-" = 1/a", where a #0, n€ Z and 
n> 0. 3) example, "3) = a = 0.001, (—2)-2 = 1/(—2)? = 


4 —_” 
1/4, (—3 7) 1 I ( ) See The notation 0-” is mean 
ingless. 
76. 1. We prove that oe = g3t? = gb, Sea aSq? = 
(a-a:a)-(a-a) = aaaaa = a°, (a) When we multiply powers 


with the same bases, we leave ihe base of the power unchanged and 
add up the exponents, (b) when we divide powers with the same 
bases, we leave the base unchanged and subtract the exponent of 
the divisor from that of the dividend, (c) when we raise a power to 
a power, we leave the base unchanged and multiply the exponents, 
(d) the nth power of a product is equal to the product of the nth 
powers of the factors, (e) the nth power of a fraction is equal to 
the nth power of the numerator divided by the nth power of the 
denominator. 

77. (a) 4-3 — (—1)?-22 = 16, (b) (4-3 — (—1)8-2)? = 196, 
(c) (4-3 — (—1)8)-22 = 52, (d) 1024, (e) 4 (3 — a a 4) = 28, 
(f) 4 (8 — (—1)3-2)® = 100, (g) 4 (8 — (— 1)9)?-2 

78. (a) 0.5-42-+ (0.5-4)? _ 0.5- i. 12 

i SEHD -@-44(— DF BHP a 
— 3, (b) it is convenient here to replace —0.25 by —1/4, and then 


2 (4) He (-d)fee(-4) ped 
(m2 (“Ae Gray) EF 


-2 = —0.625, (c) 


4 2\2 2 2 
(es (—3)) 
4 \2 17 1 417 33 
3° (=) +3:(—a 5p MOO 2 Oe cae 
2 4 i (ines eae 
9 9 3 3 
(qd) |—3— 2.5] + 13.5—(—3) | —1—3+4+2] =5.5465—1= 


11, (e) 10-(—0.4)?—5- |— 0.4 ]+1=—1.6—2+1=0.6. 


79. 1. (a) To obtain the number 1 < a < 10, we put a point 
between 7 and 6 in the notation 0.00764 and delete zeros to the 
left of the digit 7. We get a decimal fraction 7.64, which is the given 
number increased 10° times. To leave the initial number unchanged, 
we must divide it by 10%. Then we get 0.00764 = 7.64 : 10° = 
7.64-10-3. The order of the number is n = —3, (b) 0.02 = 2~ 
100 = 2-10-2, (c) 17000 = 1.7-104, (d) w 0.333-10-3 = 3.33. 
10-4. 2. (a) (4.8-1.5)-10-4+8 = 7.2-104, (b) (2.4-12.5)-102 = 
30-410? = 3-103. 

80. (a) The expressions are identically equal on the set of all 
numbers, except zero, (b) the expressions are identically equal for 


—y. 
81. (a) It is sufficient to give one value of z for which the values 
of the expressions are not equal, say, for r = 1 we get 12-+ 1 
48, (b) for a = 1 we have (1 + 5)? ~ 1? + 25, (c) for x = 1 we 
get | —z|>=|[—1/F=1,a—x28 = —189= —1. 


SECTION 1.9 


82.1. The degree of a monomial, which contains several varia- 
bles (letters), is the sum of the exponents in the degrees of those 
variables. For example, the monomial 6a?b® is of the fifth degree 
since the sum of the exponents in the variables is five. The degree 
of the monomial 3ab is two. Every number is a monomial. The 
degree of such a monomial is zero, For example, the number 5 
can be represented as 5a°, or 5a°b°. The degree of every monomial 
of this kind is zero. 

The degree of a polynomial is the degree of its leading term. For 
example, the degree of the polynomial 5a* — 2a? + 4a — 1 is 3. 
2. A monomial is said to be standard if its numerical factor (coef- 
ficient) occupies the first place and the product of similar variables 
is represented by a power. For example, 6z%y?, —7c? are standard 
monomials. 

A polynomial has a standard form if all its monomials are written 
in standard form and it has no like terms. For example, the poly- 
nomial 6a* + 4a? — 0.2a? + 9a — 2 has a standard form. 

83. (a) We apply the rule for removing brackets stating that 
if the brackets are preceded by the minus sign, we may omit them 
and change the signs of all terms in brackets. If the brackets are 
preceded by the plus sign, then we may omit them and retain the 
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signs of all the terms in brackets. We thus obtain —2a? + 3b + 
4b + 6a? — 1 = 4a? + 7b — 1, (b) 0.252? + 1.752 — 3. 

84. (a) 6.322y — 2.4ry + 2y3 + 3.722y — 6.6z2y — 2y3 = 102z?y 
— 9ry; for x = 1 and y = 5 this expression is equal to 10-12-5 — 
9-4-5 = 50 — 45 = 5, (b) 5a? — 3ab + a? — 5ab — 6a? = 2ad; 
for a = 0.4 and 6 = —0.5 the expression is equal to —0.4, 
(c) ern 823 + 1 — 223 = —23 + 1, —(—0.5)§ + 1 = 0.125 + 

85. (a) S(*t2)+(x-1)-(2x-1) — 52 = 25, (b) 0.2-3(*-3)-(*-5) X 
4(*-1)-(x-2) = 0,2-32-4 = 7.2, (c) 120-52 = 3 000. 

86. (a) 52?—20zry —10y?-4- 20zy = 522 — 10y?, 5 - ( 2 


— 0.2)2 
10-(—0.5)?=0.2—2.5= —2.3, (b) a?-+2a—b2—5, (4 
s(—$)-(3)'= (Fd ddd 


— » (c) mn—2n?, 0.4-(—0.6)—2-(—0.6)? = —0.24—0.72 = 
— 0.96. 

87. (2a — 3b) (4a + 0.5b) — a (8a — 11b) = 8a? + ab —12ab — 
1.5b2— 8a? + 144ab; = —1.5b2; b2 >0 and —1.5b2?<0 for any b. 


SECTION 1.10 


88. (a) a? — 0.04, b) 2.2524 — 9y®, — (c) (a2/4 — 9b?) (a2/4 + 
9b?) = a2/16 — 81b?, (d) ®* +2+ a “220 (e) (3™ — gm-1)2 = 
(3m + (— oe =  (3")2 + e an (— * 3m-1} + (—3™-1)3 — ee 
9.3m+m-1 1 33m-2 — 33m __ 9.32m-1 1 32m-2 (f) ((a+b) x 
(a — b))? = (a? — i at — ae + 04, 2a + 1)§ 
(2a — 1)? = ((2a)8 + 3 (2a)®-4 + 3-(2a)-12 + 43) A (a) ‘ 
3: a (—1) + 3 (2a) (—1)? + (—1)8) = 160% + 12a, (bh) 2 

a) 99-1014 = He — 1)-(100 + 1) = 100? — 12 = 99997 
(b) 30.4 -19.9 = (20 + 0.1) - (20 — 0.1) = 399.99, (c) 899.75, 
(d) (30 + 1)? = 30% + 2. 30-4 + 12 = 961, (e) (100 — 2)? = 9604, 
(f) (40 — 0.4)? = 98.04. 

90. (a) (4a? — 12a + 9) — (4a2 + 6a) = —18a + 9 = 
9(—2a+ 1), 9 (—2-2.5-+ 1) = —36, (b) (92? — 62+ 1) — 
(92? + 4.52 — 2x — 1) = 92? — Gr +1 — Ox? — 4.52 + 227 + 

= —8.0r + 2, —8.5-0.2 + 2 = 0.3. 

91. The expression is equal to 247, it is divisible by 24 for any 

natural n. 


SECTION 1.11 


92. (a) We put the common factor 6a?b before the brackets. To 
find out what must be written in brackets, we must divide each 
term of the given polynomial by 6a%b, i.e. 12a8b ~ 6a2b = 2a, 
18a2b2 — 6a2b = 3b, 6a2b ~ 6a2b = 1. We thus have 412a3b — 
18a2b? ae 6a2b = 6a?b (2a — 3b + 1). Warning! Sometimes, when 
solving such problems, students forget to write the last term, i.e. 
unity, in brackets, (b) 524 (342 — 2z + 1), (c) we first put the last 
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two terms in brackets, and then the binomial (x — 2y) is the com- 
mon factor. When factoring out, the common factor must also be 
put in brackets and each term of this given polynomial is 
divided by (x — 2y). And then 3a (x — 2y) + 5b (4 — 2y) + 
(x — 2y) = (x — 2y) (8a + 96 + 1), (d) oz (2a — 3) — 
dy (2a — 3) — (2a — 3) = (2a — 3) (Sr — 3y — 1). 


93. 1. We divide each term of the given polynomial by 5 and 


obtain 5 (c+= b— = c} . 2. az?@+br+c=a (+224) ; 


3. 92—3y + 2=—5 (182 —6y +4). 


94. (a) We represent the given polynomial as the sum of two 
binomials, (ax + ay) + (bx + by), put a before the brackets in 
the first binomial and b in the second binomial and obtain 
a(x + y) + b(c4#+ y). Then we factor out the common factor 
(x + y) aad then we have az + ay + br + by = (x + y) (a + BD). 
We could factor this polynomial grouping its terms in another way: 


eee ee YN ee (a + 6) X 


(zx + y), — (b) bers +b=c(a+b)+4-(a +b) = 
(a -+ 6) (¢ + 4), (C) a? -+ a — ab? — B= at (a + b) — 
b (a + b) = (a+ 8) (a? — B8) = (a +B)? (a — d). 


95. (a) (0.2a)2?—3?=(0.2a—3) (0.2a+4+3), (b) (+--+) x 


(S zt), (©) (@+4—5) (a+4+5)=(a—1) (a+9), (A) 2x 
(832—1)—9 (82 — 1) = (82—1) (x?—9) = (8r4—1) (x —3) (x + 9), 
(e) (2a—a-+4) (2a-++-a—1)=(a+ 1) (3a—1), (f) (a+b?) —(a +c?) = 
(a+b—a—c) (a+b+a-+c)=(b—c) (2a+b+c), (g) 294+ 3?= 
(x-+-3) (z?—32+9), (h) a3 —0.53 = (a —0.5) (a2+0.5a+-0.25). 


96. (a) For a= — = the value of the expression (4a + 3)? is 


zero, (b) ((x + 6) af ar — 1))? = (2x + 5)*, for z = —0.5 this 
expression is equal to 16. 


97. (a) (443 — 142)-(443 + 112) = 225, (b) 0.454, (c) ae, 
(d) (26 + 14) = 1600, (e) 400. 


SECTION 1.12 


98. (a) For z= 0 and for z = —3, (b) for a = 1/2 and for 


a = —1/2 


a—2 = =a—2 C Gn (b—a)* 
b-—a 4 m(m?—1) _ aes 
ar » (C) 4—2’ (d) (m—1)2 m—1 ’ 


144 


a*—(b?+c242be)  a*—(b+c)* (a—b—c)(a+b+c) _ 
(a? +b? —2ab)— ce? ~~ (a+b)?—c? ~ (a+b—c) (a4-b+c) 
a—b—e f (ab—a)—(b—1) (a—1)(b—1)  a—t1 


~atb—ec’ (1) (b—be)—(1—c)  (1—c)(b—1) ~~ 1—e ° 
— _ 2—y 


(e) 


100. (a) ean , for z= —0.5 and y= —1.5 we get 
= (edie (ebb ebb—o_ = 
2/3, (b) abe = Aaa er =atb—c, 0.25+ 
0.5 —(—0.5) = 1.25. 
4 4 4 4 
ahs Aa) x (x—3) Alp 3(3—2z)  «z(x—3) 3(r—3) = 
3—2 xz—3 1 4 
saa) < aa@eay” ee 
3(-15) 
3 
{2 ja 
2 —a-— 4—a? - : 
(b) 7G=) ° 2a) == “Ba (4—a2) 3a , for a= —0.1 this 
— 73 2 
expression is equal to —5, (c) —11. Hint. = et oT = 
522, te+O4  2(4+4+04) 4, 
9 0 0 
ib te salt na— sul? 242 —6ab-+ 202 
Ae) +b a—b a?— bh? = 
5a (a—b) — (2a — 3b) (a-}-b) —1-(2a?—6ab+2b2) a2 2ab4-b? 
ES es geepes ee gee be ce 
2 + 
ath ya a ee cs coe 
a—b’ ze—y2 x—2y (x—y) (x+y) 2(t—y) 
acy—y(z+y) __ _ ty—y? eee (2) ——Y + 
2(z—y) (x+y) 2(zr—y)(r+y) 2(r-+y) °°" 2(e+y) 
2 7,2 = ans as 
oy UE) Eg) Sb Ay, © it is 


zr? —y? — 2(a+y)2y _ & 4 4 
convenient here to use the distributive law of multiplication; 


taking into account that (b—a)?=(a—b)?, we get arr 


(6 —a) a (b—a)? 2b b—a 2b 
a b®—a2 ac ee atb a garg Beer Bay atb =i 
a—b+2b | OE aye. 4x 28-2 
a+b ep AG) (sa To.” 34 z+414 
2x (a—41)42(2+1)—42 © 2(ex—1) (22? —42-+4-2) (r-+1) os 
(x—1) (2+1) ; zrt+4 ~~ (x—1) (x-+1)-2(2—1) 
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2(z—1)4(z+1)  , | g t , y\ cy? 4 
(ety) (ed) ce) Gress +3} z2y2 ae 


y (x? ++ zy + y*) (x?@—y?) pee ie Ce (tc—y) 
a5 8 


622 6z (x-++ y)-x?y? 6y? a? 623 y2 

1 x23 — y8 1 x3 : 4 
at ter = tay — Ot + ee ey eet GET 
eee, (f) (a—1)*—(a*-F a1) a*-La+ 4 zs — 3a a 
6x3 , (a—1)(a*+a-+1) a a (a—1) 
ae -(g) (A) or+9 10x _ (Sz+9) (S4-—1)—10z (S52-+-1) 
1—a (Sa—1)% 2527-1 (52-1)? (52—1) 

— (52—3)? 20x (10x -|- 2)? (5z —3)? 

Cepia? Tse) baa Gees 

20x ih (2 (52+ 1))? (52 — 3)? 7 20x ii 4 _ 20r—4 _ 
1—5zx ' (5ce¢—3)2(5r4+1)2 (52—1) 1—5r § Sr—-1 1-—52 
Ste) —4, (h) if z>1, then | x—1|—2z—4 and the given 


z—i+t+x +s-—1 
92—1 §=x—1 
x#1/2 (for z=1/2 the denominator in the first fraction 
4{4—zx-+2 1i—c 


—— —_- 


22—1 xz—1 


=1—1=0. If r<1 but 


expression is equal to 


vanishes), then | z—1|=1—z, and then 


1 _Af2r—i- az oe - 
pot oe = (i) if a>3. then |a—3|= 


a—3, |a|=a and we have 2~9) g—3, if 0<a<3, then 
| a—3 |=3—a, |a|=a and we have I ifa<0O, 
then |a—3|=3—a, |a|=-—a and we have oi) — 3. 


SECTION 1.13 


103. 1. For a < 0 the expression VY a is meaningless since there 
is no number whose square is equal to a negative number. For 


a = 0 the expression VY a is meaningful since Y 0 = 0. For a > 0 
the expression Ya is meaningful. Thus the ie ey a V a has 
4 16 


sense for any a > 0.2. Fora= 1,4,9,..., 9° 9° ag the expres- 


sion VY a isarational number, it is expressed by an infinite repeat- 
ing decimal fraction; for a = 2, 3, 5, and so on Va is an irrational 
number, it isexpressed by an infinite nonrepeating decimal fraction. 
The approximate values of these fractions can be found by means 
of the graph of the function y = Y z or taken from the requisite 
tables. 
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The number xn = 3.14159 ... belongs to irrational numbers. 
Rational and irrational numbers form a set of real numbers which 
is designated as R. 


104. By the definition of an arithmetic square root, fora>>0 VY a 


is a number whose square is a, and this means that (V a)? = a on 
the set of nonnegative numbers. 
105. No, the equality holds true only for a > 0. For any a < 0 


the equality V a? = —a holds true. 
Warning! It is sometimes erroneously assumed that —a is a 
negative number whereas for a < 0 the number —a is positive. 


For instance, if a = —3, then V a? = y (—3)? = 3. If the sign 
of the number a is unknown, then we write VY a? = | a |. 

106. (a) For a € (—~, 0], (b) for z = 0, (c) cop ae (o 00), 
(d) for x € (—oo, —3]. 


2 Sa : 5 s 
107. @a5  (a-VS@+VS) | vs, 
a—V5 a—YV5 
108. If n is an odd number, then 7/a has sense for any a 
For instance, y 27=3, Vy —8=—2. If nm is an even number, 


then 3/a has sense only for a>>0. For instance, 7/16 has sense 
since it is equal both to 2 (an arithmetic root) and to —2. 


V 0=0, V —16 is meaningless. 

109. (j/a)"=a by the definition of the nth root of the 
number a. This equality is valid only when Ya has sense. For 
instance (f —27)3 = —27. The equality (/ —81)4*= —81 does 
not hold true since }/ —81 is meaningless. 


110. (a) <0, (b) for any values of z, (c) r<0, (d) for 
any values of z. 


144. (a) V (V5—2)2=| V5—-2]=V5—2, since W5>2, 
(b) V 4—V 2)?=|1-V2]=V2—1, since 1< V2, (c) VI— 
V 6. 

112. Y (2a— 1)?4+-3a= | 2a—1|+3a =| 2-0.2—1/13-0.2 = 
| —0.6 |-+0.6=1.2. 


114. (a) ¥ VIO+V3-¥ V 30—V 3= V7 (V.30)2—(V 3)? = 
V27=3, (b) 7 (8V22—(V11)2?= 1=1, 
c) ¥ (V52—2V 5-141? V642V5 = f5—2V5+1 X 
/6+2V5=/ &—(2 V5)?=2. 

115. (a) V (3-7) (4-7) (3-4) = V 32-42. 72=3-4-7= 84, 

b) 7/ (24) (22-32) (34) = 7/ 28. 36 = 22.32 = 36. 
144 


(c) 7 (813 — 312) -(313-+ 312) 7/ (13— 12)-(13-+ 12) = 7/ 1-625-1-25= 


yee = 5 25, d) 9/87-8 — 7 8.9/8 = 797.7/8- 


4/ 33.2 = 6—2=4, (e) 7 81-4/ 81—/ 16-81 = p33 — 4/21. BAR 
3—6= —3. 

1146. (a) VY —5y=V —sy2y=ly | V —dy=—y V —5y 
since |y] = —y for y<0, (b) 3) a, (c) V 34x22 = 3 | x | y = 
so Set 


117. (a) cx V2=—(—2) V2=—YV 2 (—2)?= — V 2z?, (b) the 
expression is meaningful if a<0, and _ therefore fila 
—Y a? (—3/a) = —Y —3a 3a. 

118. (a) / 16) at /b=2 1a A yb, for a=—0.5 and b=1 
this expression is equal to 1, (b) 7/10a%a?b® = | ab |-y/ 10a, for 
a=2 and b=—2 the see © is equal to 47/80. 

119. (a) WV2=yB=y8, f3=p P= 9, V8<yV9, and 
therefore V2<j3, (b) V4=y2=V2, (c) 272=y By 2= 
3/76 = 9/18 =9/256, V7V3 = VW VOV3R=Y V = 14, 
y 256 > y 147, and therefore 2 V2> 7/773, (d) we assume 
that V 14> V 3+2 and square both sides of this positive 


inequality, and then we have 14>3+4 VY 3+4, or 7>4 V 33 
we again square both sides of this inequality and get a true 


inequality 49 > 48; consequently V 14> V 3+2. 

120, (a) —2tV 2. (V2P+V2 _ V2V2+1)_ V2 _ 
V6+V3— rae V3(V2+1) V3 

VaV3 Vb 1 yey) eV Wao VaV i _ 


V3V3 ava (Vue —-VaVy 
Ve ViVi Pe) ee Se | 
Vu (Vy—-V2) £ y 
a 15. 15V3 7 2Y2 272 
A. Tem yEy5 OVE Ta HR 


V2, ( c) we multiply the numerator and denominator of tho 
fraction by Y 3+) 2, and then in the denominator we get a 


2 2(V 3+ V2) 


rational number ae 


V3—-V2 (V3—V2(V3+V2) 
2(V 3+ V 2) ~ 
$= 2(V 3 2) ~ 2(1.734+-1.41) ~ 6.28, 
Var V3" id +4.44) 
2(V10+V 3), (e) (3 V 24+4)/2. 


140—0730 145 


{ { 1.(V241)—1-(V¥2—1) 

122. (a) oa ae ee Cae = = 9. 
b) 875, (c) (46—8 V 3+3) (194+ 8 ve) —(9+4Y 2) x 
4—4 VY 218) =(192—(8 V 3)2) —(92 — (4 V 2)2) = (364 — 192) — 

(2—6 Se eee. - 
2(9+4 V 2)-(2—-8V2+16) 

—(6Y 2)? 121-72 ge 
2-2-(92—(4 V 2)2) 4-(81— 32) 4-49 


(814 — 32) =169—49=- 120, (d) 


SECTION 1.14 


A a. J 13 \1 
123, (a) (103) 3 .((0.4)4) * +- ((0.3)8) 3 «4 — (+5) = 10-04 -+ 


oa—t.s=0, 0) (S4)"F2 oo a 


27 
ae 10 4\-2  /40\-1 
nits 3 nae eal SS 
((3)°) P= ((s) es —9= (5) = (3) + 
9. 3 eae: = as. 
2.5-(—4) =Fe + 7p 101 —10= —8 = = — 8.125. 
ee 1 4 4 1 4 1 
2 y5-— (3) $o(-2) = -y 
124. (a) a © 3 6 —q3) ( a? 6 ~ 3.3 
so) 
a 3 
4 yt 4 
125. (a) (2 _s] + 20a 2 =4a+25, for a=1, 2 we get 29.8, 
(b) 45. 
a fp a 1y2 
a—9a” age 5) Fax —3? FF 
pees NA) ae ede acer’ Cami ie oo 
a* —3a al md) a 233 
1 47 2 1)2 
z— 362 x? Game, (7) — 6? 7 
(b) {A i ae i =r? +6 
23 —6z 3 23 poe cr? —6 
i A 
2 b b—a 


a) Fa a aT a i i ae 
eae) so sci) 2a* bh? 
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47, A Ay tp td 

1? (, =p 2 (2457) b—a  —2b(b—a) 
tyiA sb At A te Sd. ee ae 
wt (42442) (,F 27) 9a2b* a (a—b)2a7b2 

1 A A 

b 2 b (b) a—b a*—b? 4 _ 

a a’ Ay Aa a ee oy ae ee 

az eae) at+tvo4/ 4 2 (se) 
Aydt oe 

(a—b)—a?2 (2 _yF) a—b—ata*b* 


+\b a 
i. ae ae — 
a3 +4538 a? —p? 
(4.53) (3 4.8) 42 4y3 / 1)8 
3 3 3 32,3 3 ee a 3 3 
48) (, 353.3) 33 (,7) _(,3) 
eee ce ON oe es 
a® +43 re +ae3y3+y3 
= \9 2\S 1 1 1 1 1 
z?}] +\y° (7 3 (7 7] . 
2 . 1 pa Ne yl Ne" ry b= ey 
$_e3 yI4y3 


SECTION 1.15 


128. We can define a function in the following three ways: 

The Ist technique. By enumerating all pairs of numbers for the 
functions whose domain is a finite set, say, {(0, 0), (4, 1), (2, 4), 
(3, 9), (4, 16), (5, 25)}. We can also tabulate this set of pairs, one 
column being the domain of the function {0, 1, 2, 3, 4, 5} and the 
other the range of the function {0, 1, 4, 9, 16, 25}. The tabulated 
values ul functions are often used in practice (tables of squares, 
of square roots, cubes, etc.). 

The 2nd technique. It is convenient to define the numerical 
values of functions by formulas in two variables. For example, the 
sum (S) of the angles of a convex polygon is expressed by the 
formula S = 180° (n — 2) (n€ N and n > 83) according as the 
number nv of its sides. This method of defining a function is known 
as an analytical method. 
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The 8rd technique. A function is often defined by a graph, say, 
the graph of the temperature of a patient or the graph of the growth 
of a child with his age. 

129. 1. To find the domain of a function, we must project its 
graph onto the z-axis, if we project the Ala onto the y-axis, we 
get the range of the function. Figure 70a shows a function whose 
domain is the segment [—2, 5] 
car a range is the segment 
3, 9]. 

2. Not every one. If every 
abscissa is associated with a 
single ordinate, then the corre- 
spondence defined by the graph 
is a function. Fig. 70a depicts 
the correspondence f whese 
graph, i.e. the curve AB is a@ 
function. Fig. 70b shows the 
(a) (b) correspondence g whose graph, 

: i.e. the curve CD, is not a func- 
tion since there are points on 
the graph for which one and the 
same abscissa is associated with 
different ordinates. For example, points with the abscissa zr = 4 
have three different ordinates, i.e. y, = 3, yg = 6, ys = 9, and 
points with the abscissa z = 6 have two different ordinates, y, = 
4,5 and y, = 10. 

130. The number a is a root (zero) of the function f (x) if the 
value of the function is zero for x = a, i.e. if f (a) = 0. To find 
the roots of the function f (x), we must solve the equation f (x) = 0. 
For example, the root of the function f (x) = 3z — 6 is a root of 
the equation 3z — 6 = 0, x = 2. The roots of the equation / (x) = 
az? — 1 are xz, = 1 and z, = —1. On the graph the root of the 
function is the point of intersection (or a point of tangency) of the 
abscissa axis and the graph of the function (at that point y = 0). 

131. The function f is said to be increasing on the number set X 
if the larger value of the function corresponds to any larger value 
of the argument belonging to the set X, i.e. if the condition z, > 
24, 2, € X, 2, € X implies f (z.) > f (x). For example, the function 
f (z) = x? increases on the interval [0, 5]. A decreasing function 
is a function on the set X such that the condition z, > 2,, z,; € X, 
zo € X implies f (x2) < f (z,). For example, the function f (z) = 
x? decreases on the interval [—3, 0]. The function which increases 
or decreases on the given set is known as a monotonic function on 
that set. A point which moves along the graph of an increasing 
function from left to right rises upwards and a point which moves 
along the graph of a decreasing function from left to right descends 
downwards, 

132. (a) Assume z_ > ay, i.e. rz. — x, > 0, and then f (x2) — 
f (a) = (2%, — 3) — (22, — 3) = 2 (xg — 21) > 0, or f (te) > 
f (z,). Hence the given function increases, (b) assume zr, > 2, OF 
Lg — xX, > 0, and then f (z,) — f (2) = 23 — x? = (xq + 24) X 
(ry — 2), but rz. -+ 21 < 0 (zp < 0 and z, < 0 by the hypothesis), 
Za — x, > 0, and therefore f (r.) — f (x,) < O and f (r_) < f (2). 

133. 1. The function f with the domain X and the range Y is 
said to be invertible if the inverse relation g between the set Y 
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Fig. 70 


and the set X is a function, i.e. every element of the set Y is asso- 
ciated with no more than one element of the set X. In this case 
the function g is the inverse of the function f. For example, the 
function y = 27 on the set X ={—1, 0, 1, 2} is invertible since 
the range of this function is Y = {—2, 0, 2, 4} and every value of 
the set Y is associated with only one element of the set X, which 
can be seen from the pairs of the inverse relation: (—2, —1), (0, 0), 
(2, 1), (4, 2). However, the function y = z? is not invertible on 
this set since the set of its values is Y = {1, 0, 1, 4}; the pairs of 
the inverse relation (4, —1), (0, 0), (1, 1), (4, 2) show that one 
and the same element of the set Y (y = 1) is associated with two 
distinct elements of the set X (x = —1 and xz = 1). However, on 
the intervals of monotonicity of the function it has an inverse. An 
invertible function and its inverse are said to be functions inverse 
to each other. 

2. The graphs of the functions, which are inverse to cach other, 
are symmetric about the straight line y = z, i.e. the bisector of 
the first and the third quadrant. 

134. B = {—7, —5, —3, —1, 1}. The inverse relation is 
(—7, —2), (—5, —1), (—3, 0), (—1, 1), (4, 2), the function f is 
invertible. 

135. If the function y = f (x) is invertible, then to find the 
formula defining the inverse, we must express the variable z ap- 
pearing in this formula in terms of y and change z to y and y to z. 
For example, to define the inverse of the function y = 3z, we 
express z in terms of y and get z = 
y/3, and substitute y for z and z for 
y in the resulting equation. Thus 
the inverse of the given function is 
defined by the formula y = 2/3. 
The graphs of two functions inverse 
to each other y = 32x and y = 2/3 
are symmetric about the straight 
line y = x (Fig. 74). 

136. (a) We express z in terms 
of y and get r = 2y + 6. The in- 
verse of the given function is y = 
2x + 6, (b) y= —32 + 3. 


137. Cas Doty ana iC 
ot 1 


Fig. 71 


are in direct proportion, the pro- 
portionality factor is 4/z. 

138. 1. To construct a straight line, it is sufficient to know the 
positions of two of its points, and therefore the graph of direct 
proportionality can be constructed using any two of its points. 
It is convenient to take the origin as one of them and the point 
(1, *) as the other. 

139. (a) 45°, (b) 135°. 

140. 14. The set of all nonzero numbers: (—oo, 0) U (0, +o). 

2. If k>0, then the branches of the hyperbola lie in the first 
and the third quadrant and if k < 0, then they lie in the second 
and the fourth quadrant. 

141. (a) S and h are in direct proportion, (b) S and a are in 
direct proportion, (c) a = S/h, a and h are in inverse proportion. 
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142. (a) A hyperbola and a straight line which passes through 
the origin meet at points (2, 6) and (—2, —6), (b) (3, —2), (—3, 2). 

143. Substituting the coordinates of the given point for z and 
y, we get 5 = k (—1) + 3, k = —2, y = —2x+ 3; since k < 0, 
the function decreases. The root of this function is a number for 
pene y = 0, or —2z + 3 = 0, hence the root of the function is 
r= 1.ov. 

144. (a) To find the point of intersection of the graph of the 
function and the y-axis, we must assume that z = 0, and then y = 
—2. We get the point of intersection with the z-azis when we 
find the root of the function, i.e. if we assume that y = 0; then 


y 


k<0 


Fig. 72 Fig. 73 Fig. 74 


xz — 2 = 0, whence z = 2. Thus the graph of this function cuts 
the coordinate axes at the points A (0, —2) and B (2, 0) (b) (0, —3), 
(6, 0), (c) (0, —6), (—2.5, 0). 

145. For the same value of & and different / the graphs of the 
function are parallel to the graph of the direct proportionality 
y = ke (Fig. 72). If k > 0, then the angle of inclination of the 
eraph is acute, and if k < 0, then the angle is obtuse (Fig. 73). 

146. (a) The graph is shown in Fig. 74, (b) see Fig. 73, (c) see 
Fig. 75, (d) see Fig. 76, (e) see Fig. 77. 

147. (a) Each of these graphs lies in the upper half-plane, passes 
through the origin and is symmetric about the y-axis. The graph 


of the function y = zo is a more gently sloping curve than the 


curve y = z? since the points with similar abscissas have ordinates 
half as large; for instance, for x = 3 we have y, = 9 for the first 
graph and y, = 4.5 for the second graph (Fig. 78), (b) the graph 
of the function y = 2z? is a steeper curve than that of y = x? 
(Fig. 79), (c) every point of the first graph is associated with a point 
of the second graph which is symmetric about the z-axis; for in- 
stance, for x = 1 we have y, = 2 for the first graph and y, = —2 
for the second graph (Fig. 80). This means that the second graph 
is symmetric with respect to the first one about the z-axis, the first 
graph lying in the upper half-plane and the second in the lower 
half-plane. Both graphs are symmetric about the y-axis and pass 
through the origin. 
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148. For a > 0 the function y = ax? increases if X = [0, + oo), 
for a < 0 the function increases if X = (—o, QO]. 

149. (a) —9 = a-3?, a = —1, y = —2*, (b) 3 = a (—1)*, a = 
3, y = 32%. 


150. (a) We can consider the numbers V 0.6 and Y 2/3 to be 
the values of the increasing function y=Y =z. The incquality 


J 


Fig. 78 Fig. 79 Fig. 80 


2 
0.6 < 2/3 ( =F = 0.666 oe) holds true and, consequently, the 


wee = 3/5 — 

inequality V06<YV 2/3 also holds true, (b) V 2>i07, 

(c) VY 0.88<7 14, (d) VY (62—6.1) (6.2+6.1) =9/1.23> /T.29, 
Jol 


SECTION 1.16 


151. (1) A root of an equation in one variable is the value of the 
variable which reduces the equation to a true equality. 

2. To solve an equation means to find the set of its roots. 

3. The set of roots of an equation in one variable can consist of 


(a) one element (for instance, the set of roots of the equation 5 r= 


—1 consists of one element —2), (b) several elements (for instance 
the sct of roots of the equation z2=1 consists of two clements, 
1 and —1), (c) an infinite number of elements (for instance, in the 
equation Y 22 = —z), any nonpositive number z € (—o~, 0] is 
its root, (d) the set of roots may be empty (the equation z? -- —4, 
for instance, has an empty set of roots). 

152. If a 0, then the equation az = b has a unique root z = 
bla. If a == 0 and b = 0, then the equation assumes the form 
Or == 0. The set of roots of such an equation is the set of all real 
numbers. If a= 0 and b-« 0, the cquation assumes the form 
Ox = b. This equation has no roots since its left-hand side is zero 
and the right-hand side is nonzero. 

153. (a) This equation can be reduced to the equation xz? + 
122 = 0. We put x before the brackets, i.e. x (xz + 12) = 0. The 
preduct of two numbers is zero if and only if at least one of the 
factors is zero, i.e. x = 0 or x + 12 = 0. Therefore the set of 
roots of the given equation is {—12, 0}. (b) We multiply both sides 
of the equation by 6, i.c. by the least common multiple of the 
numbers 2 and 6, and obtain 

(52 —1)-3— (t+ 5= 6, 1529 —3—2r—5= 6; 
from this we find that the root of the equation is 1. (c) {51}, (d) {17}, 


(e) @. Hint. The equation can be reduced to Ox = 109, (f) {0.754}. 
Hint. Multiply the numerator and denominator of each fraction 


4 / 
by 100. (g) i. Y3—1 


154.(a) To use the condition for the equality of a fraction to zero 
(a/b = 0 only if a == O and b #0), we transfer 7/8 to the left-hand 
side of the equation, i.e. 

6r—-37 2 (5e— 39) 7 
2 (x—8) 3(x—8 8 

Then we transform the left-hand side of the equation into a 

fraction, i.e. 
12, (62 — 37) —2-8 (52 — 39) —7-3 (x — 8) _9 —- 29x + 348 
24 (x —8) 94 (4 — 8) 
This fraction turns into zero for those and only those values of z 
for which —29z + 348 = 0 and 24 (x — 8) - 0, i.e. the given 
equation is equivalent to the simultaneous equations 


— 29x -| 348=0, 

124 (x — 8) & 0. 
The equation —29z-+348=0 has a root 12, for this value of 
xz we have 24(x—8) 0, and this means that the number 12 
is the root of the given equation. Answer: {12}, 
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=, 


x (r—4)—5—1 (4—4) © r*—4zr-—5—z?-+8r—16 


= eager Ae egg 

427 — 21 472—21=0, ‘ 

ror a 0, as Answer: {5.25}, 
30-4 (a—1) (a-+ 7) — (22 —49) 72 ==0, ee 

(c) a eg 22—49 + 0. Answer: {—12}, 


(d) we can solve this equation using the condition for the equality 
of a fraction to zero, but we can also solve it using the condition 


for the equality of two fractions with the same denominator, i.e. 
a= = , whence a= c and 6 +0. Reducing the fractions to a 


common denominator, we obtain 
A(e42)  o(z—2) 12 
x?—4 z2—4 = 72-4" 
We represent the left-hand side of the equation as a fraction, i.e. 
A(x-+2)—5(4—2) = 12 


x2 —4 x27—4° 


since the fractions have the same denominator, their values are 
only equal for the values of z for which their numerators are equal 
and the denominators are nonzero. Consequently we have simult- 
ancous equations 


ie (x-+2)—5 (x— 2) = 12, 
xr*—4 =~), 


solving which we get the answer: {6}, 


el ee 45) fees \2 
eee ee a0, ie kil Since the nu- 


x%*— 9 
merator is nonzero, the equation has no roots. Answer: @. 

155. We designate the required distance as z km. The passanger 
train covers this distance in z/60 h and the goods train in 2/48 h. 
By the hypothesis, the time the passenger train needs is less by 
36 min = 36/60 h = 3/5 h than the time the goods trains needs, 


(ce) 


; x x 3 ; 

and therefore we have an equation i 60 5” from which we 
find that z = 144 km. Verification. The passenger train will travel 
144 km in 2.4 h (144: 60 = 2.4), and the goods train in 3h 
(144 : 48 = 3). Hence the passenger train needs 0.6 h less to travel 
144 km (3 — 2.4 = 0.6). Answer. The distance between stations A 
and B is 144 km. 

It is sometimes convenient to tabulate the dependence between 
the unknown and the given variable before setting up an equation. 


fog 


lor instance, the solution of this problem can be written as follows: 


Distance, km Speed, km/h Time, h 
x 
Passenger train x 60 Bo 
Gocds trai 48 — 
ocds tra x 
rain 48 


156. 60 km/h, 80 km/h. Hint. If the speed of the first car is 
z km/h, then we get an equation 3.52 — 2.5 (x + 20) = 10. 

157. 4 h. Hint. If the time needed now to machine one part is 
xz h, then we arrive at an equation 30x = 24 (x + 1). 

158. 500 kg, 600 kg, 300 kg. Hint. If z kg were sold on the first 


day, then we have an equation z+ (x+ 100) + 2 2= 1400, 


159. Assume that we have to take z litres of the first solution, 
then we need (100 — z) litres of the second solution. The first 
solution of nitric acid contains 30 per cent of z, i.e. 0.3z litres and 
the second solution contains 55 per cent of (100 — z) litres, i.e. 
0.55 (100 — z) litres. By the hypothesis, the resulting solution 
must contain 50 litres of nitric acid (50 per cent of 100 litres is 
00 litres). We get 


0.32 + 0.55 (100 — z) = 50, x = 20 litres. 


Verification. Twently litres of the first solution contain 20-0.3 = 
6 litres of nitric acid and 80 litres of the second solution contain 
(100 — 20 = 80) — 0.55-80 = 44 litres of nitric acid. The total 
amount of nitric acid in the two solutions is 61+ 44] = 501, and 
this corresponds to the hypothesis. Answer: 201 and 801. 

160. 1.25 1. Hint. Assume that we have to add z litres of the 
80% solution, and then 3.5 + 0.82 = 0.72 (5 + 2). 

161. Problems of this kind are known as problems involving 
concerted action. We assume that the time the first excavator needs 
to do the whole job is z h, then the second excavator will need 2z h 
to do the whole job. 

Warning! Sometimes students erroneously assume that the 
first excavator needs z h and the second 2z h, forgetting that “faster” 
means spending less time. We form the following table: 


Bary ee Work done Time Work done 


whole job, h in 1h spent, h | in 12h 
12 
Excavator I i A 12 —— 
oy x 
4 12 
Excavator II Qx 5 42 = 


104 


Since as a result of the concerted action the whole job, taken to be 
unity, was done, we have Sey a, whence xz = 18. Answer: 


18 h and 36 h. 

162. 1. If a = 0, then the equation is not quadratic but of the 
first degree. 2. An equation of the form az? -+ br = 0 can be solved 
by factoring its left-hand side, i.e. x (az + b) = O. Its roots are 


xz, = 0 and z, = —b/a. This equation can be solved by graphical 
means, writing it in the form ar? = —bz. The abscissas of the 
points of intersection of the graphs y = az* and y = —bz are the 


roots of the equations. The equation az?-++c = 0 has two opposite 
roots if a and c have opposite signs: 2, = VY —c/a and zx, = 
—Y —c/a. The equation az? = 0 has two equal roots z, = x, = 0. 

163. (a) {0, 1}, (b) {—3, 3}, (c) {0}. ; : 

164. (a) The parabola y = x? and the straight line y = 2z 
meet at two points whose abscissas are z, = 0 and zr, = 2. They 
are the roots of the equation, (b) {—2, 2 

165.1. R= V S/n, t= V2S/g. 2. t = 2v/g. 

166. (a) D = 22 — 4m?; the equation has one root if D = 0; 


4 — 4m? = 0, hence m = —1 or m = 1, (b) m = —30 or m= 
30, (c) m= 9. 

167. (a) a= 1, b=1, c= —6; D= 42 — 4.1-(—6) = 25; 

_—1+V 25 , whence z, = —3 and z, = 2. (b) The equation 


can be reduced to the form 322+ 1412+ 10= 0; D = 412 — 
4-3-1410 = 1; 2, = —2 and 2, = —5/3. (c) b= —4YV3 is an 
b 


2 
even number. We use formula (2) since = (=) —ac= 
(—2V3)%1-9=3, we have ro 2V¥8EV3, , vi, 
rg=3Y)V 3, (d) {—<=, v3}. Hint. D=(3—2y 2)* — 


4-2-(—3V2)=9—12 V24+842%YV2=9412V24+8= 
(3-+2V)V 2)", (e) {—5}. Hint. The equation can be reduced 
to the system 
z?-+ 27 — 15 = 0, 
a ee are 


Solving the first equation, we get z, = —5 and z, = 3. We reject 
the second root since only the number ~—_5 satisfies the hypothesis 
xz (x — 3) (x + 3) # 0, (f) {1}. Hint. We reject the second root 
x = —1/2 of the resulting equation. 

168. (a) This is an equation of the form az‘ + bz? +c=0. 
Equations of this kind are known as biquadratic. We designate 
z* as z and get 


4227 — 1382 +9=0; z2=1 or z= 9/4. 
The union of the roots of the equations z2 = 1 and x? = 9/4 is the 
set of roots of the given equation; the roots of the first equation are 


—4 and 1, and those of the second equation are —3/2 and 3/2. Thus 
the set of roots of the given equation is {—3/2, —1, 1, 3/2}, (b) we 


foo 


designate 7 z as z, and then z = 2 and 2? + 2 = 12, 227+ 2 — 
12=0; z=3 or z= —4, ie. Vz=30r Vz = —4. The last 
equation has no roots (V z > 0). Solving the first equation, we get 
xz = 9. Answer: {9}, (c) we introduce the designation z? + 2 = z, 
and then z? 4+- 3 = z+ 1, and the given equation can be reduced 
to the equation 


ee eee, 2 (2+1)+32— 2z (z-+-1) _¢ 
Z z+ 1 : z (z+1) 
whose roots are z = 2 or z = —1/2, whence 
v2+2=2 or 2+2= —1/2, 
The last equation has no roots. The equation z? + 2 = 2 has a 


$21. 
unique root x=0. Answer: {0}, (d) if we designate sd z : as 2, 
1 : 
we have BaF , and then the given equation assumes the 


form z -++ 1/z = 2.9. The numbers 2.5 and 0.4 are solutions of this 
equation, hence 
2 2 
a, er ee 
x A 


The second equation has no roots, the set of roots of the first equa- 
tion and, hence, of the given equation is {1/2, 2}, (e) we assume 
x —2=, and then we have 

2a2#— 8a +1=0; a =1/2 and a,= 1, 
whence z — 2 = 1/2 or x — 2 = 1. The set of solutions of the 
given cquation is the union of the sets of solutions of the last two 
equations: {2.5, 3}, (f) we assume that z? = a, and then 2z? + 7 = 


2a +7, a— -= 7, From this we get 


2a + 7 
2a2— 7a —99 = 0; a=9 or a= —11/2. 
Solving the equation zx? == 9, we find the sect of roots of the given 
equation {—3, 3}. The equation z? = —11/2 has no roots, (g) we 


designate z? — 4z + 10 as a, and then we have 2? — 4z-+6 = 
a — 4 and 
21/a = a — 4, a® — 4a — 24 = 0; a= —3 or a= 7. 


The set of roots of the given equation is the union of the sets of 
roots of the equations 2? — 4x + 10 = —3 and 2? — 4x -+ 10 = 
7. The first equation has no roots since its discriminant D = 16 — 
52 <0. We can find the set of roots of the given equation by 
solving the cquation xz? — 4z4-+ 3 = 0. It is {4, 3}. 

169. (a) We write the given equation in the form z? = z -++ 2. 
Then we plot a parabola y = z? and a straight line y = x + 2. 
The abscissas of their intersection points are —1 and 2. Conseq uent- 
ly, the roots of the given equation are z, = —1 and z, = 2. 

Remark. It is a good practice to employ a template in order 
to avoid plotting the parabola y = z? using its points each time, 
(b) we reduce the given quadratic equation to the form z? + 0.52 — 
1.50. Then we draw the graphs of the functions y = x? and y = 
—0.5z-+1.5. The abscissas of their intersection points are —1.5 
and 1. Consequently the roots of the given equation are xz, = —1.5 


196 


and xz, = 1, (c) the parabola y = x? and the straight line y = 
—4z — 4 have only one point in common, (—2, 4). The equation 
has a unique root z = —2, (d) the parabola y = 2? and the straight 
line y = 2z — 5 have no points in common. The equation has no 
roots. 

170. Yes, it is. It can be formulated as follows: the numbers m 
and n are roots of the quadratic equation z?—(m-+n) z + mn = 0. 

171. (a) D/4=4 + 2.25 = 6.25 > 0; 2, + zg = —16/9, z,2,= 
—4/9, (b) a, + 22 = 0, 242. = —20/3, (c) x, + zg = 48, x42, = 0. 

172. 2, = 1; 2,2, = —9, whence z, = —9; b = —(z, + 22) = 
—(1 — 9) = 8. 

173. (a) According to the inverse of the Vieta theorem, we have 
an equation zs? — (—0.6 + 1.6) z + (—0.6)-1.6 = 0, whence we 
find that 2?—2z2—0.96=0, (b) 2—(—V3+V3)2+ 
(—V3)V3=0, 2—3=0, () w—(5—-2V6+5+4 
2V6)ce+(5—2YV6)(5+t2y6)=0, 2—102+1=0, 
(d) az*? — 2kx +e= 0. _ - 

174. (a) z, = m, zg =n, (b) 4 = V3, 42 = V 5. 

175. 1. We must equate the trinomial to zero and solve the 
quadratic equation az? + br + c= 0. 2. A quadratic trinomial, 
as well as a quadratic equation, may have two distinct roots, one 
root (two coinciding roots), and may have no roots. This depends 
on the discriminant D = b? — 4ac of the quadratic trinomial which 
is also a discriminant of the corresponding quadratic equation. 

176. (a) 2? -+ pxr+q = (x — 2) (x — xq), where 2, and z, 
are the roots of the trinomial, (b) in this case the trinomial has two 
equal roots and then az?-+ br -+c=a (rz — 2,) (x — 21) = 
a (x — 2)". 

177. (a) D=(—3)?—4-5-(—2)=49, 49>0. The trinomial 
has two distinct roots +3=—-—0.4 and z,=1. Consequently, 
ox? — 32 —2 = 5 (x— (—0.4)) (cx —1) =5 (t+ 0.4) (x — 1) = (524-2) 

2 


(x—1), (b) 12%7—417+2=12 («-+) (2-4) =4 (=>) x 


3 
178. (a) The roots of the trinomial in the numerator are a, = 
a®+a—12  (a+4) (a—3) | 
9—a2  (3—a)(3+a) — 


3 (2+) = (4x—1) (82—2). 


—4, ag=3, therefore 


ep led AC ek) 2 | gc 5) 
(a—3)(a$3) a+3’*! —(@+a—6)  —(a—2) (a+) 
{ 3 
a+3 () 6a2—7a—3 _ : (a+) (2->) _ Ba+4 
2—a’ 2a2@—a—3 ~~ ati’ 
2 (a—— ) (a+4) 
3 (z—1) (2+—) 
(d) OgNt2 1 Ayntl __ Qyn __ 2" (52? 42—9) i 
qnt2 gn zx” (x? —1) ~ (a—1A)(e@+1) 
ox +9 
z-+1° 
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179. (a) 0. Hint. First factor the denominators of the frae- 
gre 19: Oa 
a? —7a+-10 Serer, 
eee) At) a Ot die ae: 
(a—5)(a—2)  (a—1) (a—4) (a—2) (a—1)= 


1 a—2 
5 (a—2) (a—1)— 4 


tions and cancel like terms, ,(b) ( 


(a? — 3a +2) = ( 


(a—2) (a—1)=(a—1)*— (a — 2)? = 


2a—3. This expression becomes meaningless for a=1, a=2, 
a=4 and a=5. 


180. (a) —————__- — —_____ = 0, 


x 
2+2 +3 (x#+2) (zx+3) 
xz (x+3)—3(¢+2)+5 
(z+ 2) (+3) 
nae aes 
(t+ 2) (t+ 3) 4 0 (t+ 2) (+3) 4 0; 

Zy = —1, xg = 1. Answer: {—1, 1}, (b) {0}. 

181. (a) Here x + 1; reducing the fraction, we get y = x + 2. 


The graph is a straight line in which the point with the abscissa 
xz == 1 is “punched” (Fig. 81), (b) see Fig. 82. 


=(); hence 


Fig. 81 Fig. 82 


182. (a) y = 2? — 82 + 10 = (2? — 2-42 + 16) — 16 + 10= 
(c — 4)? — 6. The parabola is convex downwards (a > 0), its 
vertex is at the point O, (4, —6), the straight line z = 4 is the 
axis of symmetry. For z = 0 we have y = 10. Consequently the 
parabola cuts the y-axis at the point (0, 10). To find the points 
at which the parabola cuts the z-axis, we set y = 0, and then 


t= 4—V6 1.5 and 2, ~ 4+ 2.5 ~ 6.25 (Fig. 83). 
Remark. We could find the coordinates of the vertex of the 


b D 
parabola from the formulas z= See oie and then z= 
eee, ya oe tL — 6, or Yx-4 = 47—8-4+10= —6, 


2 
(b) y=a2?—Se-+4— —(2241 52—4)= — (2242-224 (=) i= 


2 4 
parabola is convex upwards, the coordinates of the vertex are 
(—2.5, 10, 25), the parabola cuts the y-axis at the point (0, 4). 
To find the points of intersection of the parabola and the z-axis, 


()°—a) = —( (2+2)°—19 2) = —-(x-+2.5)?+- 10.25. The 


-2.5} 
| 


Fig. 83 Fig. 84 


we set y=O and solve the equation —2x?—52+4=0 or 27?+ 


S2—4=0; we have a= VM 5.7, 2, St VU ,. 
0.7 (Fig. 84). 

183. (a) y = (x + 1.5)? — 6.25 (Fig. 85). The function de- 
creases if x <Q —1.5 and increases if 2 > —1.5. The values of 
this quadratic function are positive for all z belonging to the union 


Fig. 85 Fig. 86 


of the intervals (—oo, —4) U (1, oo) and negative for all z belonging 
to the interval (—4, 1), (b) y = — (x — 2)?++ 9. The function 
decreases if 2 € (2, oo) and increases if x € (—oo, 2). The values 
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of the function are positive if z € (—1, 5), y << Oif 2 € (—oo, 1) U 
(9, oo) (Fig. 86), (c) 2 (x? + 227) — 6 = 2 (2? 4+ 22 +1 —1) — 
6 = 2 (« + 1)? — 8. The parabola is congruent to the parabola 


y = 227, the straight line z — —1 is the axis of symmetry. The 
coordinates of the vertex are (—1, —8), the roots are xz, = —3 and 
x, = 1. The function decreases if x € (—oo, —1) and increases if 


x € (—1, «). The values of the function are y > 0 if x € (—oo, —3) U 
(14, 0), y< 0 if z € (—3, 1). 

184. Assume that there are x rows in the cinema and hence x 
seats in each row, and this means that there are x? seats in the 
cinema. If we double the number of rows and reduce the number 
of seats in a row by 10, then the number of seats in the cinema will 
be 22 (x — 10) and we get an equation 2z (x — 10) = zx? + 300 
whose roots are —10 and 30. By the hypothesis z > 0, and, con- 
sequently, the problem has a unique solution. Answer: 30 rows. 

185. 6 cm. Hint. If we designate the length of each leg as z, 
we get an equation 0.5-2z (« — 2) = 0.522 + 6. 

186. Designating the initial speed of the train as z, we get an 


36 1 ; 1 . 
equation ee AO (6 min = 7 h | , from which we 
find that z, = —40 and z, = 36. By the hypothesis z > 0, and, 


consequently, the initial speed of the train is 36 km/h. 
187. 12 min. Hint. Assume that the normal speed of the ship is 
een 36 
—3 | x+3- 
Solving this equation, we find that the average speed at which 
the ship must cover the whole distance is 15 km/h and it must 
cover the whole distance in 72/15 h, i.e. in 4 h 48 min. Actually it 
needed 5 h. 
188. 20 centners, 420 hectares. /Iint. If the harvest was z cent- 


ners from a hectare, we arrivo at an equation ea, 


420 420 

x rti 
189. 10 h, 15 h. Hint. Assuming the time in hours the second 
crane needs to do the whole job alone to be z, we get an equation 


6 
at 


190. 11 cm and 3 cm. Hint. If we assume the radius of one 
circle to be r cm, then the radius of the other circle is (14 — r) cm, 
and the areas are mr? and x (14 — r)? respectively. Hence we get 
an equation mr? + x (14 — r)? = 130z. 

191. Assume that initially there were a people in the set- 
tlement and the yearly increment of the population was zx per 
cent. Then in a year the population in the settlement will be 


z km/h. Then we arrive at an equation 


A>, 


a 
ao! (see the explanation of the solution of Problem 161). 


x x isp x 
aa oe =a (1477) , in two years it will be a (1+755} + 


«(He gis) aioe (hie) (43H) «(4 ais) 
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By the hypothesis, in two years the puryulation in the settlee- 


ment will be 3a, and hence we get an cquation a (14+ 45 | an 


3a, or t-pain V 3, whence r= 100 VW 3—10) ~ 73%, i.e. the 
average yearly increment in the population is a)proximately 


13%. 
SECTION 1.18 


192. 1. The graph of a linear equation of the form az + by = 
c, where at least one of the ccefficients, a or b, is nonzero, is a 
straight Jine. This follows from the fact that for b + 0 the equation 


can be reduced to the form y = -- - z+ = (here k = —a/b, 


l= c/b). If a= 0, b #0 and c #0, then y = c/b and the graph 
is a straight line parallel to the z-axis. Ifc = 0 and b 4 0, then the 


; a ; 
lincar equation assumes the form y = — ot and the graph is 


a straight line passing through the origin. If b = O and the cocf- 
ficient a 0, then the linear cquation assumes the form az + Oy = 
c, and hence z = c/a, and the graph is a straight line parallel to 
the y-axis. If a = 0, b = O and c = O, then we get an equation 
Oz + Oy = 0, whose solution is any pair of numbers and the 
graph is the whole plane. 2. A solution of an equation in two variables 
is an ordered pair of numbers which turns the equation in two 
variables into a true equality. For example, the pair of numbers 
(--1, 2) is a solution of the equation 2z -|- 3y = 4; giving an 
arbitrary value to the variable z, say, z = U, we find the correspond- 
ing value of y: y = 4/3. Therefore a linear equation in two variables 
has an infinite number of solutions. 

193. 1. A solution of simultaneous equations in two variables is 
a pair of values of the variables which turns each equation into 
a true equality. For example, the pair of values of the variables 
«= 2 and y = —1 is a solution of the simultaneous equations 
jx — 2y = 8 and Sr + y = 9. 2. To solve simultaneous equations 
is to find the set of their solutions. 

194. (a) In cach equation we express y in terms of z: 


= —2r-+1, 
y = 0.52 -+ 3.5. 


‘The slopes of the straight lines, which are the graphs of the simul- 
tancous equations, are different, the slope of the first graph is cqual 
to —2 and that of the second is 0.5, and therefore the straight 
lines intersect. The coordinates of their intersection point, 
( -1, 3) (Fig. 87), are a solution of the equations, the solution being 
unique since two straight lines intersect at one point, (b) the straight 


lines y = 2x — 3 and y = —2.5r-+-1.5 mect at a point (1, —1), 
und this is a solution of the simultaneous equations (Fig. 88). 
195. (a) The straight lines y == te |-2 and y= fat 3 


11--0730 lol 


have the same slope (Fig. 89) and hence they are parallel. In 


addition, they cut the y-axis at different points (0, 2) and (0, : 
This means that they have no points in common, i.c. the simul- 


Fig. 88 


tancous equations have no solutions. We can verify this by multi- 
plying all the terms of the given equation by 2: 


{ 2r-+3y=6, 
22-+3y= 10. 


The left-hand sides of the resulting equations are similar and the 
right-hand sides are different, 
and this is impossible for the 
same values of z and of y. 
Answer: @. 

196. (a) The graphs of the 
equations coincide since multi- 
plying the second equation by 2, 
we get simultaneous cquations 


{ 22 —by= 3, 
22 —by = 3, 

which are similar, and, as is 
Fig. 89 known, one equation in two va- 


riables has an infinite number 
of solutions. 
197. We reduce each of the simultaneous equations to the form 
y= kx+l and then 


{ y=2r—4. 


yY—-ar—c. 


The equations have a unique solution if the angular coefficients 
are different, i.e. if a 4 2; they have no solutions if the angular 
coefficients are equal and the constant terms are different, i.e. 
if a = 2 and c 4; in this case the graphs of the cquations are 
parallel; the equations have an infinite number of solutions if 
the graphs of the equations coincide, i.e. if a = 2 and c == 4. 
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198. (a) For the coefficients in y to become opposite numbers, 
we find the least common multiple of the numbers 27 and 18 (it is 
04) and multiply both sides of each equation by the corresponding 
complementary factor, i.e. 


{ 162—27y=20, |2 inca { 322 — 54y = 40, 
or + 18y = 41.5, | 3, 152+ 54y = 124.5. 
The term-by-term addition leads to an cquation 47z = 164.5. 


Hence we get x = 164.5: 47 = 3.5. Substituting the value z = 
3.9 into the second equation, we get 5-3.5 -+ 18y = 41.5, y= 


ie Answer: (3. QD, 15). (b) In the first equation we express 
the variable x in terms of y and get simultaneous equations 
= 5y/8, 
4 (5y/8) + 0.25y = 11. 


Solving the second equation, we find that y = 4 and obtain z= 
2.9 from the first equation. Answer: {(2.5, 4)}. 

Remark. This technique of solution is known as the method of 
substitution. It is convenient when the coefficient in one of the 
variables of simultaneous linear equations is 1 or —1, and also 
when one of the simultaneous equations is in the form of a pro- 
portion. In addition, this method is always used when solving 
two simultaneous equations, one of which is of the second degree 


Fig. 90 Fig. 94 


and the other of the first degree. (c) {(2 2)}, (d) £{(5.5-1019, 
4.5-10°)}. Hint. To find the variable z, doa ‘term- i ae addition, 
and to Mind y, do a term-by-term subtraction. 

199. Substituting successively the coordinates of cach point 
into the equation for the straight line, we get simultaneous equa- 


tions 
—3 = 2k + 1, 
{ 45= —k+1. 
Solving them, we find that k = —2.5 and 1 = 2. The equation of 
the straight line has the form y = —2.5z + 2. 


200. (a) A circle with centre at the origin and a straight line 
y= 4 xz (Fig. 90), which passes through the origin, meet at 
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two points (—4, 3) and (4, —3). Answer: {(—4, 3), (4, —3)}, (b) a 
hyperbola y = 12/z (Fig. 91) and a straight line z + y = 8 meet 
at two points (2, 6) and (6, 2), (c) {(—3, 9), (2, 4)}, (d) {(2, —4), 

201. (a) Expressing in the first equation the variable z in terms 
of y, we get x = 4 — y. Then we replace in the second equation 
the variable x by the expression 4 — y: 


zr=4—y, 
(4—y)®—2y*— (4—y) y +5 (4—y)-+ 15=0. 
Solving the second equation, we find that y, = —7.5 and y, = 3, 


Substituting these values of y into the equation x = 4 — y, we 
get the values of x: 2, = 11.5 and rz, = 1. Answer: {(11.5, —7.5), 
(1, 3)}; (b) {(—2, —2.9), (9, 1)}, (c) {(5, <2); (21, 2.8)}. 

202. (a) {(—1, 6), (0, 5)}. Hint. The given system of simultan- 
eous equations reduces to two systems: 


ore ee —, 
z3+-y=), z3-|-y=5, 
(b) {(4, 4), (3, —3)}, (c) the given system reduces to the system 


(3x -— 4) (y—-1)-|- (2+ 1) =y+2, dry — 2y —2r=0, 
ant Or face 
(+1) (y—1) +0, (x-++4) (y—1) #0. 


Answer: (4s 2) (—4 =, az) }- 


203. 6/25. Hint. If we designate the numerator of the fraction 
as x and the denominator as y, then we arrive at a system consisting 
of first-degree equations (x — 1)/y = 1/5 and 2z/(y — 1) = 4/4. 

204. 24, 42. Hint. 1. If x is the tens digit and y is the units 
digit, then we obtain two simultaneous equations z + y = 6 and 
ee 2. This problem can also be solved by means of 
one equation in one variable. If we designate the tens digit as z, 
then the units digit will be 6 — xz, and we arrive at an equation 

10z-+-(6—z) 4 
10(6—2z)+2° 7° 

Comparing the two techniques of solving the problem, we see 
that when we introduce only one variable, it is more difficult to 
express the required quantities in terms of this variable and set 
up an equation. 

205. 50, 100. Hint. If x is the amount of the 800-mm pipes and 
y is the amount of 1200-mm pipes and we take into account that 
800 mm = 0.8 m and 1200 mm = 1.2 m, then we have two simul- 
taneous equations z-+ y= 150 and 0.82 + 1.2y = 160. 

206. 16, 24. Hint. If we designate as x and y the number of 
machine-tools the first and the second mill had to produce, respec- 
tively, then we obtain 


So baler 
142-+41.12y—400; r=160, y= 200. 


207. 5 and 3. 
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208. 6 cm and 4 cm. 

209. 5 cm and 12 cm. Hint. The sum of the lengths of the legs 
is 17 cm (30 — 13 = 17). Derive simultaneous equations using the 
Pythagoras theorem. 

210. 6 cm and 8 cm. If the lengths of the legs are z and y, then 
we arrive at simultaneous equations z -+ y = 14 and a ty = = 24. 

Remark. Sometimes students erroneously assume that the 


1 ae 
x ty = 24 is of the first degree. But it is not so since 


the sum of the exponents of the variables in this equation is two. 

211. Assume that the length of the plot is z m and its width is 
ym, with z > y. Then we have two simultancous cquations zy = 
600 and xz + y = 50. Solving them, we find that z = 30 m and 
y = 20 m. 

212. Assume that z is the tens digit and y is the units digit 
in the required number. Then the two-digit number has the form 
10x + y, the sum of its digits is x + y and their product is zy. 
Bearing in mind that the dividend is equal to the product of the 
divisor by the quotient plus the remainder, we obtain simultancous 
equations 


ieee a ae Carne 
102 +- y = dry +- 2, 107 -+-y—5zry = 


Solving them, we find that z = 3 and y = 2. Answer: 32. 


equation 


SECTION 1.19 


213. (a) We form the difference between the left-hand and 
right-hand sides of the inequality and transform it, i.c. a? + 2 — 
2 (2a — 1) = a® + 2 — 4a + 2 = (a — 2)?. Fora = 2 this expres- 
sion is zero and for a + 2 we have (a — 2)? > 0, and hence the 
inequality a? -+ 2 > 2 (2a — 1) holds true for any a, (b) we 
have 2 (p -- 12 + 3p — p(p + 5)= 2p? + 4p + 2 + 3p — p? — 
op = p?+ 2p +2 = (p+ 1)? + 1> 0, i.e. the inequality holds 
true for any p, (c) Hint. The inequality 9 — (x — y)? < 0 holds 
true for any z and y. 

2 — i 2 
214. 4. (apt) 2-2 tt ey Since 


a 


morn | 2 
ai), 
a 

for a>0O (we have an equality «nly for a=1), we have a -+ 
= >2 for a>0. This can be formulated as follows: the sum of two 
pesitive numbers, inverse of each other, is not smaller that two. 2. We 
2 

have (o++) —(—2)=b +i42= ory Since (6+1)?> 


(b-+-1)? 
0 for any b, and }<0O by the hypothesis, we have ae 0, 
and hence b+ <--2 for b<0 (we have an cquality only for 
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b= —1). Thus the sum of two negative numbers, inverse of each 
other, is no larger than —2. 3. We transform the inequality as 
follows: 


BAD cap op atb—2Vab_ (Va) aU 2Vab 
2 


; an 
(Va—YV b)? Wasi 
2 


. Since >>0 (we have an equality 


a > V ab. This can be for- 


mulated as follow: the arithmetic mean of two nonnegative numbers 
is larger than or equal to their geometric mean. 


215. (a) Adding the inequalities 3a > 9 and 2.5b > 10 term- 
by-term, we get 3a + 2.5b > 19, (b) multiplying these inequalities 
term-by-term, we get ab > 12, whence 2ab > 24, (c) since a? > 3? 
and b2 > 4?, it follows that a? + 62 > 32 -+ 42, g?-+ b? > 25, 

216. (a) 7< 5a< 8 


1< 0.26 < 1.2 
8<5a+0.2b< 9.2 ° 


only for a=b), it follows that 


1 4 1 { { 4 
217. aoe oe ee or ye gs an 
eee 
6 b 5 
1 1 1 1 1 a 
Bees gp eg 
5 1,14 8 
whence wie a Ran er | 


218. We have 8.5-2.5 < ab < 8.6-2.6, or 21.25 < ab < 22.36, 
or rounding off to two significant digits (there are two of them in 
cach factor), we get 21 < ab < 22, i.e. 21 cm? < S < 22 cm?. 

219. To solve an inequality means to find the set of its solutions. 

220. (a) We multiply both sides of the given inequality by the 
positive number 6; i.e. 


7z + 5 — 3 (82 — 9) > 8-6, Tze 4+ 5 — 9x + 27 > 48. 


We transfer the known term 32 from the left-hand side to the 
right-hand side with the opposite sign (see the corollary of 
Property 3 on p. 44), and then 


7x — 9x > 48 — 32, —2x > 16. 


Dividing both sides of the inequality by —2 and changing the 
sign of the inequality to the opposite, we get an inequality z< 
—8, which is equivalent to the given one. Answer: (—co, —8), 
(b) the set of solutions is an open number ray from —5.5 to -++0oo: 
(—3.5, +00), (c) &. Hint. The inequality reduces to 15r — 9 > 
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1o0z + 5, or 0-z > 14. The set of solutions of the inequality ob- 
tained and, hence, of the given one, is empty. We can arrive at 
the same conclusion in another way. Dividing each term of the 
numerator of the first fraction by 10 and that of the second fraction 
4 Wi 

5 rT ate: 

221. (a) {41, 2, 3}, (b) (1, 2, 3, 4, 5}. 

222. (a) Replacing each inequality of the system by the clement- 
ary inequality, equivalent to it, we get a system equivalent to the 
z>-—2 
poe ales 
is the number interval (—2, + 0c) and that of the second inequality 
is the number interval (—oo, 3). 

We can find the intersection of the sets of solutions using the 
coordinate axis (Fig. 92): [—2, -+oo) (—oo, 3) = (—2, 3). 


a!) 4, SAL 
WKk« 3 1.5 2.5 ae 


Fig. 92 Fig. 93 


by 6, we obtain 


given one: { ’ The set of solutions of the first inequality 


The set of solutions of the given simultaneous equations is the 
number interval (—2, 3) (in Fig. 92 this interval is double hatched), 
(b) (2.5, +00) (Fig. 93), (c) @ (Fig. 94), (a) (5, 7). 

223. (a) The Ist technique. The given two-sided inequality can 


\ Y 
2.8 5 
Fig. 94 


be written in the form of a system of simultaneous inequalities 
{ 21 —3 > —1 
22 —3< 7. 
interval (1, 5). 
The 2nd technique. We add 3 to cach side of the inequality 
and get 


’ The set of solutions of this system is the number 


{ —14+3< 2x—343<7-+53, 
2 oo = 10). Ler =O, 

224. (a) The product of two factors is positive only when both 
factors are either positive or negative, i.e. when the factors are 
of the same sign. This means that the given inequality is equival- 
ent to the set of systems 

{ 2z—3>0, Se { 2z—3 <0, 

5—xr#>0 o—zr <0. 
The set of solutions of the first system is an interval (1.5, 5) and 
the set of solutions of the second system is an empty sct. Answer: 
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(4.5, 5) U © = (1.5, 5), (b) (—co, —3). Hint. Since the numerator 
is smaller than zero (—3 < 0), the given inequality is equivalent 
to the inequality 22 + 6< 0, (c) the value of the fraction is 
negative only when the numerator and the denominator have 
values of different signs, and therefore 
2x —3>(), 227—3 < (), 

{ 32 +6< 0 { 32+6> 0. 
The set of solutions of the first system is an empty set and the set 
of solutions of the second system is a number interval (—2, 1.5}. 
The set of solutions of the given inequality is @ UY (—2, 1.5) = 
(—2, 1.5), (d) we replace the given inequality by an equivalent 
one whose right-hand side is zero by transferring unity with the 
opposite sign to the left-hand side of the inequality. Then we get 
in succession 


4zr+2 = 4x 4-2—2-+-dzr 9x 
7 5a —1<(0, pee ee 
flence we have 
{ 97 <0, ee 9z > 0, 
2—5r >0 2—52 <0. 


The set of solutions of the first system is (--0oo, 0) and that of the 
second is (0.4, +00). Answer: (—co, 0) JU (0.4, +00). 

Warning! Sometimes students try to solve this inequality by 
deleting the denominator and get only one open number ray (— co, 0). 
But it cannot be done since by doing this, we multiply both sides 
of the inequality by the expression 2 -- 5z, which can be either 
positive or negative. In the last case the sign of the inequality 
must be changed to the opposite; 

(@ oe 205 ao Answer: (—co, —2.9) U (11, +). 

225. (a) The Ist technique. z2 —9 > 0, (x — 3) (x + 3) DS Ov 
The value of the product of two factors is nonnegative if and only 


N GY 
-3 0 3 
Fig. 95 
if the factors are nonnegative or nonpositive. This means that 
the given inequality holds true for the values of z for which 
z—3 >0, { z—3<0, 
ree _a+3<0. 
Answer: (—oo, —3) U (3, +0). 

The 2nd technique. Since both sides of the inequality are 
nonnegative, the given inequality is equivalent to the inequality 
| z{|<>+3. This problem can be formulated thus: find on the 
coordinate axis the set of points whose distance from the point 
with the zero coordinate is three or exceeds three. We get the 
sime answer (Fig. 95). 
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This inequality can also be solved by graphical means. We 
construct the graphs of the functions y = z? and y = 9 in the 
same system of coordinates. The inequality z? > 9 holds true for 
the values of z for which the graph of the function y = 2? lies 
not lower than that of the function y = 9 (Fig. 96). For clarity 


y 


Fig. 96 Fig. 97 


we project the indicated part of the graph of the function y = 2? 
onto the z-axis, (b) (—4, 1), (c) (—2, 0) U (1, +00), (d) (41, +00). 
Hint. 28? —1> 0, (x — 1) (x2? 4+ 24+ 1) > 0, but 2? -+ x + 


2 
Pyetg-gti=(2+z) +350 for any x. There is 


another technique of establishing this fact. The discriminant 
of the quadratic trinomial xz? + z-+ 1 is smaller than zero, i.c. 
D-=1——4= —3< 0. The coefficient a is larger than 7cro 
i.c. a= 12> 0. Consequently, z?+2-+12>0 for any z (the 
eraph of this trinomial is a parabola lying ahove the z-axis). The 
graphical solution of the inequality is given in Fig. 97, (ec) (—o, 2), 
(f) (--0o0, —1) U (1, -+-00). Hint. 241 — 1 = (x — 1) (x + 1) X 


Tig. 98 Fig. 99 


(x2 + 1), but 22 + 41> 0 for any value of z, (g) (—2, 3). Hint. 
Factoring the quadratic trinomial, we gct (x + 2) (x — 3) < 0. 
or, writing the given inequality in the form z? < z + 6, we project 
onto the z-axis the part of the parabola y = 2? which lies below 
the straight line y = x -++ 6 (Fig. 98), (h) (—oo, —1.5) U (1, +). 
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226. (a) The domain of the function y = V z is (0, +00), and 
therefore 5 — z > 0 for the given function, whence we have z < 5. 
Thus the domain of the given function is the number ray (—o~, 5), 
(b) we have a system —z >0, c+ 1 #0. Answer: (—o, —1) U 
(—1, 0), (c) (—o0, 3] U (3.5, Foo), (d) (2.5, 4], (e) (—o, 5]. 

227. (a) The required set is the angle AMB (Fig. 99) formed 
by the intersection of the straight lines y = z + 3 and y = —z + 
3. One of the solutions is z = —4 and y = 3, (b) the required set 


is a semicircle bounded by a circum- 
NIN 
NS 


and a unit radius, and the abscissa axis. 
One of the solutions is + = —0.5 and 
y = 0.6 (Fig. 100), (c) a part of the 
plane bounded by the parabola y=2? and 
the straight line y = 1 (the boundaries 
inclusive). 


ference, which has its centre at the origin 


Fig. 100 228. (a) 2, 1,4 ve vag (b) ty 2,4, 
8,16, (c) 2, 0, 2, 0,2,..., (d)1, V2, 


V 3, 2, V5, ..., (a) 30°, 240°, 390°, 570°, 750°. 

229. (a Lp = (k — 1)? — 2 (k — 1) = kK? — 4k - 8, 
(b) 2,4, = (K+ 1)? —2 (4 +1) = 2 — 1. 

230. (a) We must find the natural values of the variable n for 
which the expression n? — 15n + 30 is equal to —20. Solving 
the equation n? — 15n + 30 = —20, we get the roots 5 and 10. 
Hence the number —20 is encountered in the sequence twice: the 
fifth ra tenth terms are —20, (b) the first and fourteenth terms 
are 14. 

231. 1. To define an arithmetic progression, it is sufficient to 
know its first term a, and the common difference d. 

2. If d>0, then the arithmetic progression is an increasing 
sequence and if d <0, then it is a decreasing sequence. 

3. Any term of an arithmetic progression, beginning with the 
second, is an arithmetic mean of the predecessor and successor, 1.€. 
ay = (an-1 + 4,4,)/2. And conversely, if a sequence is such that 
its any term, beginning with the second, is an arithmetic mean of the 
preceding and the succeeding term, then the sequence is an arithmetic 
progression. 

232. 1. ay = ag — d, ag = ag +d. 2. If b—a=c— Bb, then 
— a-te 1-!-(14—2z) 

= ee ie ak sa 
whence z = 5. An arithmetic progression is 1, 5, 9. 

233. a3, = —8.0 + (—0.4) (31 — 1) = —8.5 — 12 = —20.5. 

234, From the formula for any term of an arithmetic progression, 
a, = —6+ 4 (n — 1) = —6-+ 4n —4 = 4n — 10. Solving the 
equation 4n — 10 = 146, we find that its root is the number 39 
and therefore the number 146 is the 39th term of the progression. 

235. Since ag = a, + 2d, ayy = a, + 12d, we have a system 
of simultaneous equations a, + 2d = 8.2 and a, + 12d = 10.2. 
From this system we find that a, = 7.8 and d = 0.2. Solving the 
inequality 7.8 + 0.2 (n — 1) < 20, we find that n < 62. Thus 
ies a the first 61 terms of this progression is smaller 
than 20, 
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. 3. The equality r= must hold _ true, 


236. The arithmetic progression will contain five terms (two 
yiven terms and three inserted terms); a, = 8, a, = 0 and n = 5. 
We find the common difference d of the progression using the for- 
mula for the nth term: 0 = 8 + 4d, d = —2. We get an arithmetic 
progression 8, 6, 4, 2, 0. 

237. For eee ag + ay, = (a, + d) + (ayg — d) = 40; 

a, + ay.) 1 
Sj,.=a tae , or 320. 


238. (a) We have an arithmetic progression in which a, = 1, 


A199 = 100, n = 100; Syo9 = coo — 5050, (b) the first 


odd number is 1, the last is 99, and there are exactly 50 odd num- 
bers smaller than 100. This means that Sy) = ETS” _ 2900. 


239. 1.15. Hint. a,==21, d= —3, S,;=0. We derive an equa- 
(2.21 -+-(—3) (n—1)) n 


tion Q=- 9 


(see formula (2)). Now we have 
(42—3n+3)n 
2 


The first root must be rejected. 2. Since a, =0, d= 4 and 
Sn > 112, the problem reduces to the solution of the inequality 


(O-+-4(n—1))n 
2 


or (n — 8) (n + 7) > 0, whence n > 8, or n < —7. Since n€N, 
the values n = 9, 10, 11, ... satisfy the hypothesis. 

240. 1. To define a geometric progression, it is sufficient to 
know its first term 6, and the common ratio qg. 2. Any term of a 
geometric progression, beginning with the second, is equal to the 
arithmetic square root of the product of the preceding and the succeeding 


term, i.e. b, = a ae eee The converse is also true: if a sequence 
is such that its any term, beginning with the second, is equal to the 
arithmetic square root of the product of the preceding and the succeeding 
term, then the progression is geometric. 3. If g > 0 and gq ~ 4, then 
| progression is either increasing or decreasing. For instance, if 
= 1 and q = 2, then the progression 1, 2, 4, ... is increasing, 
now if b, = —5 and q =: 2, then the progression 10, — 20, —40, 
is dcenedcind: If¢g=t, ‘then all the terms of the progression ‘are 
equal. If q< 0, then the progression is neither increasing nor 


=0, (45—3n)n=0; ny=0, n,= 15. 


> 112, from which we find that n2—n—56 > 0, 


decreasing, for instance, if b} = 2 and q = —3, then the progres- 
sion is 2, =e 18, aa 162, 
241. 1. b, = = by bs = = beg. "2. Since q = by: b;, and b, = 
be iq, it follows that : = "4/5 and bg = 6,6, = 6 Y 2.3.b, = 
a*—1 


4, by = 16, 6, = 32. 4. Hint. We must prove that 
eae for any |a| 1. 


242. 1. 6, =: (—0.001)- 104 = —10. 2. Hint. cyq- mae = ¢,q'-¢,q’. 
3. From the condition that a, = 0.36 and a; = 360 we derive 
{wo simultancous equations 


(a+ 1 


{71 


a,q = 0.36, 
{ a,q‘ == 360. 
From this we obtain gq? = 1000, ¢g = 10; a, = 0.036, a3; = 
3.6, ay = 36. 
243. We have (7 = byqg®, by = b7/qg®, or by = 0.02; S7= 
244. Sg=315, ay=Sy=-5, Sg=5-(22—1)=15, ag==10, gq=2. 


SECTION 1.21 


245. 1. Logarithms exist only for positive numbers; negative 
numbers and zero have no logarithms. lor instance, the expressions 
log (—3), log 0, log (1 — 2) are meaningless since if we assume 
that log (—3) is equal to the real number z, then the number 10* 
must equal the number —3, and this is impossible since 10* > 0 
for any z. 2. It is valid for a> 0. 


246. (a) 102=100, (b) 10-7=0.4, (ec) 10/2= 10, (d) 10 


9) 
4 4 \t/5 -F 
(——)28/OT, or 1071/8 =: (10-9 1/8 == 4 O, (e) 10 3 = 


10175 \40. 
ee ol 
101/3 y 10 — 
247. (a) log 1000 = 3, (b) log1= 0, (c) log 0.001 = —3, 


(d) loga=t, (e) log t=2x-+1. 

248. Dividing both sides of the given equation hy 10° #- 0, 
we get 102 = 108 = 10% = 10°, or 10¢-' = 1, whence a — b = 0, 
1.e@. a=b. 

249. (a) 10% = 10', a=1, (b) 10*=10°9, r=0, (c) 10%*= 10~?, 
g=s —2, (d) 10% = 4-0.025, 10* = 0.1, 10% = 10°7!, r= --1, 

2 


1 : 
(e) 10% =10'/, 2=1/38, (f) 10*= zs; 10*=10 °; z= —0.4. 


y 102 
250. (a) 1, (b) 4, (c) —2, (d_ log (10-10!/2) = log 10%/? == 3/2, 
(e) log 12=log 1:=0, (f) log (1-+-0) = log 1 =- 0. 
251. (a) log log 10 = log i= 0, (hb) log Y 10 + |/ log 10= 
log 10'/2+- V4 = 1/2+1 -- 1.5, (c) (og 0.1)? + log 10 log 100 = 
1 --- (log 0.01)? i eee 1—4 


meee Fi Z2= —_—  S- O -SO i S— 
Patra res 3: AC) “ape outs  d-orsoe eae 
— 0.6. 


252. The following expressions are meaningless: log 0, log (— 5), 


log (+--+) , log (// 3—2). 


253. (a) From the princiral logarithmic identity (10!°% ¢=- a, 
a>0), we have 10'°3 = 3, (b) 10! 2 4 40! § — 2457, 
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(c) 102+}08 § — 492.19!93 5— 100-5= 500, (d) 10!% 7-1 — yoloe? x 
10-1 =7-10-2 = 0.7, (e) 10-107 10% 8-10 + 10198 > = 10 +5 = 2, 
(f) using the identity a™" = (a™)", we have eee log 3 __ 
(40108 $)-2— 3-2= 1/9, (g) 0.47 '08 4 (197 *) 108 4 = gles 4 4, 


(h) 5 (40198 Sy 15-5 = 1, (i) 10108 10g 100 _ yglog 29 (jy slog 100 _ 


—52=25, (k) 0.25!08V 10 9 9508 7 ern 

254. (a) c= 1, (b) |x| = 2, whence x=2 or x= —2, 
(c) (102)'08 * = 4, (10/08 *)?=:4; 2%=4 whence r= 2; the value 
x = —2 is not suitable since log (—2) is meaningless. 

255. (a) By the definition of a logarithm, z = a = 100, 
(b) z=10°—1, (c) —-x—10-!, whence x= —0.1, (d) x = 10°.1 — 
v 10, (ec) x —2= 10, z = 12, (f) ee z= —3.01, 
(g) 3 r= 1,2 = 2, (h) 22 — 6 = 10, —4y 2 = 4, (i) ot — 
az = 10; z, = —2, ry = 5, Gy habe 6 0.1, 2, = —3, 
x = — 

256. (a) We designate log z as a and then we have (log z)? = a?, 
and we can write the given equation as a? + a = 0, ora (a+ 1) = 
0, whence we have a = —1 or a = 0, i.e. log x = —1 or log z = 
0; consequently, 7, = 0. 1 and xz, = 1, (b) log x = 1 or log z = 2: 
x, = 10 and zz = 100, (c) logz = 4 or log z= 3/2, z, = 0.1, 
rz, = 1032 = V'108 = 10 ¥'10. 

257. (a) log 18 = log (9-2) = log 3?-++ log 2 = 2 log 3 + log 2, 

A er 2 


25 oi 
(b) log 75 = log (52-3) =2 log 5+- log 3; (c) log a: —log 5? — 


log 23 — > 2 log 5 —3 log 2. 
298. (a) log 60 = log eee 2+ log 3+ log 10 ~ 0.30 + 
as x 1.78, (b) log —— — = log 10 — log 3 = 1 — 0.48 ~ 0.52, 


(c) log — ~ =log 1—log 6=0—<(log 2+ log 3) ~ —(0.30 + 0.48) = 
a a. 4 
—0.78, (d) log 7/12 = log 12% = log (22-3)? = 3 (2 log 2 + 
ED 
3 
().48—2 ~ —1.52; (f) log (200+ 100) = log 300 = log 3+ log 100 ~ 
0.48+2 ~ 2.48, (g) log 200+ log 100 =log (2-100) + 2 = log 2+ 
log 10+log 90  1+2 log 3+414 
log (10+90) 2 


log 3) = (2-0.30-+ 0.48) ~ 0.36, (ce) log 0.03 = log 3— log 100 =~ 


4 ~ 0.30 +4 4.30, th) 


‘) 
sea = 1+log 3 = 1.48. 
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259. (a) log (100a) — log a= log 100-+- log a— (loga — log 10) = 


2+log a—loga+i1i= 3, (b) log a0 — log (4000zx) = log x — 


log 100— (log 1000-+ log x) = log x —2—3—log r= —5. 


260. (a) log W0.4 = log 0.41/2 == = log 04 = slo 4) = 


2 
4 ae 2 2 —= 
—0.5, ( (b) log T7755 = log 10 S35 log 10= —5; (c) 2log 4/108 = 


$43 7m 
2 log 104 = 2-7 log 10 = 1.5, (d) log (0.4 V 1000) = log 0.4+ 


5 3 
log 10 =—1+ 7 =0.5 
log 8  log2® ds3ilog2 _ 
ere log2 log2 jog2 ~— e 
Warning! Sometimes students erroneously replace = . by 


log > and get log 8 — log 2 = 2 log 2. One must remember that 


in the general case 


log a 
Tort. +4- log a—logb, a>0O, b>0, bil. 
8 \1/3 23 \ 1/3 2 
262. (a) log 3/0.8=log | a} — log (<5) =le a= 
log 2 — = log 10 ~ 0.30 — 0.33 x —0.03, (b) log}/3.2= 
| 5 
os \ # 7 
log ( —} — log = 1.25 log 2—0.25 log 10 == 1.25-0.30— 
104 
0.25 ~ 0.3875 — 0.25 x 0.13. 
2/53 
263. (a) 2 = 2 i = a®b3c-1q-1/2;_ log « = log a? + log 63 + 
cd 2 


log c~1+- log d-1/2 = 2 log a+3 log b—log c — + log d, (b) r= 
10a*b2/3c-1/3; log x=log 10 + log a* -+ log b?/3 +- log c71/3 = 4+ 
4 log a+ log b — _ log c, (c) log z = log (a + 3)?-++ log b3 — 


log (a? + 2)?— log c4 = 2 log (a-+-3)-++3 log b —2 log (a?+- 2) —4 loge. 
Warning! Sometimes students erroneously replace log (a + 3) 
by log a + log 3.’ One must remember that in the general casw 
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the logarithm of the sum is not equal to the sum of logarithms, 
i.e. log (a + 6) 4loga-+ log b. (d) log z = 2.5 log (a + b) + 
1.5 log c — 0.25 log d. 


264. (a) If a>0, b>0 and a= b, then log a = log b. Using 


this property of logarithms, we take logarithms of both sides 
of the given equation: log 2*=log 5, z log 2=log 5, whence z= 


log 5 0.70 Bees — 2logs _ 
log D ~ 0.30 ~ yes (b) 6 log 2 = 2 log 5, t= log 3 ~ 
2:0.70 _ log 100 2 - _ log20 _ 
0.48 ~~ ia mea oo log 2 ~ 0.30 ee log 0.14 


log 2-+- log 10 
—1 

265. (a) By formulas for taking antilogarithms, we have log 2 + 

log 5 = log (2-5) = 14, (b) log 360 — log 0.36 = log (360 — 0.36) = 


log 1000 = 3, (c) log 0.15—log 15 = log 0.01 = —2, (d) 5 log 25 + 


~ —(0.30-++4) = —1.30. 


* log 64 — = log 32 = log (5?)!/2-++ log (28)1/3 — log (25)!/§ = log 5 + 


log 4 — log 2 = log (5-4 + 2) = log 10 = 1. 
266. Assume a > 0, 6b > 0 and log a = log b. We shall prove 
that a = b. By the hypothesis, log a — log b = 0, or, taking 


antilogarithms, we have log = = 0, whence we get, according 


to the definition of logarithms, 10° = a/b, or a/b = 1 and a = b. 
The converse is also true: if a = b, then log a = log b. 


Fig. 104 Fig. 102 


267. (a) log x = log 2 + log 53 = log (2-53) = log 250, z= 
290, (b) log x = log 23 + log 3? = log (28-3?) = log 72, z = 72, 


(c) log z = . log (8-32) = log (25-25)1/4 = log (28)'/4 = log 22 = 


3 
ee, See Wd). lege = toe (+) Top Gay e062, Hey it 
ce b)? a—b a—b 


a>b>0, a), then log z= log ————- as =e ap! ee ay 


268. (a) log (2x — 5) = log (2. Do), 22 —5= 45; 2x = 25, 
(bh) 9 — 0.42=3, 0.42 =6, r=60, (c) we replace 1 by log 10 and 
then log (20 — 5z) = log x + log 10, log (20 — 5z) = log 40z, 
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20 — 5 = 10z,z2 = 1 2 , (d) we replace 2 by 2 log 10 = log 100 


and then log xz = log 00 — log 4, x= 25, (e) log (x + ae 
log 2.52, « = 4, (f) log (x — 4) (zx ss Oo) = log 10, 22 + xz — 30 = 
0, whence z, = —6 and zr, = 5; we must reject the first root ee 


Fig, 103 Fig. 104 


on = —6 the expressions log (z — 4) and log (xz + 5) are mean- 
ingless. 

269. (a) A straight line y = 2z, where x> 0 (Fig. 101), 
(b) y= 107 !93* — 40'°3%". The graph is a parabola where x > 0 
(Fig. 102), (c) the graph is a straight line y = x — 2, where z > 2 
(Fig. 103), (d) the straight line y = z — 2, where zx > 0, (e) a 
straight line y = “5, where x > 0 (Fig. 

270. (a) 40.8, (b) 2.49, (c) 0.905, (d) 1 (e) 1.43. 

271. (a) 3.58-2.5 = 8. 96, (b) 43. 5-4. es ~ i 7, (c) (18.6 + 
72.5) 110% ~ 25.7%. 

27.3-4.25 168 -0.735 


a) 2== ——{-—  & 135; =a ().339. 
272. (a) r= 35 135; (b) z 374 ().339 


273. (a) d = < , therefore s ~ 1.34, (b) d = 4.52, 


(c) d + 82.8. 


CHAPTER 2 


SECTION 2.22 


274. A geometric figure is any set of points. For instance, a line 
segment, an angle, a triangle, a circumference, a circle are all plane 
figures, whereas a sphcre, a cube, a rectangular parallelepiped are 
solid figures. 

(a) A circumference is the set of all points of the plane, which 
are at a given distance from a given point, (b) a circle is the set 
of all points of the plane the distance from each of which to a given 
point of that plane is not larger (is equal to or smaller) than 
the given distance. 

275. (a) A line segment is a set which consists of two different 
points and all the points lying between them. It is designated as 
[AB], the points A and B being its endpoints. The length of a seg- 
ment is the distance between its endpoints and is designated as 
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| AB |, (b) if we take an arbitrary point O on the straight line AB, 
then the point divides the line into three subsets. The subsets A 
and B are called open rays and the subset C consists of one point O. 
The union of an open ray and its origin, point O, is a ray. A ray 
One begins at point O and contains a point A is designated as 
OA 

276. (a) A broken (polygonal) line is the union of the segments, 
A,Ao, AgA3, Asdy,. . . (Fig. 105) such that the end of each segment 
(except for the last one) is the 
beginning of the next one and A; Ay 
the adjacent segments do not 
lie on the same straight line. 

The sum of the lengths of all 

the segments of the broken line 

is its length. (b) A polygon is 

the union of aclosed polygonal 41 Ag 
line and its interior domain. - 

The elements of a polygon are Fig. 105 

its sides, vertices and angles 

(interior angles). The diagonal of a polygon is a line segment which 
connects its two nonadjacent vertices. 

277. (a) An aziom is a proposition which is accepted without 
a proof. or example, one and only one straight line passes through 
any two distinct points (the axiom of a straight line). If two points 
of a straight line belong to a plane, then all the points of that 
straight line belong to the plane, (b) a theorem is a proposition 
whose validity must be proved. 

278. (a) A circle with centre at the point A and the radius of 
oe (b) a circumference with centre at the point B and the radius 
of 2 

279. The points A, B and C belong to the same peetent line 
since there holds an equality |CA|+|AB|=|CB\. 

280.1. By the property of distance for three points which 
do not lie on the same straight line, we have an inequality | AD |< 
|} AB|-+|BD |. We add | DC | to both sides of the inequality 
and get 

[|AD|+1DC|<|ABI+|(BD|+|DC], 
or 
|AD|+1DC|<|AB|+| BCI. 

2. We have he ee | 
(sec the preceding problem). We replace the sum | MD | +- ; 
by asmaller quantity | MC |andget| AM|+|MC|<|A 
| BC |. 

281. On the basis of the property of a straight line we have 
(Fig. 106) 

[|AB|<|BC|+ IAC], |BC|<|AC|+[ABl, |ACI< 
|AB| +] BC |. 
If we subtract | BC | from both sides of the first inequality, | AC | 


from both sides of the second and | AB | from those of the third 
then we obtain 


|AB|—|BC|<|AC|, | BC|—|AC|<]| AB}, 
|AC|—|AB|<|BC |. 
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We unite these inequalities with the initial ones and get 


[AB|—|BC|<|AC|<|AB|+ [BC], 
|BC|—|AC|<|AB|<|BC|+|AC], 
[AC |—|AB|<|BC|<|AC|+|AB|. 


We can formulate this as follows: the length of each side of a triangle 
is smaller than the sum of the lengths 
B of the other two sides but not larger 

than their difference. 

282.1. There are two possibilities 
here: the length of the third side is 
either 3 cm or 6 cm, but a triangle with 
the sides of 3, 3 and 6 cm is impossi- 

A C ble. The only possible triangle has sides 
; of 3,6 and 6 cm since 6<6-+3. 
Fig. 106 Thus the side 3 cm long is the base of 
the triangle and each lateral side is 
6 cm long. 
2. We have |AB|—|BC|<lAC|<|ABI+1BC| (see 
a Hence we have 2 cm < | AC | <8 cm. 
284. 1. A straight angle is an angle whose sides are opposite 
rays. A right angle is half a straight angle. 
2. Adjacent angles are two angles whose union is a straight 
angle and the intersection is a ray. In Fig. 107 the angles ABC and 


Fig 4107 Fig. 108 


ABD are adjacent. The sum of two adjacent angles is 180°. 

3. Vertical angles are two angles which are smaller than a 
straight angle if the sides of one of them are rays, which are opposite 
to the sides of the other angle. In Fig. 108 the angles AOB and COD 
are vertical, the ray OC is opposite to the ray OB, and the ray OD 
is opposite ‘to the ray OA. The as a are congruent and 


“N 
are therefore equal, i.e. AOB = COD, soe = BoD. 

4. The bisector of an angle is a ray which begins at the vertex 
of the angle and divides it in two. 

5. Two straight lines are said to be mutually perpendicular if 
their intersection yields right angles. If the straight line AB is 
perpendicular to the straight line CD, then we write (AB) 1 (CD). 

285. 1. A point, a ray, and an angle. 

2. A right angle or 2 angle of 60°. 

287. 2. B = 180° 

3. If we designate the value of the smaller angle as z, then the 
larger angle is xz -+ 90°, and we have an equation z -+ (z + 90) = 
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480. Solving it, we find that the smaller angle is 45° and the large? 
one is 135°, 

4. 108° and 72°. Hint. If we designate the value of the smaller 
angle as z, then the larger angle is 1.52 (150% of x = 1.52). 

288. (a) If the value of one of the adjacent angles is a and that 
of the other is B, then « + B = 180°. The angle between the bisect- 


are = 90°, (b) 180°. 


SECTION 2.23 


289. (a) The mapping of the arc CD onto the arc AB, (b) con- 
struct a ray [OZ) and then {Z,} = [OZ) (| ~ AB, (c) the mapping 
is invertible since under this mapping any two different points 
of the arc CD have different images. 

The points C, X, Y and D have the images X > X,, Y > Y, 
and D — B. 

290. (a) To define a mapping of a circle onto the contour of a 
triangle, we can take any point O inside the circle and draw rays 
beginning at that point. They cut the circle and the contour of the 
triangle, (b) the points X, Y and Z of the circle are mapped, res- 
pectively, into the points of intersection of the rays OX, OY, OZ 
and the contour of the triangle, (c) the mapping is invertible. 

291. (a) Lay off | A,M, | = | AM | on the side A,B,, (b) draw 
two circles of radii AM and CM from the vertices A, and C,. These 
circles meet at two points, the point which lies inside the triangle 
A,B,C, is the required point (Fig. 109). 


ors of the angles is +5 


B 


LN, 


Fig. 109 Fig. 110 


“\ 
292. We construct a ray [AB,) so that BAB, = 45°. We lay 


off [AB,] = [AB] on [AB,) and then B, = Rios (B). Similarly 


we construct C, = Ri (C). The triangle AB,C, is the required 
one (Fig. 110). 
293. H ae The centre of rotation is the point A. The rotation 


/ 
angle is BAD. 
294. The square is mapped onto itself [upon rotations about 
the intersection points of the diagonals through 90°, 180° and 
270° both clockwise and counterclockwise. 
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295. (a) @ = 60° + 360°n, where n € Z, (b) a + 120° = —a@ + 
360°n, whence we have a = —60° + 180°n, where n € Z. 

296. (a) The straight linc is mapped onto itself, (b) onto the 
opposite ray with the same origin, (c) onto the angle which is vertical 
with respect to the given one, (d) onto 
the parallel straight line. 

297. (a) We construct a point sym- 
metric with respect to the centre of the 
given circle and draw a circle of the same 
radius from the point obtained, (b) two 
cases are possible here: (1) if the centre 
of symmetry coincides with the centre 
of the given circle, then we get the same 
circle, (2) if the centre of symmetry does 
ie not coincide with that of the circle, we 

Fig. 114 get a circle which cuts the first circle 
and is congruent to it. 

298. We must draw a straight line through the point M at 
right angles to the /-axis and mark a point M, on the ray MO 
(O € 1) so that |OM,| =| OM | (Fig. 111). 

299. (a) Two, the straight line which contains the segment and 
the straight line perpendicular to that segment and passing through 
its middle point, (b) one, the straight linc on which the ray lies, 
(c) an infinite number: the straight line itself and any straight 


Fig. 112 Fig 113 


line perpendicular to the given line, (d) an infinite number: the 
straight lines which pass through the centre of the circle, (e) one 
bisector of the angle, (f) three: the bisector of each angle, (g) four: 
two of them contain the diagonals and the other two contain the 
perpendicular bisectors of the adjacent sides. 


lo 
300. 4. An isosceles triangle. 2. Hint. M,OM, = 2a + 28 = 
2 (a + B) = 2-90° = 180°, and therefore the angle M,OM, is 


a straight angle (Fig. 112), 
180 


SECTION 2.24 


301. It is the smallest of the distances from the point to various 
points of the straight line or the distance from the point to the foot 
of the perpendicular drawn through the point to the straight line. 

302. (1) If the point A is in the interior of an angle, say, MON 
(Fig. 113), then | AB | and |AC| are the distances from that point 
to the sides of the angle ({[AB] 1 [ON), [AC] 1 [OM)). 

(2) If the point A, is in the interior of the angle MOAz., then 


Fig. 114 Fig. 145 


the distance from A, to [OM) is | A,C,| ([A,C,] 1 [OM)), and 
the distance from A, to [ON) is | A,O |; if the point A, lies in the 
interior of the angle A,OP, then | A;0 | is the distance from the 
point A, to [ON) and to [OM). 

(4) If the point A, lies in the interior of the angle NOP, then 
| A,B, | ([A,B,] 1 [ON)) ‘is the distance from the point A, to 
[ON) and | A,O | is the distance from the point A, to [OM). _ 

303. (a) The projection of the point A onto the straight line 
MN is the foot A, of the perpendicular drawn from the point A 
to the straight line MN (Fig. 114). 

(b) The projection of the line segment AB onto the straight 


B A,I C A 
| 


A C M D B N 
Fig. 116 Fig. 417 


line MN is the segment A,B,; the endpoints of this segment are the 
projections of the endpoints of the given segment (Fig. 115). 

304. Assume that we are given a right triangle ABC (Fig. 116). 
The projection of the leg BC onto the hypotenuse AB is the segment 
BD; the projection of the leg AC onto the hypotenuse is the segment 
AD; the projection of the legs BC and AC onto CD is the segment 
CD. ! > 
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305. No, we cannot. For instance, although the semaphore at 
the railway bed and the rail on the same bed do not meet, we cannot 
say that they are parallel since they lie in different planes. 

306. 1. Not more than one straight line can be drawn through 
a given point parallel to a given straight line. 

| 2. Let (AB) 1 MN and (CD) be an oblique line (Fig. 117). 
We assume that (AB) does not cut (CD), i.e. (AB) || CD. We draw 


A B 
—_——— 
A O 0, B Cc D 
Fig. 118 Fig. 449 


a perpendicular to MN through the point D, i.e. (DA,) | MN, 
and then (DA,) || BA, i.c. two straight lines DA, and DC are drawn 
parallel to (AB) through the point D, and this contradicts the 
parallel axiom. 

307. 1. Figure 118 shows two rays OB and O,B which have the 
same direction and lie on the same straight line AB. One of them 
contains the other one. The rays 0,B and OA have opposite direc- 
tions, [0,B) is not contained in [OA). 

2. In fig. 419 the rays [AB) and [CD) are of the same direction. 
The straight line AC divides the plane into two half-planes: [AB) 
and [CD) lie in the same half-plane. In Fig. 120 [AB) and [CD) 
have opposite directions; they lie in different half-planes. 


B 
47 4/1. 
3/2 3/2 
C A / 
3/5 8/5 
1/6 1/6 
D 


Fig. 120 Fig. 121 Fig. 122 


308. Angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are the correspond- 
ing angles (Fig. 121). Angles 3 and 5, 2 and 8 are interior alternate 
angles. 

"309. (a) The sides of the angles 4 and 5, 2 and 6, 3 and 7, 4 and 
8 extend in the same direction (Fig. 122), (b) the corresponding 
angles at the parallel straight lines are congruent since their sides 
extend in the same direction. 

310. a and 180° — a. 

311. 2. The opposite sides are pairwise parallel (according to 
the criterion of parallelism of straight lines). 


312. f= 180° — 132° = 48°, £3, and therefore a +}, 
3 = 6 = 49°, and therefore c¢ || d, 
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SECTION 2.25 


313. (a) BC is the side opposite to the angle A, (b) the angle C 
is opposite to the side AB, (c) the angles A and B lie at the side AB. 

314. The bisector of a triangle is a segment of the bisector of 
the angle of the triangle between its vertex and the opposite side. 
The median of a triangle is a segment which connects a vertex 
of the triangle with the midpoint of the opposite side. The altitude 
of a triangle is the segment of the perpendicular drawn from a 
vertex of the triangle to the opposite side. 

315. 4. At the vertex of the right angle. See Fig. 123, 


B 


Fig. 123 Fig. 124 


316. 3 (p — a/2). 

317. We have AABC = AKLM, and therefore [AC] = [MZ], 
LA@ZL, Z2ZC02Z2M. 

318. (a) Three principal elements, at least one of which must be 
linear, (b) two principal elements, at least one of which is linear, 
(c) we must be given only one side of the triangle. 

319. The constructed triangles are congruent according to the 
SSS criterion. 


re B 
44 
\ ZN 
A 7 c 
A C 
Fig. 125 Fig. 126 


321. These segments lie opposite congruent angles in congruent 
triangles. 

322. These angles lie in the congruent triangles ABD and BEC 
opposite the congruent sides AB and BC. 
| oy Hint. AADC = AAEC according to the ASA criterion 
(Mig, : 

324. No, it is not perpendicular. If we assume that [AD] 1 
[hc] (Fig. 125), then AADC = AADB (according to the ASA 
criterion, and then | AB |=| AC |, and this is incorrect since the 
triangle ABC is nonequilateral. I 
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325. We have [BD] [MN] = 0, AMBO = ABON (the ASA 
criterion) and hence | MB | = | BN | (Fig. 126). 

326. This follows from the fact that AABD ~ ADBC (two 
legs are equal). 

327. Hint. The distances BF and CE are equal since the triangles 
| BFD and CDE are congruent 
(Fig. 127). 

328. Besides aright angle we 
must have two elements, at least 
one of which is linear. 

329. The centre of such a 
circle is the point of intersection 
of the perpendicular bisectors of 
the sides of the triangle. 

330. We must choose three 
arbitrary points, A, B and C, on 
the circumference of this circle. 
The point of intersection of the perpendicular bisectors of the chords 
AB and BC is the centre of the circle. 

331. The required point X is the intersection point of the 
perpendicular bisector of [AB] and the straight line J (Fig. 128). 

332. The centre of the circle inscribed into the given triangle 
ABC must be equidistant from the sides AB and AC as well as 
from the sides AC and BC; this means that the centre belongs to 


4 
y | 
I 
A = Cc 


B 
Fig. 128 Fig. 129 


Fig. 127 


the bisector of the angle A and to the bisector of the angle C, and 
the point of intersection of these bisectors is the centre of the 
inscribed circle. 

333. No, it is not, since the diagonal of such a rectangle is not 
a bisector of its angle. 

334. The solution is the point of intersection of the bisector of 
the angle AOB and the perpendicular bisector of the segment MN. 

335. 1. 90°. 2. 45°. 3. 60°. 

336. 1. y = 180° — (a +B). 2. B=90°—a. 3. a=90° — B/2. 

337. Hint. Calculate the angles of the triangles ABE and AEC. 

338. Let O be the point of intersection of the bisectors BO and 

“N\ “\ 4 7“N 4 “N 

AO (Fig. 129). We have BAC + ABC = 90°, > BAC + x ABC = 


“N “N YN 
BAO + ABO = 45°, whence AOB = 135°, 
184 


339. 2. It can, if that exterior angle is adjacent to the interior 
obtuse angle of the triangle. 

3. 90° + a/2. 

340. 1. 2a. 

2. This follows from the congruence of the base angle of the 
triangle and the angle between the bisector of the exterior angle 
and a lateral side of the triangle. 

341. 14. The leg of a right triangle which lies opposite the angle 
of 30° is equal to a half of the hypotenuse. 

2. 30°, 60° and 90°. 

3. 5 cm and 5.5 cm. Hint. Use the property of a leg which lies 
opposite the angle of 30°, and then the perpendicular divides one 
of the sides of the triangle into segments 1.5 cm and 5.5 cm long 
and the other side into segments 2 cm and 5 cm long. 

342. (a) 180° (4 — 2) = 360°; (b) 180° (5 — 2) = 540°, 
(c) 180° (6 — 2) = 720°. 

180° (n— 2) 


343. (a) ae) = 


344. 180° —a, a. 

345. Solving the equation 180° (mn — 2) = 1260°, we find that 
the number of sides of the polygon is n = 9. The number of triangles 
is smaller by two, i.e. 7. 


— 120°, (b) 


B 


7 pe ae A Cc 
Fig. 130 Fig. 134 


346. No, it cannot, since in that case the sum of the exterior 
a ae of this hexagon would be larger than 360°, and this is impos- 
sible. 

347. The sum of all the exterior angles of the polygon is 360°. 
There are 360 + 72 = 5 angles and, hence, as many sides. 

348. (a) AB, (b) the base, since it is opposite the larger angle 
equal to 72°. 


349. We have |BM|=|MC| (Fig. 130), and therefore 
| M,C | = | DM, | (by the Thales theorem). The projection of the 
median AM: |AM,|=|]AD|+|DM,|, |AM,|=7 cm+ 


20cm = 9.5cm. 
390. p (the length of each side of the cut-off triangle is half the 
corresponding side of the given triangle). 

351. 7 cm. 

392. No, we cannot. To find this distance, we must, say, draw 
i perpendicular DE from the midpoint of [AB] to [BC] (Fig. 131), 
the length of DE is smaller than that of the median DF. 
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SECTION 2.26 


353. (a) The opposite sides of a parallelogram are pairwise 
congruent, (b) the opposite angles of a parallelogram are pairwise 
congruent, (c) the diagonals of a parallelogram are bisected by the 
point of their intersection. 

354, The sum of the angles at the same side of a parallelogram 
is 180° (2d). 

355. 1. For a rectangle to be a parallelogram, it is necessary 
and sufficient that its opposite sides be pairwise congruent. This 
must be understood as follows: if a given rectangle is a parallelo- 
gram, then its opposite sides are pairwise congruent, and conversely, 
if the opposite sides of a rectangle are pairwise congruent, then 
the rectangle is a parallelogram. 

2. For a rectangle to be a parallelogram, it is necessary and 
sufficient that its two opposite sides be congruent and parallel. 

356. 2. This follows from the congruence of the right triangles 
ABE and CDF (Fig. 132). 

3. This is because these segments are opposite sides of a paral- 
lelogram. 

357. (a) We must draw a perpendicular trom an arbitrary 


B C B C 
A D ar L 


Fig. 132 Fig. 133 


point of the larger side (the best choice is a vertex of the paral- 
lelogram) to the side parallel to it, (b) we must draw a perpendicular 
from an arbitrary point of the smaller side of the parallelogram 
(the best choice is a vertex of the parallelogram) to the side parallel 
to it (or to its extension). In Fig. 133 | BE | is the distance between 
the larger sides of the parallelogram, | BF | is the distance between 
its smaller sides. 

358. 4 cm. 

359. 56 cm. Hint. Prove that the acute angle of the given 
parallelogram is 30° and then use the property of the leg opposite 
the angle of 30° (Fig. 134). 

360. 1. 2 (2a + b) or 2 (2b + a). Hint. Prove that two angles 
of the triangle cut off by the bisector are congruent. 

2. 30 cm. Hint. Prove that the indicated bisector cuts off an 
equilateral triangle. 

361. If we assume that in the parallelogram shown in Fig. 135 
Zia Z2, then 712 Z3 since they are interior alternate angles 
at parallcl lines (whose sides extend in the same direction) and, 
consequently, 22 ~ Z3. Then [BC] = [AB], and hence ABCD 
is a rhombus, and this contradicts the hypothesis. 

362. (a) This follows from the fact that the opposite angles of 
a parallelogram are congruent and the sum of its angles at the 
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same side is 180°, (b) Hint. Two perpendiculars drawn to the same 
straight line are parallel. 
363. 1. Two. Perpendicular bisectors of its two adjacent sides. 
2. The diagonals of a rectangle are congrucnt. 


Fig. 135 


3. The triangles ABD and ACD (Fig. 136) are congruent 
(SSS criterion), and therefore ~BAD ~ ZADC, but the sum of 
these angles is 180° and therefore each of them is a right angle. 

4. Hint. Assuming the midpoint of the hypotenuse to be the 
centre of symmetry, complete the given right triangle to get a 
rectangle. 

364. 20 cm, 12.5 cm. 

365. The diagonals of a rhombus are mutually perpendicular 
and bisect its angles. 

367. This follows from congruence of all the four right triangles 
into which the diagonals divide the parallelogram. 

368. Yes, there is. The diagonals of such a quadrilateral are 
not bisected at the point of their intersection (Fig. 137). 


B 
A Cc 
B Cc 
bg D 
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369. No, it cannot. If we assumed that a diagonal of a rhombus 
is perpendicular to its side, then the length of a leg (diagonal) 
would be equal to the length of the hypotenuse (a side of the rhom- 
bus). 

370. 2a, 180° — 2a. 

371. 60° and 120°. Hint. If a leg of a right triangle is half the 
hypotenuse, then the angle opposite that leg is 30°. 

372. (a) No, it is not, since the diagonals of a nonrectangular 
rhombus are not congruent, (b) yes, it is, it follows from the pro- 
perty of points lying on the bisector of an angle. 

$73. 1. A square is a rhombus whose angles are right. 
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2. As distinct from the diagonals of a rectangle, those of a 
square are mutually perpendicular and bisect its angles. As distinct 
from the diagonals of a rhombus, those of a square are congruent. 

374. We must measure the diagonals and sides of the quadri- 
lateral, and if the diagonals are congruent, as well as all its sides, 
then the land plot is a square. 

375. 22°30’, 45° and 112°30’. Hint. First calculate the angles 
of the isosccles triangle BCE. 

376. 6 cm (Fig. 138). 

377. Hint. The triangles ABE, BEC, CFD and AFD (Fig. 139) 


Fig. 138 Fig. 139 


are congruent (SSS criterion) and hence | EC |=|EA|= 
|CF|=|AF |. 

378. A trapezoid is isosceles if its nonparallel sides are congruent. 
A epee is said to be right-angled if one of its angles is a right 
angle. 
379. This follows (a) from the fact that the perpendicular 
drawn from the midpoint of the base of an isosceles trapezoid is 
its axis of symmetry, (b) from the congruence of the triangles 
ABD and ACD (Fig. 140), (c) if we assume that | AO | = | OC | 


B 


Fig. 140 Fig. 144 


and | BO | = | OD |, then the triangles AOD and BOC are con- 
gruent and BC = AD, and this is impossible for a trapezoid. 
380. 1. = + z = m, whence b= 2m — a. 
2. P= m+ 22¢=—2(m+c). 
381. 14. 8 cm and 16 cm. /int. If we designate the length of 
the smaller segment of the median as z, then the length of the 
larger segment is 22; solving the equation z -- 22 = 12, we find 


488 


the lengths of the segments, 4 cm and 8 cm. We can find the lengths 
of the bases from the property of the median of a triangle. 

2. 4 cm and 6 cm. eat oe 

382. We extend the required distance A/N until it intersects 
the nonparallel sides of the trapezoid at points P and Q (Fig. 141). 
Then MQ is the median of the 
triangle ACD, NQ is the median 
of the triangle BCD, and 
|MN| = |MQ| — | NOI 


a? 2 ° 

383. a+ 0/4. Hint. Draw 
an altitude of the trapezoid 
from the vertex of the obtuse 
angle. 

384. Hint. We have Fig. 142 
[ME] || [FN] (Fig. 142), since 
each of these segments is paral- 


lel to the diagonal AC;| ME | => | AC | and| FN | = SIAC; 


consequently, | ME | = | FN | and the quadrilateral MENC isa 
parallelogram. In addition, since AAMF =~ AFND, it follows that 
[MF] & [FN], and therefore, the quadrilateral MENF is a rhom- 
bus. 


SECTION 2.27 


385. 1. To define a parallel displacement, it is sufficient to 
define a point on the plane and its image. 
2. A parallel displacement maps each figure onto a congruent 
figure. 
386. (a) Under a parallel displacement the image of a straight 
ine is a straight line parallel to _ it 
B ‘B1 (Fig. 143), (b) the image of a ray is a ray 
of the same direction (Fig. 144), (c) the 
image of a figure is a congruent figure 
(Fig. 145). 
387. 1. A parallel displacement defined 
by the centres of the circles. 
388. We draw straight lines parallel to 


A A the sides of the given angle through any 
: point taken in the interior of that angle. 
Fig. 143 The angle between these straight lines is 


congruent to the given angle. 
389.1. A zero vector is a parallel displacement to a zero distance 


> —> 
(an identity projection of a plane), 0, AA and BB are different 
notations for a zero vector. 


—> 
2. The distance | AB | is the length of the vector AB = a and is 
ilesxignated as | AB |. The direction defined by the ray AB is the 
—- 
direction of the vector AB. A zero vector has no direction. 
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390. (a) The vectors AB and CD are of the same direction if 
— 
the rays AB and CD arc of the same direction, (b) the vectors AB 


—_—>- 
and CD are of the opposite directions if the rays AB and CD have 
opposite directions, (c) nonzero vectors are collinear if their direc- 
tions coincide or are opposite. 


x a 
Fig. 144 


391. 1. To define a nonzcro vector, it is sufficient to indicate 
its length and direction. 


> —> 
2. The vector opposite to the vector AB is BA; the vector BA 
“shifts” all the points of the plane in the same direction, which is 


—_> —> —_> 

opposite to the direction of the vector AB, with | AB | = | BA |. 
— > —> > —> —> —> — 

392. (a) AD = BC, BO= OD, AO = OC, (b) AB and CD, 


t 


(c) BD and OD, BO and Ob, AD and BC, AB and CD. 


> > —> > 

393. AD, DA, BC and CB. 
394. Since [EF] is the median of the triangle ABC (Fig. 146), 
—>- 


it follows that [EF] || [AC]. Consequently, the vectors EF and CA 
are collinear. 


395. We lay off a vector AB = a from an arbitrary point A 
—> 
(Fig. 147), then a vector BC = b from the point B. The composition 


B gi C 
é 
x B 
E 9 f * 
A Cc 
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of the vectors a and b maps the point A onto C. Consequently, 

> = —_ —> 

a-+ b=AC, Replacing a by AB and b by BC, we get a rule for 
> —- 

finding the sum of vectors, AB -+ BC = AC. This is a rule of 

triangle. 
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'o add these two vectors together, according to the “parallelo- 
gram rule”, the vectors a and b are laid off from the same point A 
and a parallelogram with sides AB and AD is constructed. Then 
—> 
AC=a+tb (Fig. 148). 

ee ee ee ee > —> 
396. AB-+BC=AC, AD+-DC=AC, and therefore AB+ BC = 


—> 


—>- 
AD-+-DC (Fig. 149). 
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> —- - -> > > —_> > 1 ~—-> 

397. AB+ BC =AC, AB+CD=0, 0B+0D=0, OC+O0A=0, 
> > —>- —> 
OB+0D+0C+0A=0. 

398. The Ist technique. We must first construct the vector ¢ = 
a -+ (—b). We lay off a vector a (OA = a) from an arbitrary point O 

—> 

(Fig. 150a) and a vector —b (4B =») from the point A, and 
then a — b=a + (—b) = OA + AB = OB. 


BL b 4A A 
; ® 
Y a. r it B Cc 
o ee 
b of : 
(a) (b) A D 
Fig. 150 Fig. 154 


The 2nd technique. We lay off the vectors a and b from the same 
point O (Fig. 150b) and then we have a — b = OA — OB = BA. 
> —->- lc eo > > > 
399. AC=AB+ AD, BD =AD—AB. 
> —> > 
400. AB=OB—OA, AD=OD—OA=—OB—OA (Fig. 151). 


__ 401. Two nonzero vectors a and b are collinear if and only 
if there is a number z such that b = za. 


404. The Ist technique. We complete the triangle ABC to ob- 
tain a parallelogram (Fig. 153). According to the “parallelogram 


> —> —> — 4 —> — 1 
rule’ AE=AB-+AC; since AM = a AE, we have AM=~ * 


(AB + 40) => (a+b). 


—>- 
The 2nd technique. According to the “triangle rule” AM= 
> —> > > —> 


AB+BM and AM=AC-+CM. Adding these equations term-by- 


Fig. 152 Fig. 153 

> > —->- —> —-> —_> 
term, we get 2AM=AB+ BM-+ AC+CM, but BM+CM =0 be- 
; : > {> > 
ing two opposite vectors, and hence AM = (AB+ AC). 

> — 1 4 4 
405. NM = OM — ON = ~ OB—-z 0C = (OB — OC) = 

1 > 1 4 
3 CB= —g AD=——za. 


— ~~ 
406. OA = 3i + 2j, OB = 4i + 5j; each coordinate of the sum 
of the vectors is equal to the sum of the corresponding coordinates: 


—> > 
OA + OB = (3i + 2j) + (44+ 5j) = 7i + 7}. 
SECTION 2.28 


407. 1. Yes, they can. Their ratio of similitude is unity. 
2. No, they cannot. Figures are congruent only when their 
ratio of similitude is unity. 
408. The plan of the first plot of land is similar to that of the 
second, & = 10. 
409. (a) Under such a homothetic transformation each point 
is mapped onto itself, (b) by the definition of homothety, in this 


case OX, = —OX, i.e. the point X is mapped onto the point X, 
which is centrosymmetric to the point X. 
410. (a) For k > 0 the points X, and X lie on a straight line 


—_—>- 
on the same side of the centre of homothety (the vectors OX, and 


—> 
OX have the same direction), (b) for k < 0 the points X, and X 
lie on different sides of the centre of homothety. 

4141. 14. Hint. Under homothetic transformation with, say, 
a ratio k, the distance between the points changes in the same 
ratio | k |. 
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2. No, not always. Similar figures are only then homothetic 
when their positions are such that the points O (the centre of 
homothety), X and the corresponding point X, lie on the same 
ray. 


—> > —> —> 
412. We construct CA; = —1.5CA, CB; = —1.5CB (Fig. 154). 
B 
B 
A Cc Ai 
D E 
1 A C 
Fig. 154 Fig. 159 


We can also obtain the vertex B, by drawing [A,B,) || [AB] so 
that they intersect the ray BC. 


413. By the parallel-proportion theorem we have ia = 
a (Fig. 155). We designate | BE | as z and then | EC | = 


6.5 — x. Solving the proportion = 7 —— » we get c= 
2.6 cm, | BE | = 2.6 cm and | EC | = 3.9 cm. 
444, 10.2 cm. 


415. (a) Yes, we can. The triangles are similar since their 
sides are proportional, or due to the congruence of the angles of 


Fig. 156 Fig. 157 


these triangles (each of them is 60°). (b) Yes, we can. The angles 
of the triangles are 90°, 45° and 45°. (c) They are similar only if 
the base angles or vertex angles are congruent. 

416, 1. No, they will not. When each side of the triangle is 
increased three times, a triangle results, which is similar to the 
given one, and therefore the angles of the triangle we see through 
the lens are respectively congruent to those of the given triangle. 
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9. No, it is not. The length of the third side on the plan 
must be 7.8 cm. 

417. In the triangle ABC (Fig. 156) | DE | is a median, and 
therefore [DE] || [AB]. The triangles AOB and DOE arc similar 
(two angles are equal). By the 
property of the median of a tri- 
angle, | AB |: | DE | = 2, and 
therefore the ratio of similitude 
isk = 2. 

418. The rays [DE), [DK), 
[DL) and [DF) cut off triangles 
DBE, DCK, DLC and DBF, 
which are similar to the triangle 

Fig. 158 ABC (two angles are congruent) 
(Fig. 157). Congruent angles are 
labelled by the same figures. 

419. We have AABC ~ ADEC (Fig. 158) since ZDEC = ZA 
(ZC is common). Hence follows the proportionality of the corre- 
sponding sides. ae which lie opposite equal angles in similar 
triangles are called corresponding sides). To indicate these sides, 
we label the congruent angles of the triangle by the same figures: 


Angles | A ABC | A DEC 
Opposite Z 14 BC DC 
Opposite 4 2 AB ED 
Opposite 2 3 AC EC 


We first write the sides of one triangle, i.e. 

Al ge ht ug Fe 
Under each of these sides we write the corresponding side of the 
triangle DEC: 


[AB|  |BC|  |AC| 
|ED| |DC{” | EC] * 
: : |AB|  |BC| 
We take the proportion of the first ratios [ED] |DCI° 


(If we took the last two ratios, there would be two unknown 
terms in the proportion.) Substituting the given numbers, we 
obtain ee = ogee 
6 | DC | 
we form a proportion of the first and the third ratio, i.e. 
tal = i : and find that | EC |=12 cm. 
420. 44 cm and 33 cm. Hint. The base of one triangle must 
coincide with a lateral side of the other (Fig. 159). Otherwise the 
triangles would be congruent. 


194 


, whence we have |DC|=10 cm. Now 


421. Since right angles are always congruent, right triangles 
are similar if (4) the legs of one of the right triangles are propor- 
tional to the legs of the other, or (2) an acute angle of one triangle 
is congruent to an acute angle of the other. 

422. 1. Yes, they are. 

2. 13.5 cm. 

423. Assume that in the triangle ABC (Fig. 160) AM and CN 

are medians which meet at a point O, then [VM] is a median 


Fig. 159 Fig. 160 


of the triangle ABC and therefore [MN] || [AC]. The triangles 
ONM and AOC are similar (two angles are equal), whence we 


| OM | | ON | | NM | {NM | 1 


nN “Toa = oen AAG eo ae 
accordance with the property of the median of a triangle) and 
} |OM| 1 |ON| 1. 
therefore [oA] = 3 and roc) = consequently, 
|OM| 1 |ON| 1 . at 
74M] = 3 and Ten |) CN l Sa 1.e. | OM = | AM |/3 and 
j ON |=| CN |/3. 

B B 

B, B, 

A D C A; D, Ci A D 6 A, D, Ci 

Fig. 164 Fig. 162 


424. (a) This follows from the similarity of the right trian- 
gles ABD and A,B,D, (Fig. 161); 2 Aa Z A, since A ABC ~ 


“N Pann 
A A,B,C, and ADB= A,D,B,=90°. (c) Hint. It follows from the 
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similarity of the triangles ABC and A,B,C, (Fig. 162) that 


4 
| AB | | AC | oy Ae | 


— ——: 


[A4yBy] Ay | 


_ | AD | 
1 | AyD 
a | Ais | | Aa 2 | 
and LAS ZA; 


consequently, AABD ~ AA,B,D, (two sides of one triangle are 
proportional to two sides of the other and the angles between them 
are congruent). 

425. (a) Besides the usual reading (m is related to x as z is 
related to n), this proportion can be read as follows: z is the mean 
proportional (geometric mean) of the numbers m and n, i.e. « = 
V mn, (b) a is the mean proportional (geometric mean) of the 
numbers p and q, i.e. a= Y pq. 

426. 1. By the hypothesis, a = 3 cm, a, = 1.8 cm. From the 
equation a? = ca, we find that c = a? ~a, = 9 +1.8= 5. We 
find the leg using the Pythagorean theorem: c? = a? + b?, whence 
b2 = c? — a*, b®? = 25 —9 = 16, D=4 cm. 

2. a = 8-2 = 16, a = 4; b?=8-6= 48, b=4 Y 3; h? = 
6-2=12,h=2YV3. 

427. Using the converse of the Pythagorean theorem, we have: 
if the square of the length of one side of a triangle is equal to the 
sum of the squares of the lengths of the other two sides, then the 
triangle is right-angled. 

428. 10 cm. 

429. 6.5 cm. Hint. Extend the median, lay off a segment equal 
to the median in length, and then complete the given triangle to 
get a rectangle. The length of the median is equal to a half of the 
hypotenuse. _ 

430. V2 mx 1.4 m. 

431. 29.6 cm. Hint. Do not forget that the diagonals of a rhom- 
bus are mutually perpendicular and are bisected by the point of 
their intersection. 

432.1. aV 2 = 14a. 

2. If we denote the side of the square by z, then we get 


an equation 222 = d*, whence z = = dV 2. 


433. 1. a V 3/2. 
2. The distances to the sides are Y 3/3 ~ 0.58 em, the 


distances to the vertices are 2y3 cm ~ 41.2 cm each. 


434. 14. 2 cm. Hint. Draw two altitudes from the vertices of 

the obtuse angles. 
2. 62 cm. 

435. We denote the larger leg by z, and then the smaller leg 
is 0.75z. Using the Pythagorean theorem, we get an equation 
x? + (0.752)? = 202, whence z = 16, 75% of 16 is 12; hence the 
smaller leg is 12 cm. 

436. (a) No, we cannot. For instance, a square is not similar 
to a rhombus although their sides are proportional. (b) No, we 


196 


cannot. For instance, a square is not similar to a rectangle although 
their angles are congruent. 

437. If the sides of one polygon are respectively proportional 
to the sides of the other polygon and the corresponding angles of 
the polygons are congruent, then the polygons are similar. 

438. 1. k = 4/3, P = kP, = 36-(4/3) cm = 48 cm. 

2. k = 3/7, P ~ (P + 20) = 3/7; from this we find that 
the perimeter of the smaller polygon is 15 cm and that of the larger 
one is 30 cm. 


SECTION 2.29 


439. (a) 120°, (b) 22°30’. 

440. Assume that the degree measure of the smaller arc is 2°, 
then that of the larger arc is (x + 90°). Solving the equation x + 
(x + 90) = 360, we find that the angular measure of the smaller 
arc is 135° and that of the larger one is 225°. 

441. Connect the endpoints of the arc by a chord and then draw 
a perpendicular to the chord from™the centre of the circle. The 


A 


Fig. 163 Fig. 164 Fig. 165 


point of intersection of the perpendicular and the arc bisects the 
arc. 

442. 3 cm. Hint. Connect the centre with the endpoints of 
the chord and then use the property of the leg lying opposite an 
angle of 30°, 

443. We must draw a perpendicular to the radius OA through 
the point A. 

444, They are parallel. 

445. 1 dm. Hint. The required radius is the median of a right- 
angled trapezoid. 

446. The equality of the lengths of the tangents AB and AC 
(Fig. 163) follows from the congruence of the right triangles AOB 
and AOC. 

447. 1. It follows from the fact that it is subtended by an arc 
whose degree measure is 180°. 

2. The inverse propositions are true, i.e. if the inscribed angle 
is aright angle, then it rests on the diameter. If a right angle rests 
on a diameter, then it is inscribed into the circle. 
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448. If it is subtended by an arc whose degree measure is (a) 
smaller than 180°, (b) larger than 180°. 

449. If we denote the inscribed angle by z, then the central 
angle is (x + 30). Using the property of an inscribed angle, we 
have 2x = z + 30. Hence the inscribed angle is 30° and the central 
angle is 60°. 

450. If the vertices of the inscribed angles lie on the same side 
of the chord which connects the endpoints of the arc, then the 
angles are congruent, and if they lie on different sides of the chord, 
then the sum of the values of these angles is 180°. 

451. Assume that the chords AB and CD are parallel (Fig. 164). 


We draw a chord AD, and then 4 = 2 (as the interior alternate 
4 ~~ A 


A 1 -_~ 
angles at parallel lines), but 1 = = AC,2= = BD; consequently, 


AC = BD. 
452. Hint. Draw the chord CD parallel to the tangent BA 
(Fig. 165), 


SECTION 2.30 


453. If the triangle is (a) acute-angled, (b) obtuse-angled, 
(c) right-angled; the centre of the circumscribed circle is the mid- 
point of its hypotenuse. 

454, We can draw, say, a diameter AB (Fig. 166), then draw 


Fig. 166 Fig. 167 


a perpendicular bisector of theradius OA until it intersects the circle 
at points C and D. Then the resulting triangle BCD will be equi- 


J™ AN Lom 
lateral (VCO = 30°, AOC = 60°, COD = 120°, CBD = 60°). 
455. We can, since in an equilateral triangle each bisector is 
at the same time a perpendicular bisector of its side. 


2 
456. ah. 


457. (a) 5 cm, (b) 2.5 cm. Hint. The hypotenuse of this triangle 
coincides with the diameter of the circumscribed circle and the 
median coincides with its radius. 

458. 70°. Hint. Circumscribe a circle about this triangle. 

459, 2a. Hint. Draw a diameter BD and a chord AD (Fig. 167). 
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460. 6.25 cm. Hint. Let the perpendicular bisector of the 
lateral side BC (Fig. 168) cut the altitude of the triangle at a 
point O, then the required radius OB can be found from the simil- 
arity of the triangles DBC and OBM. 

461. (a) No, they do not, since the perpendicular bisector 
of a lateral side of an isosceles nonequilateral triangle does 
not coincide with the bisector of the angle drawn to that 
side, (b) they coincide, since in an equilateral triangle a perpendic- 
ular bisector of each side is at the same time the bisector of 
the opposite angle. 

462. 2r, 3r. 

463. 3 cm. Hint. Assume that M, N and P are the points of 
tangency of the inscribed circle and the sides of the triangle 


B 
B 
‘ KK 

M 

af : 

A D C A N r ¢& 

Fig. 168 Fig. 169 

(Fig. 169). We denote the radius of the inscribed circle by r, and 
then | AN|=|AP|=9-—r, |BM|=|BP|=12—r (the 
tangents are equal in length, see 446). The length of the hypotenuse 
ABisiocm. But] AB | = | AP | + | PB | and we get an equation 


15 = 9 —r) + (12 — r), whence r=3 cm. 


SECTION 2.34 


464. The sine is a function since each angle of rotation @ is assoc- 
iated with one and only one point P,, and consequently one 
definite number y,; the cosine and the tangent are functions for 
(he Same reason. 

465. 1. The domain of definition of the sine and cosine functions 
is the whole set of angular values, and the range of these functions 
is the interval [—1, 1] since the ordinates of thejpoints P, can 
assume the values from —1 to 1 


2. No, they cannot, since Y¥2>1 and 10! 2% = 2>1, 
466. The values of the function sin a increase from 0 to 41, and 
the values of the function cosa decrease from 14 to 0. 
467. (a) sin 90° = 1, cos 90° = 0, (b) sin 180° = 0, cos 180° = 
4, (c) sin 270° = —1, cos 270° = 0, (d) sin 360° = 0, cos 360° = 
1, (e) sin (—90°) = -—1, cos (—90°) = 0. 
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469. (a) Since sin? a + cos?a = 1, it follows that cos? a@ = 
1 — sin? a, or cos? a = 1 — 0.83 = 0.36, cos a = 0.6, (b) sin? a = 


4 — cos? a, sin? a = 1 — (1/2)? = 3/4, sina = VY 3/4 = V 3/2. Fi 
470. (a) sin 150° = sin (180° — 30°) = sin 30° (we have applied 
the formula sin (180°—a)=sin a), (b) cos 150°= cos (180° — 30°)= 
—cos 30° (we have applied the formula (cos (180° — a) = 
—cos a), (c) sin 170° = sin 10°, (d) cos 170° = —cos 10°. 
a A a b 
471. (a) a = c-sin A, b = e-cos A, (b)c = 46.5 —— ss 
sin A cos A 


472, sin B = b/c; cos B= a/c; tan B = Dla. 
473. 1. sina = h/a, cosa = mia, sin z = m/a and so on. 
2. m/a = cosa, h/b = sin B, m/h = tanz, h/n = tan B. 


a ‘~ a b a b 6 
A74.0=17 om; sin A+sin B= +—= “*", ort ey 
, a b a al {20 
al cla a 


475. 1. Note that if A—30°, then B= 60° (Fig. 170). We de- 


B 
: 4 
& 45° 
op 60 P ¢ : 
A \ 30° J \45° 
al3 . A a C 


Fig. 170 Fig. 174 


note | BC | by a, and then | AB |=—2a (in accordance with the 
property of a leg lying opposite an angle of 30°). Now we have 


| AC | = V (2a)? —@= V 3a? = a V 3, and therefore sin 30° = 
aV3 _ V3 tan 30°— Oe 
2a 2 aV3 V3 
1V3 V3 .4., V3 | o WF 
(yar 3 sin 60° — 5} , cos 60 =» tan 60°= V 3. 
2. If A=45°, then B=45° (Fig. 174). We denote | BC} and 


a1 ic. 
3g = 003s = 


| AC | by a, and then | AB|= Y 2a°?=aY 2: sin 45°=- 73 
a 


os eve cos 45° =. tan 45°= 1. 


V2 
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2 2 
476. (a) sin? 30°-+ cos? 30° = (+ +(-==) =7+i=1, 


2 
(b) sin? 45° -+-cos? 45° = (42) 4 (7)° =! 


477. (a) sin (2-30°) = sin 60° = +> s —_ ~ 0.865, and 
2 sin 30°= 2d, i.e. 2sin 30° > sin (2-30°), (b) sin (30°-} 
: 7 | 3 14+V3 
60°) =sin 90°=1 and sin 30°-++ sin 60° = Sg a age 


<8 ~ 1.365, i.e. sin 30°-+-sin 60° > sin (30°-+ 60°). 


478. (a) We draw an altitude BD in the equilateral triangle 


ABC. We have | BD | = sin 60°, or BD | = V3 , whence 
| AB | a 2 


|BD|= evs : scr = tan 30° (from the right triangle 


V3 (py 2V2 oye. 


ODC), whence | OD |= a ae : 


479. 2.1m. Hint. The section of the so dae is an isosceles 
trapezoid, the height of the embankment is a leg of a right triangle, 
whose other leg is 3 m, and the adjacent acute angle is 35°. 


SECTION 2.32 


480. 1. Congruent polygons have equal areas; if a polygon 
consists of nonoverlapping polygons, then its area is aqial to the 
sum of the areas of those polygons. 

2. The unit area is the area of the square whose side is of unit 
length. For example, a square metre is the area of the square whose 
side is one metre. 

3. The figures of the same area. For example, a rectangle with 
the sides of 4 and 9 cm and a square with the side of 6 cm, (d) no, 
not always. For example, a square with the side of 4 cm and a 
rectangle with the sides of 2 and 8 cm have the same area but they 
ure not congruent. 

481. 10 hectares = 10-10000 m? = 100000 m?= 0.1 km’. 

482. (a) S = a. (b) according to the Pythagorean theorem, 
a2 + q? = q?, or 2a? = d?, whence a* = d?/2, i.e. S = d?/2. 

We can obtain the same result if we assume a square to be a 
rhombus with equal diagonals (see 490). 

483. The area of the rectangle is 20-30 = 600 (m2), that of the 
square is 20? = 625 (m?), 
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484. If we designate the side of the inscribed square as a 
(Fig. 172), then a? = R2 + R? = 2R? (according to the Pythagor- 
ean theorem), and this is the area of the inscribed square, i.c. 
Sinsc = 2R?. We seek the area of the circumscribed square: Soir = 

(2R)2 = 4R?, The ratio of the areas of 
these squares is two. 


2a 

485. We designate the diagonal of 
the required square as d. Using the for- 
mula S= Te (see 482), we arrive at 

2a 
ion te gaat get tye 

an equation 5 Pz 5 3? 5 ts whence 
d=9d cm. 


486. Yes, it will change. The area of 

the given rectangle is ah. The increased 

Fig. 172 base is 1.5a, the decreased altitude is 

0.5h, and the new areca of the rectangle 

is 1.5a-0.5h = 0.75ah. This means that 

the area of the resulting rectangle will decrease by 25%. 
487. Let a and b be the sides of the parallelogram and S its 
area. Then we can find one of the altitudes from the formula h, = 


9 
2 and the other from the formula bya = 9 (cm), 
< = 7 (cm). The angle is 30°. 


488. The first case. Assume that the altitude is drawn to the 
larger side. Then the area of the parallelogram is 135 cm? (9-15 = 
135), and the other altitude is 11.75 cm (135 ~ 12). The second 
case. If the altitude is drawn to the smaller side, then the area of 
the parallelogram is 108 cm? and the other altitude is 7.2 cm. 

489. The parallelogram in which the angle between the adja- 
cent sides is a right angle is the largest since the expression ab sin @ 
is the largest if sin a = 1 and, hence, a = 90°. 

490. The area of the rhombus is equal to half the product of 


the diagonals, i.e. S = > diddy. 


491. (a) S=>-5-8=20 cm?, (b) S = 2.8? sin 30° ~ 3.9 dm?, 


(c) S = | ps sin a. 


16 
4 1 S 25 
—a 
2 
2S 2S 
aes a a as 


493. 1. The triangle ABD and DBC (lig. 173) are of the same 
area since they have congruent bases AD and DC and a common 
altitude BE, 
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2. The areca of the triangle ADM (Fig. 173) is 1/3 of that of 
the triangle ABD since | DM | = z | BD | (in accordance with 
the property of the medians of a triangle), and the altitude AF 
is their common altitude. Consequently, Sjngp = + Sapp = 


1 4 4 
>. Sane = —@ SABe: 


3. The medians AM and BN (Fig. 174) mect at a point O; 
| OM l= | AM |, and therefore | AO| = 4 cm. The median AM 


B 


Fig. 173 Fig. 174 


is perpendicular to the median BN; assuming BN to be the base 
of the triangle ABN, and AO to be its altitude, we find that the 


area of the triangle ABN is 16 cm? since S,pyy = +I BN |X 


|} AO] = = 8-4. The area of the triangle ABC is twice the arca 


of the triangle ABN (sce 493, 1), i.e. 32 cm?. 

494. 5 cm. Hint. If we denote the base of the triangle by z, 
then its altitude will also be z, whence 0.52? = 12.5. 

495. 48 cm?. Hint. If we denote the altitude of the triangle 
by z, then its lateral side will be (z + 2). 


496. (a) From the formula Sis Sud aesin 30° we find that 


2 

S=4 cm’, (b) S = 4 A-sin 135°, sin 135° = sin (180° — 45°)= 
Sin 45° == ie , whence S=4Y2 cm? x 5.7 cm’. 

497. (a) From the formula S = > - a-a-sin 60° we have S= 
1 - h 4 Rh h2y 3 
— q2 a ae a 
TeV 3, Dy: i@ sin 60°’ 2 sin60° 3 °* 

498. We designate the leg of this triangle as a, and then a = 

4 4 : 4 V2\2 14 
5 45° S = — a*—= — ¢? sin? OS a ef —-c¢? 
c-sin 40°, x 4 7 ¢° Sin 4d 5 (5) 4° 
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2 
or in another notation, 2a? = c?, a? = a Sa + a? = —— c?, 

499. The area of a trapezoid is equal to the product of its medi- 
an by the altitude. 

500. 2.2 dm?. Hint. The projection of a leg onto the larger base 
is 10 cm. 

501. (8 + 2Y 3) cm? ~ 11.5 cm*®. Hint. The altitude of the 
trapezoid is 2 cm, the projection of one leg is 2Y 3 cm and that of 
the other is 2 cm. 

502. 30 cm. Hint. The median of this trapezoid is 10 m since 
(7 -+ 13) + 2=10, h = 4m since 40 + 10=4. The projection 
of a leg onto the larger base is 3 cm. 

503. 1. mn/2. Hint. The area of the trapezoid ABCD (Fig. 175) 
is equal to the sum of the areas 
of the triangles ABC and BCD, 
whose common base is BD, and 
the altitudes are AO and OC, 


or $= |BD\+|A0| + 


+1 BD|- CO. 


2. h?. Hint. The median of 
this trapezoid is equal to 
[AD | +1BC|_ JAD, 
sa aaa Ta 


2 
ee | __|AF| + |BE| (Fig. 175). 
The altitude of this trapezoid is equal to the median since 
|OF |= |AF |, and | OF | =| BE |}. 

504. k = 3, the area of the polygon increases 32 = 9 times. 

505. k = 100, the area of the real plot of land is 1002 = 10 000 
times larger than in the plan. 

506. (a) The area of the given triangle is four times the area of 
the cut-off triangle (the ratio of similitude is two), (b) the arc of 
the trapezoid is thrice that of the cut-off triangle. 

507. Assume that P and P,, S and S, are the perimeters and 
the areas of the similar triangles respectively. Then P: Py= 


k, S: S,; = k?, where k is the ratio of similitude, k = 7 as 
1 
2 4 


3 =o S:S;= 4:9, S:90= 4:9, whence S = 40cm’. 


SECTION 2.33 


508. We can calculate the length of one side of the triangle if 
we know the other two sides and the angle between them; if we 
know the length of each side of the triangle, we can calculate 
each angle using the formulas 


A b2-+- ¢2— q? A a? ¢2— p32 A a?+- 52 —¢2 
cos A=—‘Mo? Cos a cos C=-—oa, 
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509. (a) c?=a?-+b?—2ab cos 60° a2 U8 2ab- 5 a? +2 — 


ab, c= YV a? + b? — ab, (b) c= V a? + b? — ab 2, (c) c= 
V/ a? + 62? — 2ab cos 120°= V/ a? + b? + ab (cos 120° = 
cos (180° — 60°) = —cos 60°= —1/2). 
A : ; A b2 4-¢2 —q? 
510. (a) If 4< 90°, since in that case cos A See yee 
A A b2 2. g2 
(b) if A= 90°, since in that case cos A = tet. = 0; 
A A b2-L ¢2 —¢? 

(c) if A > 90°, since in that case cos A = oe <0. 


511. Using the cosine law, we get from the triangle ABD 
(Fig. ie | AD |? = | AB |? 7 i BD |? — 2 |AB |- |BD| -cos 60°, 
e. | AD |? = 102 + 4? — 2-10-4x 
ee 76, |AD|=YV 76 = ie (cm). B 


512. From the formula cos A= 


2 2. 2 A 
tee we find that cos A= 1/2, : 
2be 
A= 60°. 
513. Given a side and two angles of a 
triangle, we can calculate its other ele- 4 Cc 
ments. 
7 a ; Fig. 176 
144 —— = = ; whence 
sin a sin B 
_ asinB a c _ asin (a+ ) 
de sina ’ sina sin (180°—(a+6)) ong sil a 


(sin (180° — (a+B))= sin (« +8). 
515. The diagonal of the parallelogram divides it into two 
congruent triangles, whose angles are 30°, 45° and 105° (Fig. 177). 


Fig. 177 Fig. 178 


AB 
Using the sine law, we find from the triangle ABC that < a a= 


d d sin 30° orn _ 
sin 405°’ whence | AB | = 5in 108°’ but sin 30° = 1/2, sin 105° — 


sin (90° + 15°) = cos 15°, and therefore | AB | = d/(2 cos 15°). 
From the triangle ABC we find that | BC | = d/(V 2.cos 15°). 
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516. 6Y 2 cm. Hint. If we designate the angle between the 
bisector AD and the base AC as @ (Fig. 178), then C = 2a. We find 


from the equation 3a -+ 135° = 180° that ¢ = 30°, and then 
calculate | AC | from the triangle ADC using the sine law. 


SECTION 2.34 


517. We must first divide the circle into n congruent arcs, for 
which purpose we construct a central angle of 360°/n using a pro- 
tractor, and then, using a pair of compasses, we lay off the result- 
ing arc along the circle n — 1 times and connect successive points 
of division by chords or draw, through these points, tangent lines 
to the points at which they meet the neighbouring tangents. 

518. 1. No, we cannot. 

2. (a) It can. For example, this condition is satisfied 
by inscribed rectangle. (b) No, it cannot; if the sides of the inscribed 
polygon are congruent, then the arcs subtended by these sides 
are also congruent, and therefore cach of the angles of this polygon 
is subtended by the same number of congruent arcs. 

519. 1. The common centre of the circle inscribed in the regu- 
lar polygon and the circle circumscribed about it. This point is 
the centre of rotations which map this regular polygon onto itsclf. 

2. The segment of the perpendicular drawn from the 
centre of the regular polygon to its side. The segment [OM] in 
Fig, 64 is the apothem which is the radius of the inscribed circle. 


520. 4. —_——) 10%, 3a ee) ma) ; 
360° 360° 
2. (a) —=—= 60°, (b) ——. 


3. The angle is equal to a half of the central angle, 
360° 180° 
2=—., 
nr 


n 


i.e. 


OOS ghee 7 
n ? 


521. (a) By the hypothesis, 120° — 


is the number of sides of the nut. Solving this equation for n, we 
find that the nut has six sides, (b) eight sides. 

522. (a) It can. The angles of the blocks which meet at one 
point must make 360° in their sum. Three blocks shaped as a regular 
hexagon correspond to this condition since cach angle of the hexa- 
gon, equal to 120°, is contained in 360° an integral number of 
times. (b) No, it cannot. 


023. 2. ag=2-1-sin = 
0.62 m, a). ~ 0.52 m. 


524. From the formula a,=R VY 2, or R=a,/Y 2, we find 


that ee = ke v2 
9) 2 


the log must not be smaller than 25.4 cm. 
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m=-2 sin 22°30’ m ~ 0.77 m, ayo © 


=9 |/2 ~ 12.7 (em). The diameter of 


525. From formula (3) on p. 95 we find: (a) a -3-412x 


> = 0.5-3-sin 120° = 0.5-3-sin (180°—60°) = 0.5 X 


3-sin 60° = 0.5-3-0.5V 3 = 1.3 (dm2), (b) 2 dm?. 
526. These polygons are similar since their sides are propor- 


tional and the angles of one of them are congruent to the angles of 
180° (n — 2) 
n 


sin 


the other { each of them is equal to , and therefore 


their perimeters are related as a: b and the areas as a?: b?. 


SECTION 2.35 


527. The length of the circumference increases two times and 
the area of the circle, four times. 


528. From the formula a, = R VY 2, or R = 


6 
V2 
Ga V 2 cm 26.6 cm. 

929. ag = R, R=5 cm, C = 10m cm w& 31.4 cm. 

530. The radius of the circumscribed circle is a median of the 
given triangle, and therefore, C = 20n cm ~ 62.8 cm. 

531. We have C=2nx dm, Pg = 6 dm; C — P = (2n — 6) dm 
0.28 dm = 2.8 cm. 

032. By 2x (R + 5) — 2nR = 100, i.e. by 31.4 (cm) appro- 
ximately. 

533. The radius of the circle is 2cm, and therefore S = 4n cm?~ 
12.6 cm?. 

534. We assume that r is the radius of the inscribed circle, 
r= 1.5 tan 60° cm=1.5 Y3cm. Then Sg, = x (1.5 V3)? = 
6.75 ~ 21 cm?. 

Tt mt 

039. Soir = a dm?, Ssemicir — Oo dm? (Ssemicir > Scir)- 

536. Scip= TR, ag = RV 2, Sgq = 2R?, WR?—2R? ~w 114K, 
1.14R?-100% 


9 TZ 


74 we find that 


Y 2 


cm = 3/Y2cm; C = 2nR, or C = 2n-3V2 cm = 


R= 


is the area of the trimmings, 1.14R2 of mR? is 


36%. Thus the trimmings constitute about 36% of the area 
of the circle. 

537. (a) r= d/2, S = nr? = n (d/2)? = x (d2/4), (b) C = 2nr, 
r= C/an, mr:=C/2, S = ar? =anrer= (C/2)-r, (c) S= 
C a WO. SC cz 4 
7 2 an 4 n° 

538. Solving the equation ar? = 2nr, we find that r =2 lin. units. 

539. During one revolution the wheel will cover the distance 
equal to the length of the circumference of the wheel. Using the 
formula C = nd, we find that the distance is (22/7)-0.7 ~ 2.2 m. 
The distance covered in a minute is 2.2 m-500 ~ 1.1 km, that 
covered in an hour is 1.1 km-60 ~ 66 km. Thus the speed of the 
car is 66 km/h. 

540. The capacity of the larger pipe is equal to that of two small 
pipes, i.e. the sectional area of the larger pipe is equal to the sum 
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of the sectional areas of two smaller pipes, Solving the equation 
2 = 
5 a2, we find that D = d Y2 ~ 1.4d. 


541. Assume that a side of the square is a and the radius of the 
circle is r, then Sgq = a®, Seip = ar*. By the hypothesis, a? = 1 
and sr? = 1, whence a = VY 1=1 m, the perimeter of the square 


(P) is 4m, r= V 1/n, C = 2nr = 2n Y t=2/ w= 


2V nm. Since Y x < 2, it follows that 4>2Y2x, whence 
P= Cc. 


U 


SECTION 2.36 


To solve problems given in this section, you must use the mate- 
rial presented in your school geometry book. 
006. See Fig. 179. 


Fig. 179 Fig. 180 
507. (a) See Fig. 180, (b) see Fig, 184, (c) see Fig. 182. 


Fig. 184 Fig. 182 


Answers to Sample Examination 


Papers 
Paper 1 
20 20 
2. 0.56 (0.56-+-0.44) (0.56 — 0.44) --S- = 0.56-1-0.12-> 0.56. 


3. The smaller leg is 6 dm (in accordance with the property of 
a leg lying opposite an angle of 30°) and the larger leg is 12-cos 30°= 


6Y 3 dm, S ~ 31 dm 
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Paper 2 
2. X €[0.5-+4- oo). 


3. h=2-sin go = 2. V3 , w= 1.7 dm. 


Paper 3 


2, (2.02 — 0.52)? = 1.57 == 2.25, 7 
3. Fach leg is equal to 6-sin 45° = 3V 2 ~ 4.2 (cm). The 
altitude is 3 cm. 


Paper 4 


1 
3 = +283 +4=4.5. 


—_ 


—> — —> — — 
3. (AB+-BM)+MN=AM-+-MN=AN. 


Paper 5 


2. The inequality holds true only for those values of the vari- 
able x which satisfy at least one of the systems of simultaneous 
equations 

{ xz>0, ‘ { r<, 
z—1>0 r—1< (0). 
The set of solutions of the given inequality is (—o, 0) U 


(1, -;oo). 7 2 
3. (4/2)2 +- (VW 2/2)? -+ (VW 3/2)2 = 1.5. 
Paper 6 
D 5 (a—2)(a+0.6) — 5a+3 
Se 
3. r=4cm, ~ 25cm; S & 50 cm?. 
Paper 7 


2. If we denote the unknown number by z, then we get an 
equation O.42 = 1.3-12.8 4- 13-41.72, or O.4x2 = 1.3 (12.8 + 
10-1.72), O12 = 39, x = 390. 

3. The hypotenuse of the triangle is unity and therefore sina = 
06-1 0.6, sin B = 0.8. 


Paper 8 


2. For « = a-- 2 we have 
(a -+ 2) ((a + 2) — 2a) + a*®@ = (a 4+ 2) (2 — a) + a? = 4. 


For z= aw— 2 we have 
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259) (ac =? ee a eee ee 
CGS Ge ee 


3. The angle between the bisector and a side of the triangle 
is 30°. The obtuse angle between the bisectors is 120°. 


Paper 9 
2. According to the principal property of a proportion we 


have 10z2-7=3.5-0.4, whence xr== oe a = 0.02. 


or 
= 
Go} 


3. The altitude of the rhombus is hp, hp=5sin 60°= 5 


ove 


Sp=d = 22 (cm?). 


Paper 10 
2. jeg? 6 t0.241.2 552 5.(4.2)? = 5-1.44=7.2. 


2 
3. 6cm ( from the formula n= > — (+) ). 


Paper 11 


2. 0, 2.25, 5, 2.25, 0. 


4 — 


3. + —1>0, or Z >0, whence (0, 1) is the set of so- 


lutions of the given inequality. 


Paper 12 


2. After transformations, we get an equation 42? — 5z = 0 
and solve it: 
xz (4z — 5) = 0, whence x = 0 or x = 1.25; 


the set of roots of the given equation is {0, 1.25}. 

3. The centre of the circle is the point of intersection of the 
bisectors of the triangle, and the radius of the circle is the distance 
from the centre to any side of the triangle. 


Paper 13 
2. For example, —2, —0.5, 1, 2.5.... From the formula 
s, = tn 2) Les eee fe ee acl ee 


122.5. 


3. We have a=d-sin 45°=d V 2/2, and then a=5 V2~ 
7.4 cm; S=(5 VY 2)?=50 cm?. 


210 


Paper 14 


2. We form the difference between the left-hand and right- 
hand sides of the inequality; i.e. 
n? — 8 (n — 2) = n? — 8n + 16 = (n — 4)?. 
lor n = 4 this expression is positive and for n = 4 it is zero and, 
therefore, for any n we have (n — 4)?>0; this means that n?> 
8 (n — 2), and n? = 8 (n — 2) for n= 4. 
3. The graph of the function is a straight line which cuts off 


a segment 3 units long from the z-axis and a segment 6 units long 
from the y-axis. The area of the triangle is 9 square units. 


Paper 15 


2, al = 28) [2] = 3, 2, = —3, zy = 3. 
3. The graph of the function is a parabola lying in the upper 
half-plane; (a) if z = 2.5, then y ~ 3.1, (b) ify = 6, then z ~ 3.5. 


Paper 16 


2. By the definition of a logarithm, z — 3 = 10?, and hence 
z= gee 

5-(—0.1)3 = —0.005 holds true, the point A belongs to 

the ‘aph 5+ (—2)3 = —50 does not hold true, the point B does 


not belong to the graph. 
Paper 17 
2. | 2¢ |=10, 273= —5, xg=5. 
1 4 Z 3 8 
3 a=(3>—1>} AA (3-7 —1-5) +4 = (2—— 
3 ) 14 1 
Paper 18 
2. {1}. The value z = —2 does not suit here since for this 
value of z the expression VY x — 1 is meaningless. 
3. See Fig. 187. 
Paper 19 
2; {—3, 7}. 
(22)-8 .(28)-4 9-12 9-12 one iin 
saa OS a 24 + 9-22  9(- 24)-(- 22) __ 
ee 4/4. 
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Paper 20 


CE ee 


te He at 
eee 
3. 180° (5 —2) + 5= 108°. 


Paper 21 


2. log 5? — log (3 = 8) —log 25—log 25=0. 


3. The graph of the function y = zx is the bisector of the first 
and third quadrants. The graph of the function y = z? is a para- 
bola lying in the upper half-plane. 


Paper 22 


1. See 475. 

2. 27—100>0, (« — 10) (x + 10) >0, (—o, —10) U 
(10, -+co) is the set of solutions of the inequality. 

3. This follows from the congruence of the triangles whose 
common side is the base of an isosceles triangle (ASA criterion). 


Paper 23 


1. See 475. 
2. Since the value of | x | is positive for all x except for z = 0, 


the domain of definition of the function is the set of all real num- 


bers except for zero. 
3. This follows from the congruence of triangles whose com- 


mon side is the base of an isosceles triangle (SAS criterion). 
Paper 24 


2. (a — 8)?— 4% = (a — 8 — 4) (a — 8 + 4) = (a—12) (a—4). 
3. The given inequality is equivalent to the inequality 
(2 — 3) (x + 3) < 0, whence zx € (—3, 3). 


Paper 25 
2. ((32)0.25 — 21) ((32)9.26 + 21) = (30.5)2 _ 22 — 3 4 = 4, 
3. Yes, they are, since two angles of onc triangle are congru- 
ent to two angles of the other. 


Paper 26 
a g (22 a 10) = foo 24 -|- log 3, log (2x + 10) = log (2%-3), 
210 48, 2 
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Paper 27 


2. Since z? is positive for all x except for z = 0, the given 
inequality is equivalent to simultaneous inequalities 


ti te hence z€(—1, 0) U(0O, +00). 


x0; 
3. See 140. 
Paper 28 
= 0 if r=0.5, y >0 if z€ (0.5, -foo), y< 0 if r€ 
ee O). 
1 1 
3. by =), + q=(—16) gps — 32, gels T= (10) 
8. 
Paper 29 


9 _Vz—4 — fi 
(Vape Vata" 
3. We add 2 to all the sides of the inequality, i.e. 
54+ 2<¢ 52< 7.642, 74< d2< 9.6. 
Dividing all the sides of the inequality by 5, we find that 


148<7<1.92, or x € [41.48, 1.92]. 
Paper 30 


2. We introduce the designation z? = a and then z* = a?. 
Making a substitution, we get a quadratic equation for a: 
a® — 29a +100 = 0, a=4 and a = 25, 
whence we have x? == 4 and xz? = 25. The roots of the given equa- 
tion are 2, —2, 5, —)d. 


Answers to Questions and Problems 
for Oral Examinations 


1. (a) (8-2)-125-250 == (8:12 5) (2-250) = 1000-500 == 500 000, 
(b)  (8-8)-2.5-12.5 = (12.5-8)-(2.5-4-2) -= 100-20 = 2000. 
4 4 5 
2, fee ea sea pa 
2. (a) 4.85 5 -(4.85-|-5.15)—2 =7— , 


(b) (245 + 214)-(215 — a =: 429-4 == 429. 
3. (a) (3.7 -+ 6.3)2 = 102 = 100, (b) (317 — 217)? = 1002 = 
4. 36.4+(2.78-- 7.22) —-26.4-(5.64 |-4.36) = 36.1-40—26.4-10 — 
10-(36.1 —- 26.1) = 100. 
5. 12.8 (12.82 — 7.22) -— 448-3.2 = 12.8 (12.8 — 7. 2), (12, 8 a 
7.2) — 448-3.2 = (4.-3.2)-5.6-20 — 448-3.2 = 3.2 (4. 
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448) = 3.2 (448 — 448) = 0. 
6. (—2 =)-(-1 +-)-(—+)-(-5) + (1— 7.52 xX 
5 41 i) 
(—8.47)) (0.4—0.4)=3+4 0=3. 
50 =. 26 24-0.273 8.3 + 346 
” 300 + SEOR73 a SEL ae as 
8. We represent each of the given fractions as the differ- 


: 1 1 1 
ence t eee See een ae 
nce of two fractions, and then (1 5 )+( 5 5 )+ 


($4) + (4-4) 4 (4-4) HEH] a 
1 6 


. — 


7 T° 

9. (a) V (3.43-+3.12) (3.13 — 3.12) = V 6.25-0.01 =2.5-0.4 =0.25; 
(b) V (13-4)? (13-3)? = V 132. (42+ 32) = 13-5= 65. 

10. V (42.4-+-8.4) (12.4—8.1) = (0.25-(0.25-+19.95)) =4. 

11. 0. Hint. First calculate the expression 4a —8b. 

a (a?-+-2))? 2 7 

13. V a? (a—b) —b? (a—b) = V (a—b)? (a+b) = |a—b| V apo= 
10.78 —0.22|- V 0.78 + 0.22 = 0.56-1= 0.56. 

14. V (5a+ 4b)? = |[5a+ 4b| = [5-0.4+4(—0.5)| =0. 


15. 2= ao 
a-+-b a—b 
1C: 
"ey an ac et 
" ptq’ ptq' 


18. The least value of x + y is —44 and the grcatest value is 5. 

19. (a) For example, (1.7 + 1.8) + 2 = 1.75, (d) for exam- 
ple, ((— 0.76) + (—0.7)) = 2 = —0.73. 

20. The first worker can do a half of his job in an hour and the 
second worker a third of his job. Both workers, working together, 
can do (1/2 -|- 1/3), or 5/6 of their job in an hour. The two workers 


can complete the job in 4 -- a -= 1.2, ic. in 4 h 42 min. 


21. Assume that the passenger has to cover another a km. 
Then, while looking out of the window, he travelled twice the 
distance, i.e. 2a km. Half the journey is 2a -+ a = 3a km and the 
whole distance is 6a km. Consequently, the remainder of the jour- 
ney is a -- 6a = 1/6. 

22. (10a + b) + (10b + a) = 11a + 116 = 11 (a -|- db) is divi- 
sible by 11. 

23. S = 5.75-0.28 ~ 1.614 dm?, or approximately 1.6 dm?, 


914 


24. (a) 17 +2=8.5, (b) 36+4=9, (c) 24+8=3, 


(d) 48. = = 36, (e) 1/2 of 40% is 20%. 


25. (a) 27% of 39 is 39% of 27 since ——— 


26. 0.252 = 0.25, x= 1. 

27. On the first day 40% of the goods were sold, on the second 
day, 25% of 60%, i.e. 15% of the available goods. It remains to 
sell 100% — (40% + 15%) = 45% of the available goods. 

28. If the original length of the side of the square is a, then the 
increased side is 1.5a. The original area is a? and the increased 
area is (1.5a)2 = 2.25a?, i.e. the area increases 2.25 times or by 
125% (225% — 100% = 125%). 

29. Assume that a and b are the sides of the rectangle. The 
original area is ab and the new one is 1.2a-0.8b = 0.96ab. The 
area decreases by 4%. 

30. A year later the deposited sum will be 1.03a roubles. Two 
years later it will be 1.03a 4+ 0.3 of 1.08a = 1.03 (1+ 0.3)a = 
1.032a roubles. 

31. (a) (0.2)5-55-5 = (0.2-5)5-5 = 15-5 = 5, (b) 0.254-83 = 
0.253-0.25-83 = (0.25-8)8-0.25 = 23-0.25 = 2, (c) 2 2.55-0.45-0.4 X 
84.0.1254 = (2.5-0.4)5-0.4-(8-0.125)4 = 15.04.44 = 0.4, 

(d) (—1(22-1)+(1-n)+(n+2) = (—4)2+2 = 4 (2n 2 is an even 


39-27 27-39 
100 ~~: 100 


number), (e) 1t+f4+t—14 » (f) oh = <r = 0. 

32. (a) —32 = —9, (—3)? = 9, (—3)2 > —32, (b) 0.5% > 0.58, 
(c) 119-417 = (148 + 1) (448 — 1) = 118° — 1" < 148?, (d) 115 x 
119 = (117 — 2) (117 + 2) = 1172 — 22 < 1172 


33. (a) 2= V2B=V4, 5=-V S=V D5, i 9=V B=, 
5 = 7/125. 

34. (a) 9<10< 16, 3< V 10 <4, (b) 2< 7/10 <3, (c) 2#< 
20< 34, 2< 7 20<3, (d) 53<130< 63, 5< 9/130 <6. 

35. (a) —a, (b) 83—a, (c) |ex—2]+]2—4|, for2<2<4 
this expression is equal to (x—2)+(4—2z)=2. 


36. (a) 5 |z{, (b) here <0, and therefore Y —36z3 = 
V 3622 (—z) = —6z V —z. 
37. (a) V 7b?, (b) —V 6a?. 
. (a) f 3=p B= 9, V2=y B=y 8, whence f/3>YV2, 
(b) pine V/8-/4=7 32, 37/1.5=¥7 27-7 1.5=y 40.5, whence 
35/1.5 > 274. 
39. (a) V3+2V2=V U4+V 22=14- V2, (b) V 7-4 3= 
V 2@—V'3)?= le—V 3] =2-V3. 
245 


) 
3 (VP ys a? —(V'5)? 
Al Se = = 3: b = — 
(a) 3 V3 V ( ) V5—a 
(a— V5) (a+ V3) (2) Gz) 
a—} 5) (a+V9 (a rs r*}] —-\a? 
Po = —(a+ V5); (c) = 
—(a—Y 5) i 
x°* —a 
1 \2 1\2 
t+ det) ry tt 
r“+ta*, (d) ; 7 =a‘ +b", 
at —p* 
1 Ay\2 By Ae 
(e) Nee) 7 cr? ty? 
1\2 1\2 ~—~ { 1 
(2) _(7) ._,7 
1 
+~+0.641.2 ae 
42. (a) y= 32° ° = 322 = 3-102 = 300, (b) V Vo 3.y B= 
2 ak 
96 94 92 29, 
43. (a) (—3, 3}, (b) (—3, 3), (©) (=e, —3) UB, +0), 


» ( 

(d) (1, 5}, (ce) (—2, 4), () [—7, 31, (g) (2%, —2) U [6, +00). 

44, (a) (—o, 1) ‘i (1, +00). Sometimes a student says that z is 
any number, forgetting that the denominator cannot be zero, 
(b) (—oo, —1.5) YU (—1,5, +00), (c) |x| = 3, hence z, = 3 
and z, = —-3, (d) o@, (e) |2—2|= 5, 4, =7 and zg = —3, 
(ff) |2| =a. If r>O0, then z= zg, if r < 0, then —z = z; the 
solution of these equations is the set of all numbers of the ray 
[0, +o), (g) | y |= —y. The solution of this equation is a ray 
(—oo, 0), (h) @. If we cancel x, we get an extrancous root 
x=0, (i) r= 5. If we cancel zx — 1, then the second root 
obtained, x = 1, is extraneous, (j) z= 4. Cancelling xz -+ 2 
does not je in an extraneous root, (k) 2< 7 < 3, (1) p + 0.2, 


oer A 

Y (0), (b) {1}, (c) {0, 2}, (d) {1}. The value z = 1 
dee a ae a equation since the expression ({—1)° is meaning- 
less, (e) 22? +740,|27--3|=0,7=3,(f)2 = c2or—xr=—x2 
the solution of these equations is {—1, 0, 1}, (g) we write the 


eae 
equations as p25 ; it is easy to see that x -= 2 orz= 1/2, 


( 


xz = 1/9, (i) here the sum of the first and the second factor and the 
free term is zero (1921—3902+ 1981 = 0), therefore one of the 


roots z, = 1, 2,°%2.= eT (according to the Vieta theorem), and 


+> , Vr~ 3 or VY x = 1/3, hence x=9 or 
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1981 1979 
por a — hee, = = 


the other root z, = 1917’ 


__ 1979 

1917 ° 

46. (a) {(0, 0)}. The sum of two nonnegative numbers can be 
zero only when each of the terms is zero, (b) {(3, 4)}, (c) since 
(xc — 5)?>0. (32 + 5y)?S>O0, | 22+ y--2 |S 0, the given 
equation has a solution only for 7 —5 = 0, 22 -+- 5y = 0 and 


2a + y — z == 0; hence we get z= 5, y= --2, z= 8, (d) we 
factor the left- hand side seares equation, i.e. x? (x -|- 1) -|- (z i: 1)= 
O, (a +1) (x? -F 1) = and get z=- —1, (e) z (x? —1) = 0, 
x (x — 1) (x + 1) == 0, te we got 2,77 0, r= Br and 
Yq = 1. 


3 
A7. (2, 0), (—3. 0), (0. —6). JTint. The ordinates of the points 
of intersection of the parabola and the x-axis are zero, the abscissa 
of the point of intersection of the parabola and the y-axis is zero. 
48. (5, 0), (4, 0), (—0.5, 0), (—2, 0), (0, 10). 


49. (a)a = ce » (b) sin aa , (c) a= V SIh, (d) ay--an= 


h 
99 |: ; / S/n 3V 
20 -> Nh, a, = 2S + n—aAy, (ec) R=) S/n, (f) R= “th ” 
S— 
(8) % = 5 — gh t=, (hi) m= ee EE 


ee ig ae = T—n—me. 

(a) (—co, 0) UO. oo), (b) @, (c) (—oo, oo), (d) |x| > 4; 
Prone (— oo, —4) (4, oo), (e) (—2, 2), (f) the solution of the 
inequality reduces : a solution of the simultaneous equations 


Fig. 183 Vig. 184 


_.9)2 

: mera a. Answer: (= 1, 2) U (2, 0°), (g) (24 oo, 2), 
(hy fee 04<0, and therefore 27 —1>0, 4 > 0.5. Answer: 
(0.5, (00), (i) 10, 2), (i) (00, ). 

of. (a) = 2x = y + 3. Substituting y for z and x lor y, we get 
2y = x 4- 3; hence the inverse of the given function is y = 0.52 + 
1.5 (the graphs of the given function and its inverse are symmetric 
about the bisector of the first and the third quadrant), (b) the 
inverse of the given function is y = —0.oz + 2. 

52. (a) A straight line y = 1 from which the point (0, 4) is 
excluded, since the expression 0 is meaningless (I*ig. 183), (b) see 
Fig. 184, (c) see Fig. 185, (d) Fig. 186, (e) Fig. 187, (f) if 2 > 0, 
then y = 1, ifz< 0, then y - —-1 (Fig. 188). (g) fz>0, then 
y = 2z*, if x <0, then y = --x? (Fig. 189), (h) since i y i> 
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1] y= sin? x+cos? x 


Fig. 186 


Fig. 189 
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Fig. 195 Fig. 196 


we have x -+ 1>0, or z> —1. Assigning the values +> —41, 
we construct the gra h of the function y= 2+ 1 and then the 
ray y = —x -~ 1, which is symmetric with respect to the graph 


obtained (Fig. 190). 
53. This quadrilateral is a square (Fig. 191). 
04, a= —0.5, y = —0.0r + 4, 


a4) 


99. (a) y = 27 — 3, (b) y = (cx — 4)*, (c) y = (x — 4)? —3. 

56. (a) The least value of y is zero (Fig. 192), (b) the greatest 
value of y is 7 (Fig. 193), (c) y= (a? + 2x + 1) —1 —3 = 
(x + 1)* —4. The least value of y is —4 (Fig. 194). 

07. (a) We construct a parabola y = x? and a straight line y = 
x + 2 in the same system of coordinates; the abscissas of their 
intersection points z,= —1, and z,=2 are the roots of the given 
equation, (b) 2, = —1, 2«,=0 and 2,=-1 (Fig. 195), 
(c) c = 4 (Fig. 196). 

58. (a) The parabola y = zx? and the straight line y = 2x meet 
at two points. The coordinates 
of these points (0, 0) and (2, 4) 
are the solutions of the simulta - 
neous equations, (b) see Fig. 197, 
(c) {(0, 0), (4, 0.5)}. 

09. (a) {(2, 1, (—2), 3)}. 
Tint. The solution of the 
given simultaneous equations 
reduces to the solution of two 
system of simultaneous equations 


r=?) Se { TS. 
eta a z+ 2y=4, 
(h) {(8, 5)}. Hint. The solution 
of these simultaneous equations 
can be simplified by putting z 
before the brackets in the first 
equation and then _ replac- 
ing 2z—3y by the number 1; then we find that 


_ y= 0, a as ; 
z=8, ©) { oo ay 43 or { Dot By = 13, Answer: {(6.5, 0), 
(2, 3)}, (d) subtracting term by term, we get x — y = — 1. We 


substitute this value into the first equation of the system, i.e. 
(—1, +2)?-+ y= 8, whence y= 7, x = 6. Answer: {(6, 7)}. 


60. (a) It is the set of points of the graphs y = z and y = —z?, 
(b) the set of points of the straight line z = 2 and the point (0, 0), 
(c) the set of points of the straight line y = —zx-+ 1 and the 


point (0, 0). 

61. 1. The common difference of the progression d = b — a, 
the third term a, = b + (b — a) = 2b — a, and the fourth term 
ay == 3b — 2a. 

2. The common ratio of the progression gq == h?: b= b?. 
the third term is b® and the fourth term is b?7. 3. d = a3 — ag = 
NW-- My, ay = ag —d = m — (n — m) = 2m — QV. 

62. 1. The common ratio of the progression gaa ; 

2 
n me 
b= by:¢q Le aera 

2. The sum of the terms of this arithmetic progression S, in 

which the first term is a, = 28 and d=: —2, is zero. Using the 


= a i 7 oa as. : 
formula ee Ot A) , we tind that eee yn 


2 
0; hence (28 — (n—1))n=0, n= 29 or n=O _ (does 
not suit); «2 = 28 + (—2)-(29 — 1) = —28. We can solve this 
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problem without resorting to the formula for the sum. There are 
15 terms from 28 to O inclusive and 14 terms from —2 to —28. 
i are 29 terms all in all. _ _ 
. (a) The difference d = (1 + 3Y 3) —(1 + V 3) = 2V'3: 
Pray, 3+ 27V3-(45—-N-=-14+V34+ Bey ed =1-+ 29/3. 
Remark. Sometimes students erroneously replace the last 
expression by 30Y 3. It should be remembered that we must first 
find Y 31.73, then multiply this number by 29 and only then 
add 1, (b) d= —3, a, = V2—1 + (—3)-14 = V2 — 43. 
64.. By the property of a geometric progression, b?, = b, -4bn44; 
where n> 1, and therefore b2 = b,b3, b3 = V 2-3V 2 = 6; hence 


— Y 6. Answer: V 2, V6, 3Y 2. 


* 65. (a) By-y = 52M M2 hs = 52M, (b) bp = 
: 4 \2(n-1)-1 4 \2n-3 4 \2(n+1)-1 
> (=) =5.(4} ’ bn41 = 9° (=) —— 
: 4 \2n+i 
Gs 


66. (a) 10**! = 10*-10 = 3-10 = 30, (b) 10-* = 1/10 = 1/3, 

(c) 10%-2 = 10*-10-2 = 3-10 = 0.3, (d) 4 102 = (10)? = 32 = 9, 

67. (a) —z > 0,2 < 0; (—o9, 0), (b) z< 0; (—o, 0], (c) (—o, 

1), (d) (—2, 1], (e) (—e, 0) U (0, 09), (f) (0, ©), (g) > 0 

and z + 1. Since log 1 = 0, we have the answer: (0,4) U (1, +00), 
(h) (0, +00). 

68. (a) log 0.4<0, and therefore the given expression is mean- 
ingless, (b) 0.1 > 0, and therefore the given expression has 
sense, (c) log cos 90° = ‘log 1= 0. 

69. (a) From the formula 10!°&* = a we have 10/988 — 8, 
(b) 5, (c) 4Q log 2t+log 3 — 4olog (2-3) 6, or 4008 2+log3 _. 
{0's 2.4Ql0e 3 — G (dy) 10108 242 — 10108 2.492 = 200, (e) 102, 
(1) 10!9% 3.40-1=0.3, (g) 3.4, (h) 1 + 10! 2 = 0.5. 

70. log 0.01 = a log 1 = 0, jog 100 = 2, log 10 000 = 4. 
The numbers —2, 0, 2, 4, form an arithmetic progression with 
a common difference d = 2. 71. (a) log x= 1 or log z= —1, 
whence z, = 10 or zg = 0.1, (b) 2? = 10, 2, = Y 10, zc, =— Y 10, 
(c) (log 27)? = 1, whence log z* = 1, or log 2 = —1, 2? = 10 
or z* = 0.4, whence «2, = —Y 10, tz, = V 10, 3 = —Yy04, 
L4 == Vv ue {4 (d) 1019 °° — 22, whence 222 = 8, x? = 4, Zz, = 2, 
— 


72. a Sec Fig. 198, (b) see Fig. 199. 


73. (a) log (10a) == log 10 + loga=1-+ 0.1 = 1.1, (b) 0.1 — 
1 = —0.9, (c)1 — 0.4 = 0.9, (d) 2 loga = 2-0.1 = 0.2, (e) 0.12 = 
0.01. 

74. By the property of the distances | AC |< | ABJ|-+ | BC | 
and | AC |>|AB|—|AC]; consequently, 4 km<|]AC|< 
16 km. 

76. 0.54. 


77. Four distinct points, arbitrarily located (even if three of them 
and even four, lie along the same straight line), taken pairwise, 
define six different segments. 
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_ 78. (a) All points which belong to the circle (0, r), (b) the 
circle (O, r) without the points of the circumference, (c) the circle 
(O, r) without its centre. 

79. 10 cm. 
81. Yes, it can. If one of the adjacent angles is a, then the 


Fig. 198 Fig. 199 


other angle is 180° — a. Solving the equation (180° — a) —-a= 
90° for a, we find that one of the adjacent angles is 45° and the 
other is 135°. 

82. Yes, it can, if the vertical angles are right angles. 

83. 32° if the angle ABC is the intersection of the given angles 
ABD and CBD; 112° if the angle ABC is their union. 

84. Taking the point A as the centre of the circle, draw a cir- 
cle which would intersect the given one. The chord which con- 
nects the points of intersection of those circles is the required one. 

85. If the point C lies between A and B, then —2 < xo <5; 
if C does not lie between A and B, then zo< —2 or rgZ> 5; 
| AB |= 7. 

86. According to the theorem on the inequality of triangles 
(Fig. 200) we have 


B 


D 
Fig. 200 Fig. 201 


|BD|<|AB|+]AD| and | BD] <|BC|+ | DC}. 
Adding these inequalities term by term, we obtain 


|BD|+|1BD|<|AB|+/ADI+[BC|+1DC| 
or 


1 
2|BD| <|AB|+|BC|+|AC|; |BD| <-y (IABI + 1BCI+ |AC}). 


88. (a) One, (b) one, (c) three. 
90. The sides of the quadrilateral obtained are pairwise parallel. 
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| ee. eS 
91. Hint. Draw a diagonal AC and then BA = BCA and, 
Ls ff 
hence, DAC = DCA. 

92. 4. If a perpendicular and an oblique line are drawn from 
the same point to a straight line, then the perpendicular is 
shorter than the oblique line. 

2. No, it cannot. 

93. Since |XA|>|XM|, |XB|>I|XNI, | XC] > 
| XP |, it follows that | XA| -+- | XB|+|XC|]>|]XM|+ 
| XN | > XP (Fig. 201). 

94. The point A, is the projection of the point A onto the 
straight line BC, the line segment A,C is the projection of the 
segment AC onto that straight line, and so on (Fig. 202). 


B 
B 
Ci 
. 
= C B, 
At A C 
Fig. 202 Fig. 203 


95. | MO|<|OB|+ |MB| (inequality of triangles) or 
|MA|+r<r-+]|MB |, and therefore | MA |< | MB |. 

96. We must draw a straight line through the point A at right 
angles to the radius OA. Since only one straight line can be drawn 
through the point A at right angles to the radius OA, this tangent 
is unique. 

97. Hint. AABK & ADEL (a side and two adjacent angles 
are congruent); consequently, [BK] = [FL]. 

98. No, it is not. It is true only for two congruent triangles. 

99. If each of the angles of the triangle were larger than 60°, 
then their sum would be larger than 180°, and if they were equal 
to 60° each, then the triangle would not be scalene. 

100. 1. An exterior angle of a triangle is equal to the sum of 
two angles of the triangle which are not adjacent to it, and the 
sum of two positive numbers is larger than each of the terms. 

2. Yes, it can, if the exterior angle is adjacent to an 
interior angle of the triangle. 
3. We extend AM (Fig. 203) until it intersects the side 


iS eX ees as 
BC at a point F, and then AMC > AEC, and AEC > ABC (by 


an eX 
the property of an extcrior angle of a triangle); hence AMC > ABC. 

101. No, they cannot; in that case the sum of two angles from 
which the bisectors are drawn would be 180°. 

102. Hint. Construct a triangle symmetric with respect to the 
given triangle about the straight line which passes through the 
larger leg. The union of these two triangles is an equilateral triangle. 

103. 2 cm and 6 cm. //int. Use twice the following property: 
the leg of a right triangle which lies opposite the angle of 30° is 
equal to a half of the hypotenuse. 
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104. If a right or an obtuse angle were opposite the smallest 
side of the triangle, then obtuse angles would be opposite the 
larger sides (a larger angle of a triangle lics opposite a larger side) 
and then the sum of the angles of the triangle would be larger 
than 180°. 

105. The base angle of the triangle is (480° — a) + 2 = 90° — 
a/2. This angle lies opposite the larger side of the triangle, and 


therefore we have an inequality 90° >a; hence 90° > aa a, 


2 
i.c. a < 60°; in addition a > 0°; thus a € (0°, 60°). 

106. No, there is not. For instance, in a right triangle with an 
angle of 30° the leg lying opposite that angle is half the hypotenuse 
whereas the angle of 30° is equal to one third of the angle of 90>. 

107. a -|- b. Hint. In the resulting rectangle the adjacent sides 
are equal to a/2 and b/2 (by the Thales theorem). 

108. The point #, is the projection of the point £ onto the 
altitude BD (Fig. 204), D is the projection of the point A onto 


B 
B Cc 
\ 5 
A D C A D 
Fig. 204 Fig. 205 


this altitude. The projection of the altitude AE onto BD is E,D. 
By the Thales theorem | £,D | = 6 +2= 3 (cm). 

109. Yes, it can. The sum of the angles of a convex n-gon is 
equal to 2d (n — 2). Solving the equation 2d (n — 2) = 100d 
for n, we find that such a polygon has 52 sides. 

110. If we assume that the diagonals AC and BD of the parallelo- 
gram ABCD are congruent (Fig. 205), then the triangle ABD will be 
congruent to the triangle ADC (SSS criterion); consequently, 
ZBAD = ZADC, and this is impossible since one of them is an 
acute angle and the other is an obtuse angle. 

111. This angle is 30° if the altitudes are drawn from the vertex 
of the obtuse angle, and 150° if the altitudes are drawn from the 
vertex of the acute angle. 

112. Ga. 

113. No, there is not. 

114. No, it is not. 

115. (a) Yes, there is, (b) no, there is not, (c) no, there is not. 

116. No, it cannot. 

117. (a) Yes, it can if the larger base of the trapezoid is equal to 
one of its nonparallel sides, (b) yes, it can, if the smaller base of 
the trapezoid is equal to one of its nonparallel sides. 

118. Two opposite sides are parallel. The sum of all the intcrior 
angles is 360°. The sum of the angles adjacent to a lateral side 
is 180°. 
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419. (a) Only an isosceles trapezoid has an axis of symmetry. 
(b) No, it has not. 

120. No, it cannot, since otherwisc the diagonals would be 
bisected at the sage of their intersection (according to the Thales 
theorem), and this is valid only for a parallelogram. 

121. Yes, we can. If the segments are not congruent, then they 
have two centres of homothety, an external centre and an internal 
centre; now if they are congruent, then they have only one inter- 
nal centre. 

{22. The triangles AOB and COD, COB and AOD are homothe- 
tic (Fig. 205), the ratio of similitude k = —1. 

ok At the point of intersection of the altitudes of the triangle; 
k= 2. 

124. AABC~ AABD, AABCW~ ABDC, AABD~W ABDC. 
These three pairs of triangles are similar (two angles). 


125. AABC ~ AABD (two angles are equal); hence r= 
|AC| ___[BC| 
|AB|  ~——- | BD | 


126. Hint. ZE = ZC (being inscribed angles subtended by the 
same arc). 

poe The rhombi are similar if they have equal respective 
angles. 

128. The hypotenuse is 10 cm. If we circumscribe a circle about 
the triangle, then the median will be equal to the radius of the 
circumscribed circle; the length of the median is 5 cm. 

129. An altitude is the mean proportional between the projec- 
tions of the legs onto the hypotenuse; the length of one of the pro- 
jections is 8 cm and that of the other is 2 cm; the diameter is 10 cm. 

130. The diameter of the circumscribed circle coincides with 
the hypotenuse, it is equal to 6 cm; S = 6 cm?. 

131. The altitude of the triangle is 9 cm. The actual area is 


108 cm? ( = = 24 + 9) . The area calculated erroneously is 


180 cm? (s,=- 24-15] , and this is larger than the actual 


area by 72 cm?, which is aproximately 67%. 

132. Hint. We must divide the base of the triangle into equal 
parts and connect each point of division with the vertex of the 
triangle by a segment. 

133. 0.5 dm?. 

134. The area of the triangle ABD is S/2, that of the triangle 
AMD is 1/2 of the area of the triangle ABD, i.e. S/4. 

135. The cut-off triangle and the given one are similar, the 
ratio of similitude k = 1/4. The ratio of their areas is equal to 
the square of the ratio of similitude, i.e. k2 = 1/16, the ratio of 
the area of the trapezoid to that of the cut-off triangle is 15/1. 

136. Yes, there is. Both the interior and the central angles of 
u square are equal to 90°. 

138. The arcs of this circle are 60°, 120° and 180°. The first 
chord subtends 1/6 of the circle and is a side of an inscribed regu- 
lar hexagon; ag=R, i.e. the length of the first chord is 1 dm. The 


length of the second chord az,=RY 3, it is equal to VY 3 dmx 
{1.73 dm, the third chord is the diameter of the circle, it is 2 dm. 


15-0730 2295 


139. The hypotenuse is 5 cm. The length of the circle construct- 
ed on the hypotenuse is 5x cm, and those of the circles construct- 
ed on the legs are 3n cm and 4x cm. The area of the circle con- 


Fig. 206 Fig. 207 


structed on the hypotenuse is 2 cm?, and that of the circles 
constructed on the legs are ae cm? and 42 cm?. 


140. The hypotenuse is 13 cm. The sine of the larger acute 
angle is 12/13, the cosine of that angle is 5/43. 


“N 
441. (4) In the right triangle ALC (Fig. 206) ACD=45°, and 
therefore |DC|= |AD| =m. We find from 


~  |DC| 
8 the triangle BDC that tan B=—pE-= 
ae e 
n ? 


(2) using the Pythagorean the- 
orem, we find from the triangle BDC that 
Ss A DC 
1BC| = mig, sin B = Ge! =. 


D (BC | 
m 
V m? n2- 
A Cc 142. Fig. 207. |AD|=|CD|,tana= 
tang, |BD|=|CD| tanp = tan Bp, [AC 
Fig. 208 ICD| ICD 
—_ = » jeB|= — : 
cosa cosa cosB cos® 


143. (1) The triangles ACD and CUB (Fig. 208) are similar 
(two angles arc equal), hence the proportionality of the corre- 
sponding sides: 

|AC | [|AD| —-_- |CD| 


——_——- = = tan B: 
[CB| 


~ |CD| ~~—‘ | DB 
(2) it follows from similarity of the triangles ACD and 
ACB that 


|AD| _ IcD| _ IACI _ gs 
[AC] ~ BC] [AB] 


(3) This is because the area of the triangle can be ex- 


1 
pressed in two ways: either as Say ab or as S= > ch, 
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Answers to More Difficult Problems 


1. (a) —3982-6001—69___(5934-+ 1) 6001-69 _ 
5932 + 6001 -5931 5932+ 6001-5931 
5931 -6001-+ 600169 _ 5934-60014 5932 __, 
5932+ 6001-5931. 5932-+-6001-5931..—O 
(py 54:39 145 __ (253-4 1)-399—145 
399-253 + 254 399-2534 254 
2, QM j- ynel 4 one2 = on (f 4+ 2 4 92) = 2.7 js divisible 


by 7. 
3. Every odd number can be written in the form 2n + 1, where 
n€N, and then (2n + 1)? = 4n? + 4n+ 1 = 4n (n+ 1) +1. 
But of two successive natural numbers n and n-+ 1 one number 
is even, and therefore the first term 4n (n + 1) is divisible by 
8 without a remainder, and the division of 4n(n + 1) + 1 by 
8 leaves unity as a remainder. 

4. (a) We add m to and subtract m from the given binomial, 
and then we have 
m3 + 144m + m — m= m3 — m+ 12m 


SS Rs) on os ee ome 


the term m(m—1)(m-+ 1) is the product of three successive 
natural numbers, at least one of which is divisible by 2 and one 
by 3; consequently, m(m — 1) (m+ 1) is divisible by 6; the 
second term 412m is also divisible by 6 for a natural m. Hence m3 +- 
11m is divisible by 6. (b) We represent 8n as the sum of two terms 
mt and 6n, and then the given expression can be represented as 
the sum 


(n3 + 3n? + 2n) -- 6n = n (n? -+ 3n + 2) + Gn. 


The quadratic trinomial n? + 3n + 2 has roots 1 and 2; this means 
that n? + 3n?2 + 8n = n (n — 1) (n — 2) + 6n; the first term 
here is divisible by 6 (see 4 (a)), the second term 6n is also divisible 
by 6, and therefore the whole sum is also divisible by 6. 

5. We designate cach of the given equal ratios as k, i.e. a/b = k, 
b/e=k, cla=k, and then a = bk, b = ck, c = ak. Multiplying 
these equations term by term, we get 


abc =abck®, k8=1, k=1, 


and then a=b, b=c, c=a, and, consequently, a= b= ce. 

6. When factoring an exact cube, the exponents of the factors 
are divided hy 3, for example, 216 = 6° = 23-33. Since 2100 = 
2?.3-52-7, it follows that to answer the question posed in the 
problem, we must multiply this number by 2-3?-5-7? = 4410. 
We obtain the required number, i.e. 4440=(22-3-52-7) (2-32-5-72)= 
23. s 53.73 = (2-3-5-7)3 = 2103. 

Oe Pe a ee Ee 


et deep = 2+ yt — zy?-24 16zy = (2? — y*)? + 16zy = 
ye (x + Le + 16ry = (x — ni 22 + 16zry = 4 (2? — 2ay+ 
+ 16zy = A(x — 2ay + y2 + 4ry) = 4 (4 + y)? = 4-22 = 


i. (b) By ‘the hypothesis, x = 11, x +1 = 12; eeciacine 12 by 
xz +1, we find that the given expression is equal to 25 — («4 + 
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tat +(e tte — @ tt) at + @ + taal = ab — at at + 
ig es ae +e—-t=2-—-1=11—1= 10. 
8. We represent cau of the given fractions as the difference 
of two fractions, i.e. 


1 4 4,4 +4 42.4 


—_ eo ——w — eee oe 


4 
and so on. The sum is cqual to 4 6 


9. The Ist technique. We try to represent the expression 14 +- 
6 2 as the square of the binomial a+ bY 2, where a and b are 
natural numbers, i.e. we assume that 14 + 6/2 = (a+ bY 2)? 
or 11+ 6Y 2= a? + 2b? + 2aby 2. For this equality to hold 
true, it is sufficient that two conditions, 2ab = 6 and a? + 2b? = 114, 
should be satisfied. It follows from the first equation ab = 3 that 
a=1,b= 3, ora= 3, b = 1. We make sure by verification that 
the condition a? -|- 2b? = 11 is fulfilled only for a = 3, b = 1. 


This means that 11 + 6Y 2 = (3 + Y 2)2. By analogy we find 
that 14 — 6Y 2=(3 — Y 2), and hence V 11 +6V2+ 


V 11—6V2= VB4+V% + VO—V2?=134+V214+ 
pe Piso a. 

The 2nd technique. We note that V 114+ 6Y 54 14 —6V2> 
(). We seek the square of this expression: 


(V 446 V 2+V 1—6 Y 2)? =446 2414-6 V2 
2V 112—(6 Y 3)?=36. Consequently, V 14 + 63 -+ 
V11—6V2=6. 

10. (a) (V4+-V 15+ V 4—YV 15)? = 44 VI54+4 — V 154 
2V 42—(V 15)2?=10, and therefore ¥4+Y) 15 + V4—V b= 
V0. V12-4V5=(V 0—V2)?=V10—V%. Consequent- 
ly, the given expression is equal to V 10—(V 10—YV 2)=YV2. 
0) V2¢V3- Vo4Vary3- Ve —V24VorVa)'= 
V24vV3-V24V24V3-V2—-V24 V3=V24 3x 
V 2-—(V 24-3)? = V24V3-V 2—YV3=t1. () Taking into 
account that 9+4 V 5=(2+ V 5)2, we have (/ (2+ V 5)2-+ 
7 2+V5))-V¥ 2—-V5 = (f 24V54 heat orice = 

27/94 V5. / 2—V5=2 ¥ 2—(y 5)2?= —2. (d) The given 
expression is equal to (Y (24 V3)? V 3)? + pe "a . (t2=7s= 
oV 24+-V 3-7 2—V 3=2. 
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Wi cr ee 
" Yb—V3+V2-1 V 3(V 2—1) + (V 2—1) 
(VY 3+41)? V34+1  (V38+1)(V2+1) 


(V2—1)(V384+1)  ¥2-1 (¥2—1)(V2+1) 


(V 3-+4) (V2+4) (V3 5 
= (V8 41) (V 241). 
(VY 2)?—42 
12. (a) To simplify this expression, we must bear in mind that 
V a@=| a}, V (a — 62 = | a—b|, and know the exact defini- 
tion of the absolute value. It follows from that definition that for 
any values of z we have | zx |> 0. In particular 
hee oie x—a,if r—aS>d, ie. rDa, 
mf = ee z—a<0, iexr<a, 
= f(z), if f (x) > 0, 
M@I={ yy, if 7) <0. 


We designate the given expression as y, and then 


y=Vet3e?+V@—f4+VeEFM=124+31+ 
l2—1|/+]24+7\|. 

Each term of the expression obtained can be written out in different 
forms according to the sign of z + 3, z — 1 and zx + 7; therefore 
we divide the whole set of the values of z into four intervals. The 
boundaries of the intervals are points at which the expressions 
under the sign of an absolute value vanish, i.e. 
(4)2>41, (2)-3<2<1, (3) -7<2< —3, (4) x < —7. 
Let us consider these four intervals. 

(4) If e>1, then 2+3>0, r—1>0 and 2+7>0, 
and therefore 

y=rt3t¢2r7—-1+24+7= 32349; 

(2) if—3<2<1,thenz+3>0,2—1<0andzrz+7>0; 

and this means that 
=z#+341—2¢+¢4+7= 224 11; 

(3) if —7x<2< —3, then 2+3<0, 2 —1<0 and2x+ 

72> 0; consequently, 
y=—2—384+14-—-e4+274+7= —24+5; 

(4) if << —7, then 2+3<0,7—1<0andz+7<0 

consequently, 
=-—r—3+1—24-—2-—7= —3r— 9. 

Answer: 32 + 9 if z>1, 22 +11 if —3<2741<1, -—2x+5 
if —7<24< —3, —3r — 9 if « < —7. 

(b) After the transformations a--2V a -——1 = (1 4- Va — 1)2, 
a—2VYa—1= (1 — Va — 1)2, we obtain V 44-Va—1)?-+ 
Va—-Va—1p= M+Va-—iljtli—Va—1\. 
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If 1< as 2, then the expressions under the sign of the absolute 
value are nonnegative and y= 1+ Va—i1+1—YVa—1=2. 

13. We make the substitutions VY a = Vz, V b = y, and then 
: = z?, b = y? and VY ab = zy; the given expression assumes the 
orm 


(2429) (th) 


z+y r*—y? 
_ ( (e+y) (e—azyt+y’) a+y 2 
=( z+y zy) ( (x—y) (x+y) 
2 r—y)2 
= (a? — ry + y? — zy) (—*--} ==! 


14. We first eliminate the roots in the denominators of the 


fractions, i.e. ee ae pees nt eee =! V? 
VIF V2 (VIFV2A(VI-v3) I 
V3—1, 4 ___A(V2-V3) 3, and 


V2+V3 (¥2+V3)(Y2—YV3) 
so on. Then the given expression becomes equal to (VY 2—1)+ 


(V3-V2)4(V 4— V3)+...+(799-V 98) + (V 100— 7/99) = 
VY 100—1=9. 


15. The Ist technique. It follows from the hypothesis that a + 
b = —c. We raise both sides of this equation to the third power 
term by term, i.c. (a -+ 6)? =(—c)’, a8 + 3ab (a + b) 4+ B= —c3; 
replacing a-+b by —c, we get a+ 3ab(—c) + B= 
c3}, whence we have a® + b3 -+ c? = 8abce. 

The 2nd technique. a® + b3 + c? = (a + b)? + c® — 3ab (a + 
b) = ((@ + b) + €) (a + 8) — (a+ b)e+c*) — 38ab (a+ bd) = 
0. AG + D) — (a+ b)ec + c*) — 3ab (—c) = Sabe. 

a3 + b3 + c3 — 3abe = (a + bd)? + c3 — 3a2b — 3ab? — 

re (a + b) +c) ((a + 6)? — (a + 6b) c+ c?) — 3a*d — 
3ab? — 3abe = (2 + b+ c) (a2 + 2ab + D2 — ac — be + c*) — 
3ab (a+ b+c) = (at b+ c) (a2? + 2ab + b? — ac—be + ck — 
3ab) = (a + b-+ c) (a2 + 5? + c? — ab — ac — be). 


17. We rewrite the given equation in the form 
a2 + b2 + c? — ac — be — ab = 0. 


Multiplying its both sides by 2, we obtain 2a? + 2b? + 2c? — 
2ac — 2be — 2ab = 0, or a? + a®? + 02? 4+ BF? 4+ c? + c2 — Qac — 
2be — 2ab = 0. Then we get (a — 2ab + b?) + (a? — 2ac 4+ c?) + 
(b2 — 2be + c?) = 0, or (a — b)? + (a — cc)? + (6b — cc)? = 0, but 
(a — b)? >0, (a — ec)? > O and (b — c)* > 0, and since the sum 
of nonnegative numbers is zero only if each term is zero, we have 
(a — b)? = 0, (a — c)? = O and (b —c)? = 0, whence it follows 
thata=b,a=c,b=c,ie.a=b=e. 
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18. (a) The ordinary solution is difficult here since when the 
equation is reduced to a common denominator, a fourth-degree 
equation results. It is convenient here to use the substitution 
x? -+- 2x = a, and then the given equation is reduced to a simpler 
1 
a ati 12° 

a*+-a—12=0, a,;= —4, a,=3. 
Replacing a by —4 and 3 in the substitution x+?-+ 27 =a, we get 


one: Solving it, we obtain 


two quadratic equations x? + 2x = —4 and x?-+ 2z7 = 3. The 
first equation has no roots (D < 0); the roots of the second equa- 
tion and hence those of the given one are a,= —3 and a, = 1. We 


can make sure by a direct verification that each of them is suitable 
here. (b) It is convenient first to find the product of the first and the 
fourth factor, the second and the third factor. Then we get two 
polynomials with the same coefficients in x? and z, i.e. (x? + 3z) X 
(x2 + 3x2 -+ 2) = 5040. This equation can be simplified by the sub- 
stitution zx? -+ 3z = a and then we have 


a2 + 2a — 5040 = 0, a = —72 or a = 70; 
zx? + 3x = —72 or 2? + 32 = 70. 
The first equation has no roots, the roots of the second equation and 
of the given equation are —10 and 7. (c) To obtain the square of 


the binomial on the right-hand side of the equation, we add 4a*z? 
to both sides: 


(22 — a?)? + 4a%z? = 4a?x?+-4axr+-1, 
(2? + a)? = (2az + 1), 
(22 + a)? — (2azr + 1)? = 0. 
Then we factor the left-hand side of the equation 
(x? +- a? — 2ar — 1) (x? + a? + 2ax + 1) = 0 

and get z? — 2azr + a? — 1 = 0 or x? + 2az + 2a? +1 = 0, Le. 
(x — a)® = 1 or (x + a)? = —1. The first equation has roots z, = 
a+ 1andz,. = a — 1, the second equation has no solutions. Thus 
the given equation has roots z, = a + 1 and rg = a — 1. (d) The 
given equation has sense if x — 1 >0 and z > 0, i.e. for z >1; 
for z > 1 the left-hand side of the equation exceeds unity and the 
right-hand side is smaller than unity (x? > 1 and therefore 41/2? < 
1); for z = 1 the equation turns into a true equality, and this is 
the root of the equation. 

19. We rewrite this equation as (z2 — 2z + 1) + (y? + 2y + 
1) + (0.522 —z+141)=0, or (e — 1)? + (y + 1)? + (0.92 — 
1)? = 0. The square of any real number is nonnegative, i.e. (x — 
1)? > 0, (y + 1)? > 0 and (0.52 — 1)? > 0, and therefore the given 
equation is a truc statement if each term is zero, or (x — 1)? = 0, 
(y + 1)? = 0, and (0.52 — 1)? = 0, whencez = 1,y = —1,2 = 2. 
Answer: {@, —1, 2)}. 

20. Hint. We can rewrite the equation as (z?—2// 2x 2)+ 
(y2—4 V/ 2y-+8)=0, or (x—V 2)?+(y—2 V 2)?=0, and then 
(c—V 2)?=0 and (y—2 V 2)?=0, whence z=Y2 and y=2y 2. 
Answer; {((¥ 2, 2 V2)}. 
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21. (a) The Ist technique. We rewrite the equation as zy — 
x — y = 0. To factor the left-hand side of the equation, we add uni- 
ty to both sides, i.e. zy — x —y-+1= 1, and then (zy — x) — 
(y —1) = 1, 2 (y — 1) — (y — 1) = 1, whence (x — 1) (y—1)=1. 
But the product of two integers is unity if each of the numbers is 
equal to 1 or —1. Therefore we get two systems of equations in two 


variables: 
{ z—i=1, { z—i1=—1, 
or 
From the first system z, = 2 and y, = 2, from the second rz, = 0 
and yo = 0. Answer: {(2, 2), (0, O)}. 
The 2nd technique. We express x in terms of y and then r= 


y 7 ; by the hypothesis y Ls i must be an integer. For an 


odd y there are no integer solutions; when y is even, <= is 


an integer only if y—1=1; hence y=2 and z=2. The solution 
xz = 0 and y = 0 is obvious. (b) Assume that one of the numbers is 
z and the other y, with z > 0 and y > 0 (as distinct from the prev- 
ious problem, where x and y are integers). Solving the equation 
z+ y = czy for z, we get x = y/(y — 1); x is positive when y > 1. 
Assigning different values to y, which are larger than unity, we 
get the corresponding values of zx. If, for instance, y = 1.5, then 
z=1.5+0.5=3(3+ 1.5 = 3-1.5); if y = 2, then ce = 2 (2+ 
2 = 2-2); ify = 5, thenz = 1.25 (1.25 + 5 = 1.25-5), and so on. 

22. Note that the sum of the squares of two even numbers 
(2n)? + (2k)? = 4 (n2 + k?) is an even number. The sum of the 
squares of two odd numbers (2n + 1)? + (2k + 1)? = 4n?2 + 4k? + 
4n + 4k + 2 is also an even number. We assume that z is an even 
number, and then y is an odd number, and, conversely, if y is even, 
then z is odd. If z = 2n and y = 2k + 1, then (2n)? + (2k + 1)? = 
1983 or 4n? + 4k? + 4k = 1982; cancelling 2, we get 2n? + 
2k? + 2k = 991. The resulting equation has no solutions since its 
left-hand side is an even number and the right-hand side is an odd 
number; this means that the initial equation has no solutions either. 

23. (a) We divide the whole set of values of x into three inter- 
vals (see solution 12 (a)): (1) 2>4, (2) 2<24< 4, (3) r< 2. 
For z>4 we have r—42>0, x— 2> 0; consequently, the 
equation assumes the form z — 2 -+ zx — 4 = 3, whoserootz = 4.5 
satisfies the condition z> 4 and is therefore the root of the given 
equation. For 2 < x < 4 the equation assumes the form x — 2 + 
4 — x = 3, or 0-2 = 1; this equation has no solutions. For z < 2 
the initial equation has the form 2 — z + 4 — xz — 3, or —2zr2 = 
—3, whence z = 1.5 < 2. Answer: {1.5, 4.5}. 

(b) If zx > 0, then the given equation assumes the form 


1 4 4 
(x + 1) (x —1)=—7, or x —1=— 37; 22 =>, whence z= 


V 1/2 = VY 2/2> 0. If <0, then the given equation can be 
rewritten in the form (z -+ 1) (—z — 1) = — 5 OF (x1)? = 
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2 2 9) 
Hencez +14 =—3- orz+1= ae 
V2 . 
—53- —1< 0. Note that x + 0 since for z = 0 we get a false 
V2 V2 V2 
J, 1, —( —1) . 


5 5 Ran 


—1{<0orr= 


4 
statement —1= — 3: Answer: { ) 


24. (a) We factor the left-hand side of the equation 
x? (x — 2)? -|- (223 — 82? 4- 8x) 4 (—3z? 4+ 122 — 12) = 0, 
x? (x — 2)? + 22 (x? — 44 + 4) — 3 (cz? — 4c 4 4) = 0,7 
(x — 2)? (2? + 2x — 3) = 0. 
lence xz} = rg = 2, 23 = 1, ry = —3. Answer: {—3, 1, 2}. 

(b) The Ist technique. Since x 0, the given equation can be 
transformed as 2° -+ 42—16=0, (x23 — 8) + (4x — 8)=0, 
(x — 2) (x2 + 22 + 4) + 4 (x — 2) = O, (x — 2) (2? 4+ 22 4+ 8) = 
0, whence z = 2, and the equation xz? + 2z + 8 = 0 has no roots. 


Answer: {2}. 
The 2nd technique. We transform the given equation as 


{ 4 1 
t 2+i= 4 and construct the graphs of the functions y= Zv+i 


4 
(a parabola) and y = > (a hyperbola). The abscissa of the point of 
intersection of these graphs z = 2 is a root of the equation. 


1 
(b) By the hypothesis, a= —7; ; substituting this value of a 
b 


3 a 
into the equation, we obtain —+ 5 — bts = be, or br3+ cr? — 
b3cx — b%c2? = 0, whence z* (bx + c) — b%c (bx + c) = 0,7 
(bx + c) (x? — b%c) = 0, and, finally, z,;= —> , 22=b0)V c, t5= 


_ 


—b Vc. 

25. (a) For the given function te have sense, it is necessary 
that 23 — 522 -+ 4 £0, ore (2? — 5x + 4) #0. Solving the equa- 
tion xz (x2 — 52 + 4) = 0, we find that the denominator of the 
fraction turns into zero for z, = 0, rz, = 1 and x, = 4. Therefore 
the domain of theegiven function is the union of the intervals 


(—oo, 0) U(O, 1) U (4, 4) U (4, +0). 
2. We express z in terms of y, i.e. 
yx — 2y=2ae—3, yr—2x= 2y — 3, ce (y —1) = 2y—3,2= 
2y—3 
yi ~ 
This fraction has sense if y - 1, hence the domain of variation of 


this function is the set of all numbers except unity. 
26. To calculate the absolute values, we consider four cases: 


(Ihet>0,y ei, 2)2<0,y<1,8)220,¥<1, 
(4) 2 <0, y>i. 
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In the first case the system of equations assumes the form 
x+ 3y = 7, 
22-+y—1=3. 


2>1. In the second case the system is 


From this system we get r=1>0, y= 


—r-+3y=7 
2x— yt-1 = 3. 


3 1 3 
The solution of this system is z=2 ay = 3 . Sincee2 = > 0 


1 
and 3 = > 1, it follows that in this case the system has no 


D 
3y = 7, 
solutions, In the third case we have a system el 


12 42 
whence zx ae = a 8 Since 7 > 1, the system has no solu- 


tions in this case either. In the fourth case we get a system 


—2+3y=7, 5 ul 2 
{ es whence s=~7,y = 7. Since 7 > 0, the sys- 


tem has no solutions here either. Answer: x= 1, y = 2. 

27. In the least favourable conditions the first key has to be 
tried not more than four times (if it does not fit four locks, then it 
fits the fifth one). It remains to try four locks. The second key is 
tried not more than three times (if it does not fit three locks, then it 
fits the fourth one); the third key is tried not more than twice, and 
the second key is tried only once. We obtain 4 +3+24+1= 10 
trials. Answer: not more than ten trials. 

28. The Ist technique. Assume that initially n people were at the 
stadium, and the new entrance fee was p kopecks. Then the initial 
sum of money at the cashier’s of the stadium was 150n kopecks. 
After the entrance fee was lowered, the number of spectators in- 
creased by 50 per cent, i.e. it became 4 .5n people, the price of a ticket 
was p kopecks, and this means that the new raised collection of mo- 
ney was 1.5np kopecks. By the hypothesis, 1.5np is 125 per cent of 
150n, hence 1.5np = 1.25-150n, and this means that p = 1.25 X 
150n + 1.5n = 125 kopecks = 1 rouble and 25 kopecks. Therefore 
the entrance fee became lower by 25 kopecks (150 kopecks — 125 ko- 
pecks = 25 kopecks). 

The 2nd technique. The entrance fee for two people was 
1.5-2=3 (roubles). After the fee was lowered, three people could come 
to the stadium instead of two (the number of spectators increased 
by 50 per cent) and those three people paid 3 roubles + 75 ko- 
pecks = 3 roubles 75 kopecks (the total sum of money increased 
by 25 per cent), i.e.the entrance free is now 4 rouble and 25 kopecks 
(3.75 + 3 = 1.25), and this means that the entrance fee was low- 
ered by 25 kopecks. 

29. Assume that the price of 25 oranges is z roubles, and then 


x 

one orange costs 55 roubles. On the other hand, we can buy z oranges 

for a rouble and therefore one orange costs 1/z rouble. Hence, 
e.- 4 

solving the equation a xz? = 25, we find that « = 5 (oranges). 


Thus if we have a rouble, we can buy 5 oranges, and if we have 
three roubles, we can buy 19 oranges, 
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30. The quantity of silver in the first bar is 3.5-0.76 = 2.66 (kg), 
that in 10.5 kg of the bar is 10.5-0.84 = 8.82 (kg), the quantity of 
silver in the second bar is 8.82 — 2.66 = 6.16 (kg), the mass of the 
second bar is 10.5 — 3.5 = 7 (kg). 

Thus the second bar whose mass is 7 kg contains 6.16 kg of sil- 
ver. The percentage of silver in the second bar is (6.16 = 7) X 
100% = 88%. Answer: 88%. 


9) 
31. Eight kg of the new alloy must contain 7@-8 = 2.5 (kg) of 
gold. Assume that we must take z kg from the first alloy. Then z kg 


of the first alloy will contain x kg of gold, and (8—z) kg of the sec- 


3 
ond alloy will contain 10 (8 — zx) kg of gold. By the hypothesis, 


cight kg of the new alloy contain 2.5 kg of gold, and hence the equa- 
tion 


2 3 


Irom this we find that z = 1 (kg), 8 — « = 7 (kg). Answer: One kg 
of the first alloy and seven kg of the second. 
32. Assume that we take z kg of the first alloy and y kg of 


the second. Then in the first alloy there is —s (kg) of zinc 
and as (kg) of copper. In the second alloy there is 2 y (kg) of 


zinc and Tr (kg) of copper. The total amount of zinc in the 


third alloy is (= r+<y) (kg) and that of copper is 
(j2+2y) . By the hypothesis, the ratio of zinc to copper 
in the third alloy is 5:8, and hence the equation 


(beida): (Pe ba)esis 


After simplifiaation we have (52 + 6y): (1402 -+ 9y) = 5: 8, 
whence (52 + 6y)-8 = (10x 4- 9y)-5. We find from this equation 
that 10x = 3y, and the ratio of z toy is x:y = 3:10. Answer: 
From three parts of the first alloy and ten parts of the second. 

33. Assume that the first motor-cyclist makes a trip from A to 
B in t hours. The second motor-cyclist spent five hours more (7 — 
2 = 9), i.e. (+ 5) hours. In ¢ hours the first motor-cyclist will 
travel 60.9¢ (km) and the second, 40.6 (¢ + 5) (km). Hence the 
equation 60.9¢ = 40.6 (¢ + 5), solving which we find that t= 
10 (hours). Answer: The first motor-cyclist covered the distance 
from A to B in ten hours. 

34. 1. We designate the distance AB as s (km), the time of tra- 
vel from A to B as z (h), and time of travel from B to A as y (h). 
Then s = 60z or s = 40y, whence 60z = 40y, x = 2y/3. The ave- 

2s 2-40y 3+ 80y 
is —— =. So 
rage specd of travel is ae Ee By 48 (km/h). This 
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is the answer to the question posed in the problem. Students some- 


times erroneously answer that the average speed of travel is 
Ss 


60 + 40) — 2 = 50. This is incorrect si iva (=+=)+2 
( ) + 2 = 00. This is inco Cisne ey eg yp 


2. Assume that J is the length of the train, m, and v is its speed, 
m/s. Taking into account that the train covered / meters in 5 sec- 
onds, we get the first equation 5v = 1. The train covered 420 m in 
20 s plus its own length J. Thus we have a second equation 20v = 
420 + 1. Solving the system of equations 5v = J and 20v = 420-+1, 
we find that 1 = 140 m and v = 28 m/s. 

35. To calculate the absolute values, we consider four cases: 
(1) 2>0, y>1, (2)27<0,y<1, 3) r>0, y< 1, 
(4)7<0, y>1. 

z+ 3y = 7, 


In the first case the system assumes the form { 
2e-+y—-1 = 3. 
From this system we get x = 1 >0 and y = 2 >1. In the second 


ace Cees 
= 7 ee The solution of this sys- 


case the system is { 
: 3 1 ; 3 
tem is the numbers z = 2—, y= 3e. Since 25> 0 and 


1 
3 = > 1, the system has no solutions in this case. In the third 


5) 
case we have a system i eee whence S 
zx Pa mera ’ _ 
x { 2r—y+1 = 3, ave 
12 12 
7: Since 7 > 1, the system has no solutions in this case either. 
— oy = 1, 
In the fourth case we get a system { pty whence 
2e-+y—1=83, 
5 18 9) : 
t= 7 and y = 7 Since 77> 0, the system has no solutions 
in this case. Answer: x = 1, y = 2 


36. (a) 394 = 3217 = (s8)17 == Q17, Q51 — 93:17 — (93)17 = 817, 
Since 917 > 8!", it follows that the given inequality holds true, 
(b) 38303 == (2.49)3101 — (8.193)101, 57202 — ((3-19)2)101 — 
(9-197)! since 8-193 > 9-192, it follows that (8-19%)!0! > (9. 497)101 
as well, or 38303 >> 57202, 

37. (a) Let us take obvious inequalities (a — b)*? >0, (b — 
c)? > 0, (a — c)? > O,7 or a? — 20b4+ PSO, BF — 2be+ 2? SO, 
a — 2ac + c? > 0, from which we have a? + b? > 2ab, b? +c S 
2bc, a2 + c? > 2ac. Adding the resulting inequalities term by term 
and cancelling 2 we get a? + b?-+ c2? > ab + be + ac. We have 
an equality only for a = b = c. (b) We seek the difference between 
the left-hand and right-hand sides of the inequality we have to prove: 

x? 1 2n2—1—24 —(x?—1)? 


{+28 27 2(i+24) ~ 24424) 
Since (c?—1)?>0, it follows that —(x?—1)? <0, 2(1--24)>0, 
x? 4 x 1 
and therefore, The Ty S95 consequently, ee Sz: 
We have an equality only for r=1, (c) we consider the differ- 
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énce (a2 b2+ ¢24 24 e%) —(ah+tac + ad + ae)= ($—»)"+ 
(+ —e)"4-(S—a)*4(£—e)’. Each term of the last 


sum is nonnegative, and this means that the difference between 
the left-hand and right-hand sides of the initial inequality is 
also nonnegative. Equality to zero is attained for a/2=b=c= 
d=e; consequently, a@*-+-b?-+ c2-+-d?-+ e? > ab-+ ac+ad- ae, 


(d) it is evident that Vad V3 V3 = 1. We add these 


ee 
1 V2 V3 
f3 
ve Pre V3.3 We di- 
V2 V3 
vide both a of He resulting inequality by V3 and then we 
have 1-+-———-|-——>Y3. (ce) We transform the left-hand 


ve vi 24-5 2+4)+4 
side of this inequality as follows: me = ie a ak 


V a+4 V a+4 
a4 fe AV eee 
Vor You” yea you. 


ae en er The last inequality holds true for any a since 
V a+4 
the sum of two mutually inverse unequal positive numbers 
exceeds two (see Problem 214, 4 

38. (a) By the hypothesis, a > b, b>c. Adding these inequal- 
itics term by term, we get an inequality 


atb>bte. (1) 


Being given that a, b and c are terms of an arithmetic progression, 
we find the difference d= 6b —a=c—), or 

a—b=b—ce. (2) 
Multiplying (1) by (2), we obtain (a + b) (a — b) > (b+ c) X 
b —c), or a? — b? > b? — c? and, from this, the inequality we 
had to prove: a? + c? > 262. 

(b) By the hypethesis, a> 6b, b>c, a>c, and therefore 
a* > b?, ab > be and 6? > c?. We add the last three inequalities 
term by term, i.c. 

a2 4+- ab + b2 > Bb? 4+ be 4+ c?, 
multiply its both sides by the equality a — b = b — cc and get 
a® — 63 > b3 — c3, whence a? + c3 > 203. 

39. Assume that the smallest of ie angles of this pentagon is 
a,, and the common difference of the progression is d. Since the sum 
of the angles of the pentagon is 540° (180° (5 — 2) = 540°), we 
obtain 


a, + (a, + d) + (a, + 2d)+ (a, + 3d) + (a, + 4d) = 540, 
Da, + 10d = 540; a, + 2d = 108, 


inequalities term by.term, i.e. 
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but a, + 2d is the third, middle, angle, and then the second angle is 
108 — d, the first angle is 108 — 2d, the fourth angle is 108 + d, 
and the fifth (the greatest) angle is 108 -+ 2d. Since an intcrior 
angle of a convex polygon is smaller than 180°, we have 108 + 2¢d < 
180, or 2d < 72, and hence 180 — 2d > 36° is the smallest 
angle. The other angles are obviously larger than 36°. 

40. The domain of the function includes only those values of z 
which satisfy the simultaneous inequalities 


x > 0, 
2 #30 
xz(« — 4) > 0. 


The inequality z (x — 4) > 0 is satisfied for x > 4 or for x < 0, 
and therefore the given inequality is equivalent to two systems of 
simultaneous inequalitics 


x> 0, xz > 0, 
{<3 and 1 rss 
xo 4 xr<0. 


The set of solutions of the first system is empty, the sct of solutions 
of the second system consists of one point x = 0. Thus the domain 
of the given function consists of one element 0. 

41. The quadratic trinomial x? — 2x7 + 5 has a negative discri- 
minant D = —16, and therefore it is impossible to factor this 
trinomial. In addition, in this trinomial the coefficient in x? is larg- 
er than zero (1 > 0). This means that the trinomial is positive for 
all values of z and we can therefore neglect it. We can also neglect 
the factor z? since z? > 0 for z ~ 0. The initial inequality reduces 
to 2x — 3 > 0, and hence zx > 1.5. 

42. (a) The Ist technique. Taking into account that z? = | 2 |?, 
we rewrite the given inequality as | z |? —3]2z]|-+2>0. We 
denote | x | by y and then we get y? — 3y + 2 > 0. This inequali- 
ty is satisfied for y > 2 or for y <1, i.e. if | z| > 2o0r|z2z| <1, 
the solution of the first inequality is (—oo, —2)U (2, +0), and 
that of the second is (—1, 1). The set of solutions of the given inc- 
quality is the union of these intervals, i.e. (—oo, —2) YU (—1,1) U 
(2, +00). 

The 2nd technique. We can arrive at the same _ result, 
but not so easily, by uniting the solutions of the two systems of 
inequalities: 


x*7— 3r4-+2>0, ' anes aed 
AIL 
{ xz>0 r< 0. 


(b) The Ist technique. Since both sides of this inequality are nonnega- 
tive for all values of z, we have | x-+ 2 [2 >| 2 |? or (2 + 2)2 > 2?, 
whence z > —1, or x € (—1, +0). 

The 2nd technique. We designate the left-hand side of the 
inequality as y, and the right-hand side as ys. We construct 
the graphs of the functions y,;=|z+2|] and y,=|2| 
(Fig. 209). It can be seen from the figure that for z< —1 
the ordinates of the graph of y, are larger than the respective 
ordinates of the graph of y, (this part of the graph is in a thick 
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line). (c) If z + —1, we have | z 4+ 1 | > 0, and therefore we can 
rewrite the given inequality as |z—2|>|2- 14 |. Squaring 
both sides of the resulting inequality and solving the inequality 
(x — 2)? < (x + 1)?, we find that z < 1/2. Taking into account 
that z - —1, we find the solution of this inequality (—o, —1) U 
(—1, 1/2); its graphical solution is shown in Fig. 210. 


Fig. 209 Fig. 240 


43. Since the arithmetic mean and geometric mean are uncqual 
1 1 
—_ _- ———— ——— = J. ane) — See 
Vi—z Ty 1+<z ef Vt—2Vt+2' 
Since z?>0, it follows that 1— 27? <1, 


(see 2414 (3)), we have y= 
2 


yi-w 


V 1—2z? <1, and therefore y > 


or y> 


a 
V 1—2z? 


y=2 this is precisely the least value of the function. 
x? — 22, if x€ [0; -+ 00), 
x?*+2r, if 2€(—oo; 0). 


The graph of the function (Fig. 211) is symmetric about the y-axis; 


> 2. For x=0 and 


44, (a) x2?—2 z1={ 


y =x? +2x y y =x? - x 


as we see the solution of the inequality z2 — 2|x]|> 0 is the 
union of the sets (— 00, —2) U (2, --oo), and that of the inequality 
z—2|r2|<0 is the sct (—2, 2). (b) The graph is shown in 
Fig. 212. The solution of the inequality is shown in a dash line on 
the z-axis. 

45. (a) By the condition for the existence of the logarithm, 
x > 0. For these values of z, y = 1 (since sin? a + cos? a = 1) 
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(Fig. 213). (b) The domain of the given function is x + 0. After 
simplification we have 


to x*—2r?4+ 4721 4 oY (x?-+- 1)? 


_ 4x2 7 42x? 
fc zt = x4 
x (x?-+-1) 
_  2iz| 
gett d Dax] ° 
From this we find that y = 1/2 if z > 0, and y = —1/2 ifz <0 


(Fig. 214). (c) After the transformations shown in 12b we get y = 2. 


“t 


y = Sin* log x + cos ? log x 


Fig. 243 Fig. 244 


Consequently, the graph of the function is the segment which is pa- 
rallel to the z-axis and whose endpoints are (1, 2) and (2, 2). 
46. (a) We construct the given set of points in each quadrant 


(Fig. 245): 

in the frst 2>0,y>0, then 2«+y=2 ory=—z+2, 
in the second «<0, y>0, then —r + y=2ory= 242, 
in the third x<0, y< 0, then —z —y =2 or y = —z — 2, 
in the fourth s>0, y< 0, then x2x—y=2o0ry= -2«—2. 


The required set is the contour of 
the square the coordinates of whose 
vertices are (2, 0), (0, 2), (—2, 


0) and (0, —2) 
Remark. Since | —z|=|z2z| 
and | —y|=J|yl|, the required 


set is symmetric about both axes 
of coordinates, and therefore it 
was sufficient to construct a line 
segment y = —x-+ 2in the first 
quadrant and then construct seg- 
ments which are symmetric with 
respect to it about both axes, (b) 

Fig. 215 the given equation is equivalent 

to the system 
xz? + y? = 0.25 ee g2 + y2 = 4, 

{ z> 0 { z<0. 
The graph of the first system is a semicircle of radius 0.5 which lies 
in the right-hand half-plane, the points (0, 0.5) and (0, —0.5) on 
the y-axis exclusive. The graph of the second system is a semicircle 
of radius 2 which lies in the left-hand half-plane, the points (0, 2) 
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and (0, —2) on the y-axis exclusive (Fig. 246). (c) We transform 
the given equation as zx? (y2— 1) — (y2—1)=0, (y? —1) X 
(x? — 1) = 0, (y — 1) (y + 1) (@ — 1) (c@ + 1) = 0. Hence y = 4, 
y = —1, 2 = 1, e = —1. The required set consists of two straight 


Fig. 246 Fig. 247 


lines parallel to the z-axis and two straight lines parallel to the 
y-axis (Fig. 217). (d) We factor the left-hand side of this equation, 
i.e. 


(x? + y® — 2zy) + (22%y? — ry — zy’) = 0, 
(x — y)? — zy (x? + y? — 2zy) = 0, 
(x — y)*? (1 — zy) = 0. 


Hence (z — y)? = 0, or 1 — zy = 0, y= 2 or y = 1/z, and, con 
sequently, the graph of the given equation is the union of the 
straight line passing through the origin and a hyperbola. 

47. We construct the graph of the function y = | z| — 4 
(Fig. 218). The coordinates of the points of the domain which lie 
below the graph satisfy the inequality 
y <|2]|— 41. Then we construct the 
graph of the function y = 3 — 3z. 
The coordinates of the points of the 
domain which lie below that line 
satisfy the inequality y < 3 — 3z, 
the straight line itself not longing to 
the domain. The domain which is cross 
hatched yields the required set of 
points. 

48. (a) (log x”)? = 4, log z? = 2 or 
log «2? = —2, x? = 100 or z? = 0.01, Fig. 218 
z is equal to 10 and —10, 0.4 and —0.1. 
Answer: {—10, —0.1, 0.1, 10}, (b) log (—z) exists if —z > 0 or 
x <0, but in that case log rz? = 2 log | x | = 2 log (—z). We re- 
write the given equation as 2 log (—z) + log (—z) = 3 or 
3 log (—z) = 3, log(—z) = 1, —z = 10, = —10. Answer: 
{—10}. 

49. (a) Ve=cifz=O0orz=1,Vr>cil0O<zr<1 (say, 
V 014 x 0.32 >0.41), V2 <2 if z> 1. (b) Note that z> 1 since 
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if 0 <2<1, then log z <0 and then Y log zhas no sense. We 


4 ee 
transform the given equation as > logz — V logz = 0, 


4 ert ree ————— 
> (V log z)— VY log z= 0. We designate Y log x as a, and then 


4 —s 
5a —a= 0, whence a= 0 or a= 2, ie. Vlogz=O or 


V log z= 2, log z = 0 or log x = 4, and therefore x = 14 or r= 
10 000. Solving the inequality > a® — a > 0, we find that a>2 


and a < 0, i.e. log z > 4 and log zx < (0). The last inequality must 
be rejected, andthen r > 10000,log¥ tz< Vlogz ifi1i<r< 
10 000. 


50. We designate the length of the segment AD as z (Fig. 219), 
and then the length of the segment DC is 2—zx. Using the 


Fig. 219 Fig. 220 


Pythagoras theorem, we have |BC|2=|DC|?+-|BD|2 from the 
right triangle BDC. By the hypothesis, |AD| = |BC|=z. We get 
an equation z?=(2—z)?+(W3)2, whence r=1.5, i.e. |AD| = 
1.5 m. Using again the Pythagoras theorem, we find from the 
triangle ABD that |AB|2?=1.52-+(Y 2)2=4.25, |ABJ=V 4.25= 


417 1 ape 

51. |(CD|=2V3m, S=6Y3 m?. 

92. A ADM ~=— A DBN (two angles are equal) (Fig. 220), 
h Ns ol We designate |AD| and the 
whence TDB| DN * igna | as 2, n 


a —_ WB 
“z. a+b 
53. V 3 m. Hint. Draw the altitudes of the trapezoid from the 


vertices B and C; thcy are equal to 0.5Y 3 m each. We can find the 
length of the diagonal from the right triangle in which the legs 


are 1.5 and 0.5Y 3 m. 
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; @=a(at+b); s=Va(a+d), |AB|=2 Va (a+b). 


54. ZAMB=~ZCBM (their sides extend in the same direction) 
(ig. 221), and therefore 7 BMC = Z CBM; this means that | BC | = 
|CM |= a. Using the Pythagoras theorem, we find from the 
triangle CMD that | MD |= Y a? — 6°. 

55. We designate the value of the inscribed angle ABC as a 
(Fig. 222). Then the central angle AOC is 2a (the value of an in- 


Fig, 221 Fig. 222 
scribed angle is half the angular value of the arc by which it is 


wos P Ap 
subtended); AOC = AMC = 2a (being inscribed angles subtend- 
ed by the same arc AC). With respect to the triangle CMB the 


“™ wos A 
angle AMC is exterior, and this means that AMC = MCB -+ B. 


wos , a A Fos 
Hence we have MCB = AMC — B = 2a —a =a; thus MCB = 


B=a. Hence | MB|= | MC |. 
56. The triangle AOC is isosceles (Fig. 223) since | OA | = 
| OC | (being the radii of the same 
smaller circle); consequently, 
ZCAO = ZACO. (1) 
In addition, [OC] L[BD] (by the prop- 
erty of the radius of a circle drawn 
to the point of tangency) and 
[AD] | [BD] (the inscribed angle ADB 
rests on a diameter), and therefore 
[OC] || [AD] and 


ZCAD & ZACD. (2) 
It follows from (1) and (2) that : 
ZLDAC = ZCAO. Hence we infer that Fig. 223 


AC is the bisector of The angle BAD. 

57. We draw, through the point A (Fig. 224), a common tangent 
to both circles to the point D of its intersection with (BC), and 
then | DB |= |DA |= |DC | (the lengths of the tangents drawn 

wo 

to a circle from the same point are equal). We designate DAB = a, 
“™ ie. 
DAC = B, and then BAC = a+ f. In the triangle ABC we have 
Yor A A 
BAC+B-+C= 180°. Hence (a+ B) +a-+ B = 180°, or 

gos 
2 (a + B) = 180°; a + B = BAC = 90°. 
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58. Assume that # is the midpoint of the side AB (Fig. 225). 
We draw a median EF of the trapezoid ABCD. Since [EF] || [AD], 


it follows that ADE = DEF, ADF = EDF (by the hypothesis). 


ie fos 
Hence we infer that DEF = EDF, and this means that | EF | = 
| AD |+ | BC | 


| FD|=+1CD|=5 em; | EF |= 5 , whence 
we have |AD|=2|EF|—|BC| or |AD[=2:5—-2= 
B Cc 
A H D 
Fig. 224 Fig. 225 


8 (cm). We draw [BH] || [CD], and then the quadrilateral BCDH 
is a parallelogram, | BH |= 10 cm, | AH | = 8 — 2= 6 (cm). 
Thus in the triangle ABZ the sides are 6, 8 and 10 cm. By the in- 
verse of the Pythagoras theorem this triangle is right-angled, i.e. 
AB is an altitude of the given trapezoid and the area of the trape- 
zoid is 40 cm? (5-8 = 40). 

59. We extend the nonparallel sides AB and DC of the trape- 
zoid to the point M they meet at (Fig. 226). By the hypothesis, 


“™ 
AMD = 90°. According to the Pythagoras theorem we find from the 
triangle AMC that |AC |?= 
M | AM |?+|MC|?. From _ the 
triangle BMC we have | BD |? = 
B | BM |2-+|DM |?. We add the 
Cc : : 
resulting equations term by term, 
i.e. | AC [2+ | BD [2=(| AM [2+ 
| DM |?) + (| MC |? + | MB |); 


a but | AM |?+ | DM |? = |AD [3 
Fig. 226 (from the triangle AMD) and 
. [MC 2 -+ | MB |? = | BC [3 (from 


the triangle BMC), and _ therefore 
| AC |? -+ | BD |? = | AD |? + | BC |?. Remark. The last equa- 
tion is valid for any quadrilateral ABCD whose sides AB and 
CD are perpendicular (we have not used the parallelism of the 
sides BC and AD). 


a 
60. We draw a segment FA (Fig. 227), and then AEC = ABC 
Poa 
(being inscribed angles subtended by the same arc AC), ACE = 
-™ 
BCE (by the hypothesis), and therefore ADBC ~ AAEC (two 
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[AC | _ 


angles are equal). Consequently, we have a proportion (cD = 
| CE | 


ak and hence the equality | AC |-| BC|=|CD|-| CE | we 


had to prove. 
61. We take an arbitrary point M on the side AB of the equi- 
lateral triangle ABC (Fig. 228) and draw perpendiculars MD and 


Fig. 227 Fig. 228 


ME to the sides AC and BC. We have to prove that | MD | + 
| ME | is a constant quantity. We connect M and C by a line 
segment and designate the length of the side of the triangle ABC 
as a, and then the area S of the triangle is equal to the sum of the 


areas of the triangles AMC and MBC, or S =5 a| MD|+ 


+ a|ME\|= >a(|MD|+1ME)}). From this we get 


|MD\|+|ME|]= 28 which is a constant quantity for the 


given triangle and is equal to its altitude. 
62. Hint. [OC] and [OD] are the bisectors of the angles BCD 
and ADC (Fig. 229), the triangle COD is right-angled, | CD | = 


Fay. 229 Fig. 230 


10 cm. From the formula h, = - we find the altitude of the tri- 


angle COD which is also a radius of the inscribed circle, h, = 
r= 48cm. The length of the altitude of the trapezoid | AB | = 
zr = 9.6 cm. By the property of the sides of the circumscribed 
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quadrilateral | AB|+|CD|=|AD|-+]|BC |, and therefore 
| AD | + | BC | = 10 cm + 9.6 cm = 19.6 cm. The perimeter of 
the trapezoid is 39.2 cm. 

63. The vertex A of the trapezoid ABCD (Fig. 230) is at the 
same distance from the vertices B, C and D. We draw a circle with 
centre at the point A and radius equal to 2 cm. Then we connect 
the vertex B with the endpoint of the diameter F and get an isos- 


Fig. 231 Fig. 232 


celes trapezoid FBCD (the arcs included between parallel chords 
are congruent). We find | BD | from the right triangle FBD: 


|BD|=YV|FD|?}—|FBP=V#2—2 = Y15 ~3.9 cm; 
| BD | ~ 3.9 cm. 


Ls. vO 
64. 1. BAC + BCA = 180° — 60° = 120° (Fig. 231), and 
FOS FX AAS 
therefore OAC-+ OCA = 5-(BAC+ BCA) = 60°, and _ hence 


oN LS 

AOC=EOD = 120°. Since the sum of the opposite sides of the 
quadrilateral BEOD is 180°, we can circumscribe a circle about this 
quadrilateral. The segment BO is the bisector of the angle B (three 
bisectors of a triangle meet at one point). The point O bisects the 
arc ED (congruent arcs correspond to congruent inscribed angles), 


1.€. EO = OD. Hence we infer that | OF | = | OD | (if two arcs 
are congruent, then the lengths of the chords which subtend those 
arcs are equal). 


aw Pa Pane 

2. We designate ABC as z (Fig. 231), and then BAC + BCA = 
a yo ~ 

180° — z. In the triangle OAC we have OAC + OCA = (180°—z) ~ 


wo Ped 
2 = 90° — 2/2; AOC = EOD = 180° — (90° — 2/2) = 90° 4 2/2. 
Since a circle is circumscribed about the quadrilateral BDOE, it 


ls > ae 
follows that EOD + DBE = 180°, whence 90° +- 2/2 + r = 180°, 
xz = 60°, i.e. the required angle is 60°. 
65. 1 m2. Hint. The triangles ABC and BCD have equal areas 
since they have a common base BC and equal altitudes drawn to 
that base. 


aos 
66. Hint. We introduce the designation FAC = @ (Fig. 232), 
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A fies 
and then C = 90° — a, FOK = 90° + a@ (by the property of an 


ae A 
exterior angle of the triangle AOK); FOK + C = 180° and there- 
fore a circle can be circumscribed about the quadrilateral FOKC. 
67. (a) We take an obvious inequality (a — b)? >0 or a? + 
b2 — 2ab > 0, whence we have 


& 2 2 
ab A (4) 


In the triangle ABC 0< C < 180°, and therefore 


O<sinC <1 (2) 
Multiplying term by term inequalities (1) and (2) whose left-hand 
and right-hand sides are positive, we obtain 
_ A at? 1 x a?+? 
absin C < —~5— or 5 absinC<S js 


4 ss 
but the area of the triangle ABC is S=>y absinC, and _ there- 


a?-+ p? : ; ; pak 
fore S< . (b) Hint. Multiply two inequalities ab< 


4 
b)? 0 
ey and sinC <1 term by term. 
68. We designate the side of the triangle as a and that of 
273 
the square as b, and then S eo and the area of the 


square equal to it is b?, S=b?; hence 


ae V3 
4 


=b?, or a? Y3=4b?. 


Extracting an arithmetic square root of both sides of the last 


equation, we get aV VY 3=2b, i.e. ai/3=2b. Let us prove that 
3a > 4b. We have 


ea ‘ sane = = 2b y 27. 
We consider the difference 3a—4b = 2b j/ 27 — 4b = 2b (7/ 27-2) = 
2b (5/27—y 16) > 0, whence 3a > 4b. Remark. You can use a re- 
quisite table or your pocket calculator to establish that V27= 


V V 27 -~ V'5.196 © 2.279 > 2. 


69. Since the sum of two positive numbers is larger than each of 
the terms, we have c® > a® and c? > b?, whence c >a andc> b. 
ae ie ae 
By the cosine law c?=a? + b? — 2ab cos C, or cos C2 
We multiply the numerator and denominator of the fraction by c 
c ae 2e-+ b%e— 8 


and get cos Dabc 


; we replace c® by the expression 
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a’ +-b% which is equal to it, i.e. 
a®c-+ b2c—(a3+-b3) a8 (c—a)-+ b? (c—b) 
2abe _ 2abe : 
Here a®>0, c—a>0, BB >0, ec—b>0, 2ab > 0; conse- 
quently, cos C > 0 and the angle C is acute. 
70. We can find the area of the triangle from the formula S => x 


cos C = 


ab sin C, and therefore, bearing in mind the hypothesis, we get 
an equation a (a2 + b%) = i ab sin C. We multiply both sides of 
the equation by 4 and obtain 
a® + b? = 2absin C, a? + b3 — 2ab sin C = 0, 
a2 + b2 — 2ab + 2ab — 2ab sin C = 0, 
(a — b)? + 2ab (1 — sin C) = 0, 


since (a — b)? >0,0<sinC <1, it follows that 1 — sinC > 0. 
But the sum of two nonnegative numbers is zero if each term is ze- 
ro, and therefore the last equality is possible if 


(a — bd)? = 0, 
1—sinC = 0, 


i.e. if a = b. This means that A = B and sin C = 1, whence C = 


90° and then A = B = 45°. 
71. We draw a perpendicular to the given parallel lines from the 
vertex A of the triangle ABC (Fig. 233). Assume that their points 


A 
p 
u D 
q 
A C 
NB 
Fig. 233 Fig, 234 


of intersection are M and N. By the hypothesis | AM | = p and 
| MN | = q. In the right triangle ABN we have | AB|>|AN |, 


ie.a>p+gq, but p+ q> 2Y pq (the arithmetic mean of two 
unequal positive numbers is larger than their geometric mean), 
and therefore a > 2Y pq. If p = q and the side AB is perpendicu- 
lar to the given straight lines, then a = p + q = 2YV pq. 

72. We draw a diameter AD (Fig. 234), connect the points D 
and C and draw [AE] | [BC], and then the triangle ABE is similar 
to the triangle ADC (2 B = ZD as inscribed angles subtended by 
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the same arc AC, BEA = ACD = 90°), whence we have 


| AD| | AC | 2R be con ee 
|AB| | 4E|’ aaa te 2R bec = ha, 
1 2 2S abe 
but FZ aha = S, h, as and therefore 2R = be + = 563 
abe 
—~ 45 ° 


73. Assume that the angle between the given sides is C, and 
then S = 5 ab sin C. Since sin C assumes the greatest value when 


the angle C is a right one (sin 90° = 1), the area is the greatest 
when the given sides arc mutually perpendicular. 

74. Assume that two sides of the triangle are a and b, with 
a> b, and h, and hy are the corresponding altitudes. We must 


prove that h, << hy. We have S = + aha =5 bhp, aha = bhp, 


whence h,/h, = b/a; since a > b, it follows that b/a <1, and 


therefore h,/hy <1, whence hy < hy. 
75. Through the midpoint K of the side AB (Fig. 235) we draw 


A 


Fig. 235 Fig. 236 


a straight line parallel to the lateral side CD and assume that N 
and M arc the points of its intersection with AD and with the exten- 
sion of the side BC. The triangles AKN and KBM are congruent 
(a side and two adjacent angles are congruent), and therefore the 
areas of these triangles are equal. The area of the trapezoid ABCD 
is equal to that of the parallelogram NMCD (they consist of the 
same pentagon NKBCD and the triangles AKN and KMB of the 
same area). The base (D of this parallelogram is equal to a, the 
altitude KZ to 6, and its area S is equal to ab, hence the area of 
the trapezoid is ab. 

76. Assume that in the triangle ABC (Fig. 236) BE and CD 
are altitudes and F is the midpoint of the segment DE; by the hy- 
pothesis, [FO]1L[DE] (O € [BC]). We must prove that | BO| = 
| OC |. The side BC is the diameter of the circle drawn through the 
points D and E which arc the feet of the altitudes CD and BE (the 
vertices of the right triangles with the hypotenuse BC lie on the 
circumference of a circle with diameter BC). The segment DE isa 
chord of this circle, and therefore FO, which is a perpendicular 
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drawn from the midpoint of DE, passes through the centre of the 
circle, i.e. through the point O, which is the midpoint of the side 
BC 


77. 1. We draw a median CO from the vertex of the right angle 


4 ne 
(Fig. 237), and then | CO | = |AO|=se and ACO=A = 15°, 


ye 
By the property of an exterior angle of a triangle, COB = 30°. 


A ax Nh, 


Fig. 237 


Assume that CD is an altitude drawn from the vertex of the right 
1 

angle, and then in the triangles COD we have | CD | = a | CO|= 

1 4 dc 

5: Ce 4 c= gS ce”. 


2. This follows from the product of the legs of a triangle being 
twice the area of this triangle. On the other hand, we have proved 


1 1 
Za S= GZ l/ABl [CDI = 


2 
that the doubled area of the triangle is 2- ra = (= e} : 


78. By the hypothesis, 7AMB =~ ZAMD (Fig. 238), but 
ZAMB = ZMAD (being interior alternate angles at parallel 
lines), and therefore, 2 MAD ~ ZAMD and |MD|=|AD|= 
2|CD |. Thus in the right triangle MCD we have |CD|= 
4 wo a~™ P ae 
> | MD |, and therefore CMD = 30°, AMB= AMD = (180°—30°)— 
2= 13°. 

79. The areas of the triangles ABD and ACD are equal since 
they have a base AD in common and equal altitudes (Fig. 239), 


BOM Cc B C 


NSH 


4 


A D 
Fig. 238 Fig. 239 
i.e. Sapp=Sacp, and so we i Sapp —S AoDe 5 acp— 
Spoc _ | | AOB 
ee : ee : —=-—— (these 


triangles have an altitude in common). Hence a 
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as we have proved, the means of this proportion are equal, 
and therefore 


S%op=S5SBOCS AOD or S4oBp= 5182; SA0B= V S489. 
SaBcp = Saop+Spoct+25 sop=S$1+S2+2 V 8,82 
=(VS1)?+(V 82) +2 V S382 (VS, +V Se)’. 
80. The right triangles AEC and BDC (Fig. 240) are similar 


since they have an acute angle C in common, and therefore 
the corresponding sides of these triangles are proportional, i.e. 


aot = tor In the triangles ABC and DCE the sides which 
include the angle C are proportional, and therefore A ABC ~ 
A DCE (SAS criterion). In similar triangles congruent angles 


an 
lie opposite the corresponding sides, and therefore EDC = BAC = 


wo o™ 
a and DEC=ABC=B. 
81. Assume that the length of the diagonal is d, and then 


Ssq =s a. The diagonals divide the rectangle into four trian- 


gles of the same area. If we designate the angle between the 
diagonals as a, then the area of one of these triangles is 


aeons ‘sing =e sina. We express the area of the whole 


rectangle as 


Srec = (2 sin a} hata sina. 
If this rectangle is not a square, then its area is smaller than that 
of the square since then 0 < sina <1 and Ssgy > Sre 

82. Assume that in the isosceles triangle ABC (Fig. 344), where 


B 
B 
E 
A D C 
Fig. 240 
| AB | = | BC |, the bisector AD cuts off a triangle ACD which is 
similar to the triangle ABC. This triangle is also isosceles since 
| AD | = | AC | in it (otherwise the corresponding sides would 


; a wo 
not be proportilonal). We designate DAC as a, and then BAC = 
A an 
C = ADC = 2a. Taking into account that the sum of the angles 
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of the triangle ADC is 180°, we get an equation a + 2a + 2a = 
% Pan A 
180°, whence a = 36°; C = BAC = 36°-2 = 72°, B = 36°. 
A 4 A 1 
83. If C=90°, then m,.= 7 e: if C< 90°, then m> 5°: 


a | 
if C > 90°, thenm < 5°. Hint. Wecan verify this if we construct 


a circle on the side AB as a diameter. In the first case the ver- 
tex belongs to the circle (Fig. 242), in the second case it lies outside 
of the circle, and in the third case it lies inside the circle. 


84, 1. a=2 | r?—d?, b=2 V r?—4d? (Fig. 248). 


Fig. 242 Fig. 243 


2. For the inverse proportionality it is necessary that the 
ratio of the lengths of the chords be equal to the inverse ratio 
of their distances from the centre, i.e. a/b=2, or 


2Vr—a a PSd* 5 { r? — d? = 4r*— 16d?, 
2) r°— 4d? = oP =e, r?—4q? 0") r = 2d, 

od = r*, dg = r?/5, d = r/V 5. Thus, if the distance to the larger 

chord isr/Y 5 and to the smaller one 2r/Y'5, then the lengths of 

the chords are in inverse proportion to their distances from the cen- 

tre. 

85. Assume that a is the smallest side of the triangle and d is 
the common difference of the progression, and then the sides of the 
triangle are equal to a, a + d, a + 2d, using the Pythagoras theo- 
rem, we get a? + (a + d)? = (a + 2d)?, whence a = 3d i.e. the 
legs are 3d, 4d and the hypotenuse is 5d. 

The radius of the circle inscribed in this triangle can be found 
from the formula r = S/p (see p. 266), where S is the area of the 


triangle and p is its half-perimeter: S => 3d -4d= 6d?, p= (3d-+ 


6d? 


4d+5d) — 2 = 6d. Answer: r= eo =e: 


86. The area of the triangle § = oe , where aisasideof the 
triangle and h, is the altitude drawn to that side. It follows from 


relation that $ hag=S/a. On the other hand, the radius of the circle 
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inscribed in this triangle r = S/p (see p. 266). We compare the 
fractions S/a and S/p. Since half the perimeter p > a, it follows 


that S/p < S/a, orr< . h,. We can prove by analogy thatr< 


1 1 
Dy hp and r =< Oy he. 
87. According to the Pythagoras theorem 


a? + BB = 8, (1) 
and, in addition, in a right triangle 
2ab = 2ch,, (2) 


since each side of this equation is four times the area of the trian- 
gle. It follows from (1) and (2) that a? + 6? -+ 2ab = c? + 2chg, or 
(a + b)? = c2 + 2ch, + h2 — h2; (a + 5)? = (ce + h,)?—h?2; hence 
(a+ bP? << (ec +h)? and a+tb<c+h,. 

88. According to the cosine law, in this triangle c? = a* + 


b% — 2ab cos C. We multiply both sides of this equation by c, and 


then c? = a%c + b’e — 2abe cos C. Using the hypothesis, we re- 
place c® by the expression a? -+ 5b? equal to it and obtain 


a® + b3 = ate + b%e — 2abe cos C. 
We express cos C in terms of a, b and c, i.e. 
2ab cos C =a*c + b%e — (a? + b3), 
a a* (e—a)-+b? (e—bd) 
Since c’ = a3 + 58, we have c >a, c>b and c—a>0, c— 


b > 0, whence cos C > 0 and therefore the angle C is acute. 
89. Assume that | MB |= 2cmand| MC | = 11 cm (Fig. 244). 


Fig. 244 


We extend the segment BM to the point D of its intersection with 
the side AD of the given angle. In the right triangle MCD we have 


aN 
MDC = 30°, and consequently | MD | = 22 cm and | BD | = 
24 cm, From the triangle ABD we have | AB | = | BD | tan 30° = 
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BF tree | | 
“vs =8 VY 3 (cm). Using the Pythagoras theorem, we have from 


the triangle ABM that |AM|= YV{BM |[?+ |ABP = 


V 224+ (8° 3)? = 14(cm). 
90. Assume that BM and BN are altitudes of therhombus ABCD 
(Fig. 245). The triangles ABM and BNC are congruent, and there- 


B C 


A M D 


Fig. 245 


fore | AM|=|CN| and |MD|=|DN |. In addition, in the 
isosceles triangle ACD we have | MN | =5 [AC| (by the hypothe- 


sis), and therefore MN is the median of this triangle and N is the 
midpoint of CD. Consequently, BN is a median and an altitude of 
the triangle BCD and therefore |BD| = |BC|=|CD]|. This means 
that the triangle BCD is equilateral, its angles are 60° each and 
therefore the angles of the rhombus are 60° and 120°. 

91. Assume that ABCD is the given trapezoid (Fig. 246). We 


construct £ and F, which are the projections of the vertices D and C 
onto the larger base AB. By the property of the sides of a circum- 


scribed quadrilateral |AD|-+ | BC|=|AB|+ |DC |. Since 
|AD|+ | BC], it follows that 
2|AD|=|AB[+|DC]. (1) 
On the other hand, | BC |= |DC|-+|FB|,2| BC |=2|DC |+ 
2|FB|, or 2|BC|=|DC|+|DC|+2|FB |, whence 
2|BC|=|DC|+ | ABI. (2) 
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i‘rom (1) and (2) we have | AD | = | BE |. From the triangle ADE 
rom the triangle DEB we have tan B= 


we have sina = 
| DE | 
| BE | 


| AD |° 
, but | AD | = | BE |, and consequently sin @ = tan 6. 


Reference Material 
BASIC IDENTITIES AND FORMULAS 
I. Laws of Arithmetic 


a+ b=b-+a (commutative law of addition); 
(a -+- b) +-¢e = a+ (b+ c) (associative law of addition); 
ab == ba (commutative law of multiplication); 
(ab)c = a(bc) (associative law of multiplication); 
(a + b)c = ac + be (distributive law of multiplication). 


II. Special Cases 


0+ a= a (addition of zero); 

a (subtraction of zero); 

—a (subtraction from zero); 

1-a =a (multiplication by unity); 
a (division by unity); 

4 (division of equal numbers); 

1/a (division of unity); 

0-a = 0 (multiplication by zero); 
0 - +az=0(a~0) (division of zero). 

We cannot divide by zero. 


Iida 


a——_—- 
a 
te 


III. Relationship between Given Numbers 
and the Results of Operations on Them 


4. Ifa+b=c, then a=c— bd; b=c —a (finding the un- 


known term). 
2. Ifa—b=c, thena=b-+c; b=a—c (finding the un- 


known minuend and subtrahend). 
3. If ab=c, then a = c + 0, b= c — a (finding the unknown 


factor). 
4. Ifa ~—~b=c, then a = be, b = a ~ ¢ (finding the unknown 


minuend and subtrahend). 


IV. Per cent 


1. p% of the number a constitute 75 op (finding the per cent of a 


given number). 
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2. If p% of the unknown number z is a, then ¢ = a (finding 


a number from its given percentage). 
3. The per cent ratio of a and b is = 100% (finding the per cent 


ratio of two numbers). 


V. Proportion 


1. If -=5 , then ad = bc (the principal property of a propor- 


d 
tion). 
aoe ab dc db a 
7 ae Gi = then Bat Go ee oe (transposition 


of the terms of a proportion). 


VI. Absolute Value of a Number 


a, ifa>0O, xz—a, if x>a, 
jal={ Jz—al={ 


—a,iia<0, a—z,ifzr<a 
(finding the absolute value 
‘of a number). 


VII. Fractions 


- = a , m = 0 (the principal property of a fraction); 
Sip eeege are a  ¢ _4~¢ (aadition and subtraction 
b b b b b 6 of fractions having the 
same denominator); 
a d+b d—b 
4 are = a - 5s a 3 “ (addition and subtraction 
: of fractions having differ- 
ent denominators); 
aeoe ac beige fate ; 
ae ie FE (multiplication of fractions); 
a c ad... .. , 
aa ae (division of fractions); 
—=0 if a=0 and b * 0 (condition of equality of a frac- 


tion to zero). 


VIII. Identities of Abridged Multiplication 


(a— b) (a+ b)=a?—b? (the product of the difference of two 
expressions by their sum); 
(a+b)? = a?-+ 2ab-+-b?, (a—b)?=a?— 2ab-+ b? (the square of 
a binomial); 


296 


(a- b)8 = a?+ 3a2b-+ 3ab2-++ b8, (a2 —b)? = a? — 3a*b + 3ab?— b3 
(the cube of a binomial); 


a2—b?2 =(a—b)(a-+b) (the difference of squares of numbers); 
a — 58 = (a—b)(a°-+ab-+ b?); (the difference and the sum 
a8 +t 53 = (a+ b) (a2—ab+b2) of the cubes of numbers). 


IX. Powers with Rational Exponents 


Qn =a-a...a, n€N, n #1 (finding a power with a natural 
exponent); 
al =a (finding a power with exponent 1); 
qo =1, a0 (finding a power with exponent zero); 
1 
ar = Gn, a4#0,n>0 (finding a power with a negative 
exponent); 


amr = V a™, a>0, m€Z, n€N (finding a power with a frac- 
tional exponent); 
a™.q” =q™M+n (multiplication of powers with the same base); 


a™—a"™=am-n, qa + 0 (division of powers with the same base); 
(ab)" =a™-b" (the power of a product); 
a\n an 
(+) = Tr if b 4 0 (the power of a fraction); 
(am™)" —qmn (the power of a power). 


X. Properties of Arithmetic Square Roots 


If VY a=), then a=b?, if a>0 and b>0 (finding an arithme- 
tic square root); 


V a? =|a| (a square root of a complete square); 
(V/a)* =a if a>0 (the basic property of a square root); 


V ab= Va) b if a>0 and b>0 (extracting a root of a pro- 
duct); 


a a 
V += V if a>O0 and b>0 (extracting a root of a frac- 
tion). 


> 


XI. The Arithmetic Mean and the Geometric Mean 
case (finding the arithmetic mean of the numbers a and 5); 


V ab, a>0, b>0 (finding the geometric mean of the numbers 
a and 3b); 


at b — 
ae > V ab if a>0 and b>0 (comparing an arithmetic mean 
and a geometric mean). 
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XII. Quadratic Equations 


ax? bzr-+c=0, a0 (quadratic equation of a_ general from); 
D =b*—4ac (the discriminant of a quadratic equation); 


a) 
es ol Ae (formula for the roots of a quadratic 
2a equation). 
—b—VYD —b D 
If D>O0, then ce a) (two roots). 


If D=0, then x={— } (one root). 
If D<0, then X=Q (the equation has no roots). 
If D> 0, then z,+2,= — “ : +2 =— (the Vieta theorem). 


If D>0, then az? + br+ c=a (x— 21) (x — zy) (expansion of a quade 
ratic trinomial). 


XIII. Elementary Functions and Their Graphs 


(X is the domain of a function, Y is the range of a function). 


Function defined 


by a formula Graph of a function Definition 


A straight line 


1. y=kz,k #0 
passing through 


(direct proportio- 


me Seer ane Hs 
] - 
ear tor k=tana 
Y =(— oo, -++ 00) 
2. y= kel A straight line pass- 


ing through the 
point (0, 2) not 
parallel to the 
y-axis 


(a linear function) 
X =(—o, -+ 00) 
Y =(— oo, +00) 
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Continu 


Function defined 


by a formula Graph of a function | Definition 


3. y=+ ke Hyperbola 
(inverse proportio- 
nality) 

AX =(—oo, 0) 

U (0, +00) 
Y =(— oo, 0) 

U (0, -+ 00) 

4. y= an Parabola with ver- 


(a power function) tex at the origin 


(14) y=a2? for n=2 
X=(— oo, -++0o) 
Y¥=[0, +0] 


(2) y=23 forn=3 Cubic parabola 
X =(— oo, +0) 


Y =(— oo, +00) 
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Continued 


Function defined 


by a formula Graph of a function Definition 
(3) y= Vaz forn= Half a parabola 
1 
2 
X =([0, +0) 
Y=[0, +.) 


A parabola with 
vertex at the point 
(Zo, Yo), Where 


y=ax*?-+-br-te, 
a0 


a quadratic func- 


ion) Ly ttt _ Ob 
X =(—0oo, -++ 00) 2 2a , 
D D 
¥=|—7Z. +e] Yo=—Fot1 and 
if a>0 X_, are the roots 


of the function 


XIV. Arithmetic Progression 


an =a,-+d (n—1) (formula for the nth term); 
Sis a1+4n on g, =n tee 


5 ’ -n (formulas for the sum 


of the first n terms). 


XV. Geometric Progression 


bn =0,q""1, b, #0, g # O (formula for the nth term); 


— b, (q"@—1 
i a : s,- 22 , 9%1 (formulas for the 
: q7— sum of the first n 
terms). 


XVI. Logarithms 
The equation log a = z means that 10* = a (definition of a loga- 


rithm). 
10log a —q (the basic logarithmic identity). 


logi9 b=log b (decimal logarithm of the number }). 
log (ab) = log a-++-log b, a>0, b> 0 (logarithms of a product). 


log = log a—logb, a>0, b>0 (logarithm of a quotient). 


log a®"=nloga, a> 0 (logarithm of a power). 


Powers of the Numbers 2, 3 and 5 


2° = 1 39= 1 5° = 4 
21 = 2 z= 3 5} = 4) 
22 = 4 32= 9 5? = 25 
23 = 8 33 = 27 5§ = 125 
24= 16 34= 81 5¢= 625 
25= 32 35 = 243 55 = 3025 
28= 64 
27 = 128 
28= 256 
2° = 512 
210 — 1024 


BASIC DEFINITIONS, THEOREMS 
AND FORMULAS OF GEOMETRY 


Definitions and Theorems 


1. A line segment is a set consisting of two different points and 
all the points between them. 

2. A broken (polygonal) line is a union of segments such that the 
end of each segment (except for the last one) is the beginning of the 
next segment and the adjacent segments do not lie on the same 
straight line. 

3. A broken line is longer than the distance between its ends. 

4. A broken line is said to be closed if the end of its last segment 
is the beginning of the first. 

_ 5. A polygon is the union of a closed broken line and its inte- 
rior. 

6. An angle is a figure formed by two different rays with a com- 
mon origin and a part of the plane bounded by them. ae 

7. A bisector of an angle is a ray which begins at the vertex’of 
the angle and divides the angle in two. 

8. Adjacent angles are two anglcs whose union is a straight angle 
and whose intersection is a ray. The sum of adjacent angles is 180°. 

9. Vertical angles are two angles which are symmetric about 
their common vertex, or two angles (smaller than a straight angle) 
the sides of one of which are rays lying opposite the sides of the 
other angle. Vertical angles are congruent. 
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10. Two straight lines which belong to the same plane are said 
to be parallel if they have no points in common or coincide. 

11. Not more than one straight line parallel to the given 
straight line can be drawn through a given point of a plane (axiom 
of parallelism). 

12. Not more than one straight line can be drawn through a 
given point of the plane at right angles to a given straight line. 

13. If two straight lines are perpendicular to the same straight 
line, then they are parallel. 

14. Centro-symmetric straight lines are parallel. 

15. If some two corresponding angles (or two alternate angles) 
formed by the intersection of two straight lines by a third straight 
line are congruent, then these straight lines are parallel. 

16. Segments of two parallel straight lines included between 
two parallel straight lines are congruent. 

17. The set of points of a plane which are equidistant from the 
endpoints of a segment is the perpendicular bisector of that segment. 

18. The set of points of an angle which are equidistant from 
its sides is the bisector of that angle. 

19. A triangle is a polygon which has three sides. 

20. A bisector of a triangle is a segment of the bisector of an 
angle of the triangle drawn from its vertex to the opposite side. 

21. A median of a triangle is a segment which connects a ver- 
tex of the triangle with the midpoint of the Ophea side. 

22. An altitude of a triangle is a segment of the perpendicular 
drawn from a vertex to the opposite side. 

23. In an isosceles triangle (1) the base angles are congruent, 
(2) an altitude drawn from a vertex is a bisector and a median at 
the same time. 

24. If three sides of one triangle are congruent to three sides 
of the other triangle, then the triangles are congruent. 

25. If two sides and the angle between them of one triangle are 
congruent to two sides and the angle between them of the other 
triangle, then the triangles are congruent. 

26. If a side and two adjacent angles of one triangle are con- 
gruent to a side and two adjacent angles of the other triangle, then 
the triangles are congruent. 

27. The sum of the angles of a triangle is 180°. 

28. Each angle of an equilateral triangle is 60°. 

29. The leg of a right triangle opposite an angle of 30° is equal 
to a half of the hypotenuse. 

30. An angle adjacent to an interior angle of a triangle is known 
as its exterior angle. 

31. An exterior angle of a triangle is equal to the sum of two 
angles of the triangle which are not adjacent to it. 

32. An exterior angle of a triangle is larger than each of the 
angles of the triangle which are not adjacent to it. 

33. The sum of the interior angles of a convex n-gon is 180° 
(m — 2). 

34. the sum of the exterior angles of a convex polygon, taken 
one at each vertex, is 360°. 

35. A larger angle lies opposite the larger side of a triangle. 

36. A larger side lies opposite the larger angle of a triangle. 

37. Equal angles lie opposite equal sides of a triangle, and 
conversely, equal sides lie opposite equal angles of a triangle. 
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38. If we lay off several congruent segments along one side of an 
angle and draw through them parallel straight lines which cut the 
other side of the angle, then they will intercept congruent segments 
on it. 

39. A median of a triangle is a segment which connects the mid- 
points of two sides of the triangle. 

40. A median of a triangle is parallel to the third side and its 
length is equal to a half of the length of that side. 

41. Parallel straight lines which cut the sides of an angle in- 
tercept proportional segments on them. 

42. If three sides of one triangle are proportional to three sides 
of the other, then the triangles are similar. 

43. If two sides of one triangle are proportional to two sides of 
the other triangle and the angles between these sides are congruent, 
then the triangles are similar. 

44. If two angles of one triangle are congruent to two sides 
of the other, then the triangles are similar. 

45. The square of the hypotenuse of a right triangle is equal 
to the sum of the squares of its legs. 

46. The square of a side of a triangle is equal to the sum of the 
squares of the other two sides minus the doubled product of those 
sides by the cosine of the angle between them. 

47. The sides of a triangle are proportional to the sines of the 
Opposite angles. 

48. A circumference is a set of all points of a plane which are at 
a given distance from a given point lying in that plane. 

49. A circle is a set of all points of a plane the distance from 
each of which to a fixed point of the plane does not exceed a given 
distance. 

50. If two chords of a circle are congruent, then the arcs which 
they subtend are also congruent. 

01. Chords of equal lengths are equidistant from the centre of 
a circle, and conversely, chords which are equidistant from the 
centre are equal in length. 

o2. Of two noncongruent chords of a circle the longer one lies 
closer to the centre. 

53. The set of all the vertices of right triangles with a specified 
hypotenuse is a circle whose diameter is that hypotenuse. 

04. An inscribed angle is equal to a half of the angular measure 
of the arc which subtends it. 

oo. The straight line which is perpendicular to the diameter of 
a oi and passes through its endpoint is a tangent to that 
circle. 

56. A tangent to a circle is perpendicular to the diameter which 
passes through the point of tangency. 

o7. A circle can be circumscribed about any triangle and that 
circle is unique. The centre of the circle is the point of intersection 
of the perpendicular bisectors of the sides of the triangle. 

58. A circle can be inscribed in any triangle and that circle is 
unique. The centre of the circle is the point of intersection of the 
bisectors of the triangle. | 

o9. The area of a triangle is equal to a half of the product of 
the base by the altitude. 

60. The area of a triangle is equal to a half of the product of itg 
two sides by the sine of the angle between them, 
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61. A parallelogramis a quadrilateral whose opposite sides are 


pairwise parallel. 

62. The midpoint of a diagonal of a parallelogram is its centre 
of symmetry. 

63. The opposite sides of a parallelogram are pairwise con- 


gruent. 
64. The opposite angles of a parallelogram are pairwise con- 


gruent. 
65. The sum of the angles which are adjacent to one side of a 


parallelogram is 480°. 

66. If the opposite sides of a quadrilateral are pairwise congru- 
ent, then the quadrilateral is a parallelogram. 

67. If two opposite sides of a quadrilateral are congruent and 
parallel, then the quadrilateral is a parallelogram. 

68. The area of a parallelogram is equal to the product of its 
base by the altitude. 

69. A rectangle is a parallelogram whose all angles are right 
angles. 

70. The perpendicular bisector of a side of a rectangle is its azis 
of symmetry. 

74. The diagonals of a rectangle are congruent. 

72. A rhombus is a parallelogram whose all sides are con- 
gruent. 

73. The straight line which contains a diagonal of a rhombus is 
its axis of symmetry. 

74. The diagonals of a rhombus are mutually perpendicular and 
divide the angles of the rhombus in two. 

75. A square is a rectangle whose all sides are congruent. 

76. A trapezoid is a quadrilateral whose two sides are parallel 
and the other two are nonparallel. 

77. The median of a trapezoid is a segment which connects the 
midpoints of the nonparallel sides of the trapezoid. 

78. The median of a trapezoid is parallel to the bases and its 
length is equal to a half of the sum of the lengths of the bases. 

79. The area of a trapezoid is equal to the product of a half of 
the sum of its bases by the altitude. 

80. The ratio of the perimeters of similar polygons is equal to 
their ratio of similitude. 

81. The ratio of the areas of similar polygons is equal to the 
square of the ratio of similitude. 
bie The sum of the opposite angles of an inscribed quadrilateral 
is : 

83. If the sum of two opposite angles of a quadrilateral is 180°, 
then a circle can be circumscribed about that quadrilateral. 

84. The sums of the lengths of the opposite sides of a circum- 
scribed quadrilateral are equal. 

85. If the sums of the lengths of the opposite sides of a quadri- 
ae are equal, then a circle can be inscribed in that quadrilate- 
ral, 

86. A regular polygon is a polygon whose all sides are congruent 
and all the angles are congruent. 

87. A circle can be inscribed in any regular polygon. 

88. The area of a regular polygon is equal to a half of the pro- 
duct of its perimeter by the radius of the inscribed circle, 
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Geometry Formulas 


(S is the area everywhere) 


Elucidation of formulas 


Name of a formula | Formula 


a, b, e are lengths of 


Triangle inequality a<b-+e 
sides of the triangle 


The sum of the angles A4LB+ C=180° A, B, C are the values 


of a triangle of the angles of the tri- 
angle 
1 
The area ofa triangle S= 5 ah a is the length of the 


base, h is the altitude 
drawn to that base 


4 a, b are the lengths 
sS=F absiny |of sides, y is the angle 
between the sides aand 6 


triangle 2 the legs, c is the hypo- 
tenuse 
S= 1 ch he is the altitude drawn 
9 c 
to the hypotenuse 


c is the length of the 
hypotenuse, a, 0 are tho 
lengths of legs 


The Pythagoras theo-| c?=a?-+ 6? 
rem 


R is the radius of the 
circumscribed circle, ¢ is 
the length of the hy po- 
tenuse 


The radius of the 4 
circle circumscribed R =7 6 


1 
The area of a right S=-> ab aE b are the lengths of 
about a right triangle ie RES 


The area of an cqui- a is the length of a side 


lateral triangle 


The altitude of anj ,_~ V3 hk is the altitude, @ is the 
equilateral triangle . 


length of a side 


Continued 


Name of a formula | Formula 


Elucidation of formulas 
The altitude of a ab a, b are the lengths of 
right triangle lors the legs, c is the length 
of the hypotenuse, h, is 
the altitude of the tria- 
ngle 
The radius of the R is the radius of the 


circle circumscribed = 2 V3 circumscribed circle, r 

about an equilateral R= er sO. is the radius of the in- 

triangle scribed circle, a is the 
length of a side 


The radius of the . R is the radius of the 
circle circumscribed R=— circumscribed circle, a 
about a triangle 28sin@ |is the length of a side, 


a is the angle opposite a 


The radius of the S is the area, p is half 


circle inscribed into oars the perimeter 
a triangle Pp 
The cosine law c2=a?+b%—J|a, b, c are the lengths 


—2abcos y | of sides of the triangle, 
y is the angle opposite 
the side c 


The sine law a b _|a, b, ¢ are the lengths 
sina  sinf | Of sides of the triangle, 
a, B, y are the valucs 


Cc ° 
Serine of the opposite angles 
The area of a square S=a? a is the length of a side 
The area of a rect- S=ab a, 6 are the lengths of 
angle sides 
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Continued 


Name of a formula ame ota tomate | rormata | ettatin of ormatas Formula Elucidation of formulas 
lelogram h is the altitude to that 
side 


S=absina |a, b are the lengths of 
sides, a is the value of 


The area of a paral- S =ah a is the length ofa side, 
the angle between the 


foe ete ene oe de ee 
The area of a rhom- S=ah a is the length ofa side, 
bus h is the altitude 
{ d, and d, are the length 
=— 1 gt S 
S= 3 tide | of | a [ot diagonals 
The area of a trape- 1 a, b are the lengths of 
zoid S= 5 (a+b)h | sides, h is the altitude 
ee | e is the length of the 


median 


ae ou of the angles Sn = 180° (n—2) Sp ic the oe of ee 
of a polygon angles, n is the number 
of sides of the polygon 


The area of aregular 4 P is the perimeter, r is 

polygon S=—5 Pr the radius of the circle 
inscribed in the polygon 
(apothem) 

The sides of regular _ 180°} ap is the length of aside 

polygons a, = 2K sin of a regular inscribed 


n-gon, FR is the radius of 
the circumscribed circle 


ag=R V 3, a3, Ay, ag are the lengths 

= of sides of the regular 

a=RY 2, inscribed triangle, quad- 

ag=—R rilateral, and hexagon, 
respectively 


The equation of a cir- 21.2. pe | is the radius of the 
cle with centre at the} * t¥°=4 circle 
origin 
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Continued 


Name of a formula Formula Elucidation of formulas 
The length of circle C=2n0R C is the length of the 
circle, R is the radius 
C=nxD D is the diameter, 


tw 3.14 


lL is the length of the 
arc, R is the radius, a 
is the angle in degrees 


The length of the arc ps nRa 
of a circle 


The area of a circle S=nR?2 R is the radius, 
D2 
sS= Z D is the diameter 


The area of a sector s= nR?a, R is the radius, @ is 


360 the arc in degrees 


TRIGONOMETRIC FORMULAS 


Relationship Between the Sides 
and the Angles in a Right Triangle 


(a and b are the lengths of the legs, c is the length of the hypotenuse, 
A is the angle lying opposite a, B is the angle lying opposite b) 


: A a . A a 
sin A as a=c-sin A; c= ~ 9 
sin A 
A b A b 
cos A =, b=c-cos A; c= aan 
cos A 
4 a a 
tan A ==, a=b-tan A; b= x 
tan A 


Trigonometric Identities 


sin? a+cos?a=1 cos (90° — a) =sina@ 


sin @ 

tan a=Tsa sin (90°-+- a) =cos a 
sin (180° —a)=sina cos (90°-+- a) = —sina 
cos (180° — a) = —cos a sin (—a)= —sina 


sin (90°—a) = —cosa@ 


cos (—a@)==Cos @ 


Values of Trigonometric Functions of Some Angles 


Qe | 30° | 45° 60° | 90° | 180° 
{ V2 V3 
sina 0 > 37 > 4 0 
V3 V2 1 
cos @ 4 3 > 9 0 — 
3 2 
tana 0 a 4 V3 pees 0 


Table of Square Roots 


(the radicand is a complete square) 


V 0=0 

Vi=1 

V 4=2 

V9=3 
V 16=4 
V 25=5 
V 36=6 
V 49=7 
V 64=8 
V &i=9 
V 100=10 
V 121=11 
V 144=12 
V 169=13 
V 196 =14 
V 225 =15 
V 256=16 


VY 289=17 
V 324=18 
V 361=19 
V 400 = 20 
V 4414=21 
V 484 = 22 
V 529 =23 
V 576= 24 
V 625 = 25 
V 676=26 
V 729 =27 
V 784 = 28 
V 841=29 
V 900 = 30 
V 9614 = 31 
V 1024 = 32 
V 1089 = 33 


V 1156 = 34 
V 1225 = 35 
V 1296 = 36 
V 1369 = 37 
V 1444 = 38 
V 1521 = 39 
V 1600 = 40 
V 1681 = 41 
V 1764= 42 
V 1849 = 43 
V 1936 = 44 
V 2025 = 45 
V 2416=46 
V 2209=47 
V 2304 = 48 
V 2401 = 49 
V 2500 = 50 
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MATHEMATICS FOR TECHNICAL SCHOOLS 


(a practical approach) 


by 
N. BOGOMOLOV 


This is a guide to the solution of mathematics problems en- 
countered at technical schools. 

The text is divided into three parts: (I) Elements of Computa- 
tional Mathematics, (II) Algebra and Fundamentals of Analysis, 
and (III) Geometry. Most sections of the book are provided with 
brief theoretical introductions and solutions of typical problems. 
They also contain problems to be worked out without the teacher’s 
assistance. The answers to these problems are given at the end 
of the book. 


METHODS OF SOLVING PROBLEMS 
IN HIGH-SCHOOL MATHEMATICS 


by 
A. TSYPKIN and A. PINSKY 


od 


The book contains principal methods of solving high-school prob- 
lems in mathematics. In addition to the traditional problems 
from the course of high-school mathematics, it includes methods 
for solving simple differential and integral calculus problems as 
well as problems which require the use of the method of. coor- 
dinates and the methods of vector algebra. It also includes the 
necessary theoretical material. The exposition of the methods is 
followed by typical worked examples. Some problems are left for 
the reader to solve. 

It is intended for senior students of high schools and technica} 


schools, 


